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PREFACE 


This book, as its namo indicates, is meant to be a 
text- Book for thg Intermediate students, both Arts and 
Science, of the Indian Universities and various Education 
Hoards. Regarding the subject matter, we have triod to 
make? 1 the exposition glear and concise without going into 
unnecessary details. Varied types of examples' have 
boon worked out by wav of illustrations in each chapter 
and the examples sot for oxeicise have boon carefully 
selected and properly graded. 

Impoitant formulae and results have been given at 
the beginning of the book for ready reference. Questions 
of the University of Calcutta and some other Universities 
are given at tho end, to ggive the students an idea of the 
standard of the examination. 

Our bc*st thanks ajre due to Prof. K. N. Cliakravarty 
and r Prof. G. D. Bhar of Presidency ■ College, Prof. N. L. 
Ghosh of Ripon College, Prof. P. Roy of Borhampur 
K. N. College, Prof. G. D. Mukherjeo of Asutosh Coliege, 
Prof. D. K. Dey.of Mohosin College, Ilooglily, Prof. N. 
Karforma of Scottish Church College and otljers for the' f 
valuable criticisms and helpful suggestions. 

Any criticisms, corrections and suggestions towards 
improvement from toacliers«and students will bo thankfully 
received. 


CaTjOU*TA 
June, 1946 
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B. fc>. D. 
B.N.M. 
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CHAPTER I 
INTRODUCTION 

It. Scope and divisions of the subject. 

Mechanics is tlio science concerning the conditions of 
rest or motion of the objects around ns. 

That branch of the subject which deals with bodies 
at rest when acted on by forces, or more properly, with 
the lolations between the forces which acting on a body 
keep it at rest, is called Statics. 

Dynamics is that branch of tlio subject which treats 
of the motions of bodies under the action of forces. 

This is again subdivided into two parts : 

The first part called Kinematics or Phoronomy deals 
with the difieront typos of motion possible for a body, and 
tho effects thereof on its position, in fact, the geometry 
of the motion, without enquiring into tho causes which 
produce these motions. 

Tho second part investigates the laws of motion, that 
is, the relations existing between the forces acting on a 
body, and tho motions produced thereby, and' is known as 
Kinetics or Dynamics proper. 

12, Motion. 

Motion is change of position. When a body is changing 
its position,* we say that it is in motion. When it is not 
changing its position it is said to be at rest. 

Tor detailed discussion on this point see Act. 8*1. 
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Now a material body like a book or a stick, while 
changing its position, may move either as a whole from one 
place to another, or else may turn or rotato near about the 
same position, Thn general motion of a body is a combina- 
tion of both theso types of motion and the investigation 
of sucli motions is reserved for nioro advanced tioatisos oil 
Dynamics, In this elemental y work on the 1 subject, - as a 
first stop, w’c shall confine ourselves to the consideration of 
motions of ‘particles* or ‘matoiial points’ oulv, for winch 
motion would moan bodily ti.insforonco from one point to 
another m spnee, and no question of iota Lion about ai^axis 
in itself or spin, as it is called, arises. 

1*3, Definitions. 

In tho above articles wo have used certain terms with 
which wo are f.inuliar from common use ; now wo proceed 
to define them formally. 

Matter is an\ thing that occupies space and can be 
perceived by our sonsos. 

A body is a poition of inatter.liinited iit all rln actions, 
having a finite shape and size, and occupying some 
definite space. 

• 

A particle is a portion of matter which is indefinitely 
small in size, so small, th.it. for the purpose of cmr 
investigation, tho distance between t.ho dilforont purl.* of 
it m.iy he neglected. LVorn a d\namic.i.l point of mow 
it is considered as a pwi//, lor which rotation or 

spin has no meaning, and unv motion of it signifies a 
trail slon non »fiom one point of space which it practically 
occumes, to another. 

Force is something which eli.iinges or lends to change 
tiio stale of niht or of uniform "notion of a body. 

[ This detiuiti<i\ will be muie fully di-*cufi*od in Chapter VII. J 

Mass is the quantity .of in.iUer in a body. It. r: 
distinct from tho bulk occupied hv the body *..?.% iffs volume. 
For example a piece of cotLon can bo Mpinozed to occupy 
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a smaller volume, but it* muss, that is th j t,u::.jtity of 
matter m it, is the same as before. 

F. P. S. and C. G. S. units. 

Tlio units for measuring Ihiqlli , mass ancl time, 
commonU used in hjugland, nu 1 fool, pound and second 
lespoctively, ,md this svstiom ol units ls generally referred 
io as the F. P. S. system. 

•In many other countries, as also in scientific measure- 
ments, the units used foi length, mass and time are 
respectively centimetre , mamme ,iud second, and thiS system 
is lolcrrod to is the C. G. S. system. 

The relations between the two systems are 
1 foot - 30' 1 centimetres (nearly) 

1 inch -2 54: cms. 

1 lb. —453*6 gms. (louglily). 
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SPEED AND VELOCITY 

2*1. Definitions. ’ 

Speed . — The tote at which a movin'/ point t races out its 
path is called its speed. , 

Uniform Speed . — The speed o / a men no point is i le fined 

1 

to he uniform when it passes our equal levqths oj its path 
in equal uilerraU of tihu\ howcvi small these equal time 
internals inaif be taken. 

Note. Riii'pino ih.it .1 part-ielo dn*ex >hrs 10 feet of its path in each 
,-econd. Ifuro the spec d rf tho movin'* point nuy or nifiy not ho 
uniform, for it is quite post i Me th.it .n ei» i h sccoi.'l, ihuiin* tlin tiri-t 
half, tho particle) may nm\o over (5 f- e«., and (luring tho List Ji.ilf, over 
onlv 4 foot, ni. iking up a tot tl of 10 tent i»i '“ich ^o« ond r>iii«i(luru*l. 
Kveii it it t faces out o feet in each h.ilf-'-ecAnd, its r-pecd may not bo 
uniform, for there m.iv be win itiunp within llio half soonndd, though 
tho total may bo the s line m eicli ciso ILoncc tlio utility nt tho last 
clautu of the above definition. * 

When ,i particle is imumii", with uniform speed, its 
speed is measured J>y ilm lutm of fin* total longl h of its 
path turned out in iin> interv.il oi time, to that time. It is 
the b.uno always. 

Non-uniform speed ; Speed at a point.-- Consider a 
moving particle whose. is vaii.. hie. U\ ii ln^l mre, 

an engine starting fiotn n station moves .duw lv at til st, 
and thu i qmrki ns its spied, Mud .ig.im slows ii down 
v.hen .i.ppioaelun*' the in*xb taS.mn. Wo may limki' au 
estimate of the rompai .it i\c quickness or slowness of its 
motion at two p.n I u.nl.ii nioinriits, and at turn instant 
we may find its mol mu quicken, or spooi T voii^or, than 
at another monimit. It. quite conci i\ oahlo that at a 

particular moment, when at a paihcular point of its 
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path, it is moving with high speed, but even ‘dter the 
lapse of a quarter t*f a soeond, its speed 111.1; *«>i:iedown 
considerably Ilonoo .1 necessity arises of defining speed 
at any point in such a case. 

When the speed of a moving *]xun 1 . is non-uniform, its 
sperd at any instant during its motion, i.e , at a particular 
point of its path, is measured bv the ratio of the distance 
travelled iu a very short period of time including the 
instant in question, to that time, provided the timo 
interval is infimtolv small (so small, that an> change of 
speed during the interval may lie neglected). • 

Tjel a point, he moving along a path AB. While at any 
point P of its path, let it« 
div*mljO «i small distance 
PP' {*=$') in a very small timo 
t . Tlien its kp'm.mI at P is 

iinMsmed h ^ ultimately, or 

moio eoi recti y by the binding 

wilim of the ratio V when 

( is inlinitely small. 

It is clear that, the speed at P is not necessarily given 
by the distauco .ictually travelled m'a unit, of tnno from P , 
for its speed m.iv change, 01 ii may oven eomo to rest, 
hefoio the unit- time is elapsed. In iact the speed at P 
measuics the distance which the particle Mould pass ovor 
m a unit time, if it contmued to move throughout that time 
at the same rate as at P . • 

Average Speed — The average speed of a moving point 
for any pi escribed interval nf tune during its motion, is that 
uniiorm speed with which the point would describe the same 
lenglh of its fatli as actually passed over, in the same 
interval ’of tune. 

Mathematically speaking, w if a length AB ( = 5) of its 
path is described in an intciN.il t, the average speed during 
§ s 

the interval is * 
t 
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Displacement. — The displacement of a moving point in 
any time is its change of position, as indicated by the 
straight lino joining its initial and final positions during tlio 
interval. 

Displacement thus involves the idea of both magnitude 
and direction, / e. 9 the distance through which the moving 
point is displaced, and t.ho direction of tho straight lino in 
which it is on tho whole displaced, no matter even if bv 
a curved path. In figure (i), as tho pin tide [races out its 
path from A to J), the displacement is the straight length 
AD, m that direction. 

Velocity. — The iclocily of a monnn point is its late of 
chan <ie of position , (nr rate <f displace went) having a tie finite 
direction and magnitude . 


Uniform velocity. — The velocity of a movinq point is 
said to be unijorm, when it alu ays moves along the same 
straight line in. the same sense , and paws over equal 
distances m equal intervals of lime, however small these time 
intervals may be taken. 

Distinction between Uniform Velocity and Uniform Speed. 

For uniform \elocUv, the moving p#,int must always mnvp 
along tlie same direction, which need not bo the caso for uniiorm 
speed, though in both cates, equal lengths of the path should be 
described in equal into? vals oi time, however small For instance, a 
point moving uniformly in a circle (p.7. tho free otlrcmitv of the 
hand of a uloo.i) ha-i uniform speed, but not uniform velocity. It may 
be noted that a point moving with uniform velocity must have its 
speed also uniform, but a point inching with uniform speed ueed not 
have a uniform velocity, as illustrated 111 the example above. 

Non-uniform velocity ; velocfty nt a point. — In ci’se 
when tho velocity of 11 mo\im; point is non-uniform, 
tho velocity nt anv point P of its path [ Son Fig. (1) |. 
hits got its magnitude determined by tho limiting value 

of the ratio wlioro 5 is the displacement PP iti an 
t 
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iniimtelv small tiino t' including the instant ’vVn tho 
particle is sit P, and the direction of the velocity theiti, being 
the ultimate diioction of PP' as P' comes infinitely close to 
P, is along the tangent at P.lo the path 4. 

4verage velocity — Tho average velocity of a moving 
point (luring any interval of timo is that uniform velocity 
with which a particle would receive tho same displacement 
in the same time, sis that of tho given point. 

Mathematically, if d is the length of tho straight lino 
loinmg tho initial and final positions corresponding to tho 

mteival t , tho average velocity is in tho direction of 

t 

that lino. * 

It may ho noted that in case of a curved path tho 
magnitude of the average velocity is different from tho 
a\eisigo speed during any interval. 

2 2 Vector and scalar quantities. 

A.V quantity v^hieh has got both magnitude and direction 
(in a definite sense) is defined to ho a rector quantity ; c . 
velocity, displacement, force, acceleration etc. 

£ A quantity which has a magnitude, hut is not associated 
with any direction, is defined to bo a scalar quantity ; e.£/., 
speed, mass, temperature, etc. 

As a straight lino has got. a magnitude, direction, and 
sense, any vector quantity may very aptly he represented hy 
a straight l/ne , the length of the lino repiosontmg thr 
magnitude of tho vector on a suitably ehosoij scale, tho 
direction of tho straight lme giving the diioction of tho 
vector, and tho senses of the vector being indicated by an 
aiTowmaik along the lino. 

Thus tho velocity of a mnvnig point, or a force acting at 
a point on a -body, may very well he represented in magni- 
tude and direction hy a straight lino. 

For thO'flako'nf convenience* a verity represented in 
magnitude , direction and sense hy AB is often denoted by 

AB or AB. 
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2'3. Simultaneous velocities of a point : Resultant 
velocity and components. 

Let im insect moving on a table on board a ship. 
If tho ship be in motion on water, tho tabln, along with 
the insect on it, shares tho motion in common wflih tho 
ship, and the insect has thus two simultaneous motions. 
If in addition tho table ho dragged on tho ship in another 
direction, tho insect also moves with tho tabln, and it has 
thus three motions superposed on it. In this Wit y wo 
may conceive of a number of simultaneous motions of tho 
same particle. 

If a particle possess several simultaneous velocities in 
different directions duo to various reasons, and if the joint 
eflocf ho tho same as if t.ho particle moves with a single 
velocity in a dofmito di lection, this latter volocit> is known 
as the resultant of the given sn null ancons velocities, which, 
in their turn, are callc'd the coynponcnt velocities of the 
single losultant. 

2 4. Parallelogram of velocities. 

If a point has simultaneously two velocities which are 
represented m magnitude and direction by the two adjacent 
sides of a parallelogram meeting at an angular point , then 
the resultant velocity of the particle is represented in 
magnitude and direction by the diagonal of the parallelogram 
diawn from that angular point . 

Lot a point 0 possess simultaneously two volocitics u 
and v , represented in magnitude and direction b\ the two 
adiac'mt sides 0.1 and OB o£ the parallelogram OA(JB. 
Join 00. 

The simultaneous existence of the Lwp velocities of the 
paiticlo may bo imagined bv supposing iiiatHhe particle 
moves along OA with a velocity represented by OA, and at 
the same time, the lino OA, with the particle on it, moves, 
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remaining parallel in itself, so that- the onrl 
vu a velocity represented by OJi. 


jii-'' os alone 



At the i ou.l ot a unit of time, owing to tho velocity y, 
the p-nticle Jij.whos the extremity A, whilo on account of 
„ VeIo ‘ ,|t y v, the line OA takes up the parallel position 
RO il t tho end of a unit of tune, tlm final position 
ol the particle is at U. 


At any intermediate instunt, sav after 1/utli of a second 
U-Oiu start, due to the velo«il,\ v, the lino OA takes up the 
parallel position PQ, wlicro OP-(1/«) OP,. At tho sumo 
time, duo to tho velocity u, the distance of the paiticlo 
described from P along PQ is (l in).0 1. 

Now if Ti be tiro point of intersection of PQ and OC 
since Pit is parallel to BO, 

P« OP 1 , , 1 7 

bC’oir n ' ,,nd 80 „ -DO- H -OA. 


Hence, from what is stated above, flip position of fhn 
particle after l/7ttli socond from start is at 11 on OC, 
OK OP 1 


where 


00 OB 


. *f n 1,15i v hft \0 any value, \vo find that due to the two 
siniiilfcangons velocities, u Pnd v t the position of tho particle 
is all along \m the line OC, 'and m such ms if 1>ho particle 
moves with a single velocity represented by OC. 

OC thus represents tho resultant velocity. 
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/ 

/i-p 2 5. Analytical expression Tor the resultant ot two 
given velocities. 



Let u and v be the two given velocities of a particle O 
in directions OA «inrl OB inclined at an angle a. Let them 
be represented bv OA and OB. Complete the parallelogram 
OACB , and join the dragon. >1 00, which tluui, by parallelo- 
gram uf velocities, represents the resultant velocity w. 
Let LOO A** 0, which 'w ill give the direction of the 
lesuHant. Now draw Cl) perpendicular upon OA (produced 
il necess.i-n). Then from the right-angled triangle C ID, 
AD 1=3 AC cos CAD = v cos a, and CD — AC sin CAD--- v bin a. 

Thus OG 2 *■ OD 2 + CD 2 gives 

w 2 — {u + v cos a) 2 +(ti sin a) 3 
“ u “ + 2 uv cos a + v 2 . 


' Also 


tan 0 


CO v sm a 
OD ft+ o cos a 


lienee. 


and 


w = 

0 - 


n/u 2 +2uv cos <i + v 2 

. _ v sin a 

tan . 

u + v cos a 


give the magnitude and direction of tho ro-iultant. 


Cor. 1. If a — 0, w = u4v and if a-w, w-=»n — v. 

Henco tha resultant of two simultaneous velocities along the same 
line is their algebraic sum . 

Again, if u - 90° , 
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Cor. 2. When «=«, it is easily seen that 
* 0 = 2m cos-* and 6= * • 

Thus the resultant of luo equal velocities u, u f at an angle a, is 

CL ■ " 

2 u cos in a Jvcction bisecting the angle between them . 

• * 


2'6. Breaking up a given velocity into two 
components. 

A given velocity mav bo resolved into two components 
in an infinite number of wa>s, lor by parallelogram of 
velocities, if witli tho straight lino representing the given 
velocity as diagonal wo construct any parallelogram, the 
two adjacent sides of tins parallelogram, will lcpicsent the 
two component velocities having the given volucuty as their 
Lesultant. 

Again, if wo want the component of a given wlocitv in a 
Riven iliroction at am inclination to it, tho component is not 
floteiminablo, in as inuc.h as tho duration of tho other com- 
ponent may bo chosen to bo anythin”, and the parallelogram 
constructed with tlio given velocity as diagonal. 

If, howovor, with a» given velocity, both the directions 
are definitely mentioned m which wo avo required to break 
it lip into components, those components, can ho deter- 
mined. 

Lot 00 ( - F) re- 
present tli (3 given 
velocity, and OX and 
OY , civon directions 
making angles a and /i 
to it on either side, in 
which we aro to i csol\ a 
it into components. 

Complete* the paia- 
llelogram %OA(jB with 
diagonal 00 and sides 
along OX arid OY. Then by parallelogram of velocities. 
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OA and OB represent tho required components of V along 
OX iuul or. 

Nov; from triangle OAC , by Tiig-mometry, 

0/1 _ AC = 00 

sm OGM sin C’0,1 sin 0-.4C 

0.4 ^ Oft ^ V = F 

sin fi sin a sin (18(f — u+/b sin (a + P) 

. 0.4- 7 OB- ' 

1 Bin (c i + P) sm(a + j3) 

27. Resolving n given velocity into two perpendi- 
cular components. 

Tim moht important case of insolation ol a giv^n velocity 
into two components is, when tl io dnoctinns of tho 
components aro at right) angles to one another. In this 
cast! the components are leiunod to as resolved j)arts m 



Fig. (Ij Fig. (ii) 


thu corresponding direcl.i'HM. Lnt the given velocity V be 
icpicscmted by 00, and let the diiectmn OX make an 
angle C('X—0 with it, OY being pntpcndicular to OX . 

Completing -the parallelogram OACB (which is a 
rectangle m this ea*e) f wo notice tliat. the required resolved 
pints along OA” and OY suo given by 

OA — OC cos XOC cos 9 

OU = AO - 00 sin XOC = V sin &. 


and ■ 
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Note, In figured:), 0-1. Btriolly six.ibn.g, if . • ' r s CO.l 
*= V cos (iyO° - 0) = — V cos 0, Lind is pnsiti\o along ON*. NT *'»v maHie- 
maticalhj , a i clarity u ti long <>V is identical with >i vclnnt / — u along 
OX. Hence, — Tens 1) along OX 1 miy bo described a i Tens 0 along () V. 

TIiuh the resolved park uf" V along OAT’is mathematically Vocs 0, 
■whether 0 bo obln or iiculo or anything. 

ITonco ant/ t/itm. velocity V is mathematically equiralcnt 
to (and accotdinyly run he lejdaced , n hrnevei needed , by) Inn 
it nwrtt aneous remitted pails, one, V co „ 0 alony a duration 
ON? at an uiu/lv 0 to it, and owdhe), V sm 0 vrrpend/cnlar to 
it, vhutcsvor 1 1 to :in»In 0 mav bn. TIij-i nmdo <>l loifl.mintf n 
Hincm \i*hx*il \ h\ iN two equivn-Ient h solved parts ui two 
suitable p«rp« niiirul.n d'oHjlions is puuuiLirlv useful in 
Inidinp the rehiiltaut uj sewsal pimuJhinenii.s wha.itics lor j, 
partieki, as is shown below. 

2'8. Resultant of several simultaneous coplanar 
velocities of a particle. 



Lot a point 0 possess sever il simultaneous velocities v 19 
t’a . v 8 |... etc. in dill'ciont yivon directions in the same piano. 
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and let their directions make angles 0 tI 0 2l 0 8 ,... with any 
suitable chosen direction OX in the plane, OY being 
perpendicular to OX. 

We can replace tl\e velocity v x by its components 
v x cos Oj. along 0X t and Vi sin 0 ± along OY. Similarly, v 2 
may be replaced by v 2 cos 0 2 along OX, and v 2 sin 0 2 sflong 
OY, and so on for each one of the given velocities. 

The givon simultaneous velocities aro then mathemati- 
cally equivalent to a single total component v± cos (£. + 

cos + i's cos 0 3 + along OX , and a single total com- 
ponent V\ sin 0i +V 2 sin & 2 + v B sin 0 d + along OY. 

These two final components along OX and OY, (repre- 
sented by OA and OB say,) will he equivalent to the resultant 
velocity V represented by 00 at an angle 0 to OX, where 

V cos 0*=0A=v i cos G i+v 2 cos 0 2 +v a cos 0 3 + — 

V sin 6 = OB = v-i sin 0 1 +v a sin © 2 + v 3 sin © 3 + -" 

From these, V and 0 are definitely determine^. 

Note. From the above, aquaria g and adding, wc ultimately get 

v= coV(0 a ~0,) 

the positive sign of the square root being taten for the magnitude of 
V, and then the signs of the right hand expressions will give the 
signs of sin 0 and cos 0 and will thus definitely dotermmo tho direction 
of the resultant velocity, with tho quadrant in which it lies. 


2 9. Triangle of velocities. 

If a moving point possess simultaneously tiro velocities 
represented m magnitude, direction and sense successively by 
the two sides of a triangle taken rn order , their resultant ts 
represented by the third side in opposite order. 

• • 

Lot AB and BG represent in magnitude, direction and 
sense, the two simultaneous velocities of a point. Complete 
tho parallelogram A BCD. Then AD t being equal and parallel 
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to BC , represents, so tar 
sense are concerned, the 
same velocity as is repre- 
sented by BC. Hence the 
two simultaneous velocities 
of the moving point, being 
represented m magnitude 
and direction by AB and 
AD, are equivalent, by 
parallelogram of velocities, 
ter the lesultant velocity 
represented by AC. 

Note. Tn vector notation, Al 


as magnitude, direction and 



" AC. 


2’ 10. Polygon of velocities. 

If a moving point possess several simultaneous velocities, 
represented in magnitude , direction, and sense successively 
by a series of lines joined end to end , m the same order, then 
the line drawn to close up the polygon so formed, in reverse 
order, will represent its resultant velocity . 

Let tho several simul- 
taneous velocities possessed 
by a particle bo represented 
in magni tude, direction, and 
sense successively by tho 
linos AB, BC, CD,..., GII. 

Thou the resultant velocity 
of tho particlo will be 
represented by the straight 
lino AH in magnitude, 
direction and souse 

For tho resultant of tho velocities represented by'JB 
and BC is, by tnanglo of Velocities, ropiesentod by AG. 
Again the lesultant of tho- two velocities represented by AC 
and CD is lepresented by AD. Hence AD represents tho 
resultant ofjblic throe simultaneous velocities represented by 
AB, BC, CD. ihoecedmg in this manner All \s ill represent 
tho resultant of the simultaneous velocities represented by 
AB, BC, CD,..., GH. 
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Cor. IE a point possess simultaneously velocities which are 
lopresented in magnitude, direction and sense by the sides taken in 
order of a closed polygon, then the point will' remain, on tho whole, 
at rest. . 


211. Illustrative Examples. 

Ex. 1. A point possesses In co simultaneous velocities, one 7J miles 
per hour towards the East, and tho other 10 feet per sec . at an angle 60* 
North of East . Find the magnitude and direction of a third velocdy 
uhich must he imparted to it so that it may remain at rest . 

74 miles per hoiir = \'* x\! * oufc F or second = 11 ft. per sec. 

2 uU X uU 


Now tho resultant of tho two ghen velocities 11 ft /sec. towards 
the East and 10 ft. /sec. at an angle GO 9 North of East is 


JllZ+lO 1 H2.1L.JU cos" GO 0 
= v'liil+lOO+llO* JSal It./seo. 
in a direction miking an angle 


0 =* tan" 


10 sin GO 9 
11+10 cos CU C 


10 - 


rs/3 


= tau" 


11 + 10.4 


= ian 1 


n s/‘i 

10 


North of Hast. 


T 11 order that the particle may remain at icBt, a velocity equal 
and opposite to this resultant velocity must bo imparted to it 
i.c a velocity f^J.31 ft. /sec. in a diroction making an angle 

tan -1 South of We^t. 

10 

n 

Ex. 2. .1 swimmer can swim in still water at the rate of 4 miles per 
hour * lie ivishes to tross a nier floninq along a straight course at the 
rale o/2 miles per hour, so as to reach ihe directly opposite point on the 
other bank, la what direction should he attempt to swim * 

If he wi shes to cross the river in shortest lime, ahat direction should 
he take to swim ? 

Lot AD represent the velocity of tho current, and AC tiat of the 
swimmer, at angle a with tlio current. Duo to these two 
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simultaneous velocities, the resultant velocity of the swimmer is, by 
parallologram of velocities, represented by the diagonal AD. 



3 A 8 N M 

Fig. (i) Fig. (n) 

(i) Now if this resultant AD be perpendicular to AD (Fig. i). 


wo have cos (180° — a) = coa — ^ — - i} — cos G0°. 

ISO' — a— GO 0 or a=120°. 

ITcnco the swimmer should swim at an angle 120° with the direc- 
tion of tlio current in order to moss Iho nvci voipondiLiilarly, so as 

to reach the ducetly opposite point E on the other bank. 

# 

(u) If the man wishes to eioss the river in shortest time, wo nute 
that m a unit time, as lie reaches the point /) with the resultant 
volocity (Fig. ii) , the actual bieadth of the river crossed over b/ 
him is DN-BD sin DBN = AC sin a = 4 sin a. lienee b denoting tho 

total breadth of the river, the time taken to cross the river = , ^ - 

* 4 sin a 

[ Alternatively, we may noto that AD representing the resultant 
velocity, the man reaches the opposite bank at E, ior which tho time 
is 

• 

A B _ EM [ from Similar triangles, f'll 
AD~ DN being the breadth of the river ] 

J_ [> _ l . . 

• 1 sin a J 

Now this is least when sin a is greatost, namely 1, which 
requires a- Uu°. 
o 
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Thus to cross the river in shortest time, the swimmor should take 
to swim in a direction perpendicularly t.o the ourrent. ( His resultant 
motion howover is not perpendicular to the current in this case ) 

Ex. 3. A point possesses four simultaneous velocities whose magni- 
tudes ate 4 ft.Jsec.j 8 ft. i see., V2y/6 ft I sec., and 1ft ft.! sec. i vspeetively. 
The angle bctuccn the directions of t the first anil the second is 60°, 
between the second and the tlnid lM)°, and betuecn the third and the 
fourth 150°. Find the magnitude and dueclton of the lesuttant velocity. 


Y 



Let ns take OX coincident with the direction of tlio first velocity, 
and OY perpendicular to it. Clearly the anglos mado by the four giv«n 
velocities will^ OX, all measured positively, are respectively 0°, 00°, 
150° and 300°. Now resolving each velocity along the two directions 
O-Y and 0 )', 

the algebraic sum of tlio resolved parts along OX 
= 4 + 8 cos 00° + 1*2 J3 cos ISO 0 + 16 cos 300° 

= 4 + 8.1 + 12 s/3) (-1 n / 3) + 1C.1=-2 ft /see. 
and the algebraic sum of the resolved parts along OY* 

= 4 sin 0® + 8 sin 60° + 12 */3 sin 150° + 16 Bin 300® 
=0+8.1^3 + 12 ^.J + IG.C-In/S) 

= 2(s/3 ft. /rep. 
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Thus if v bo tho resultant velocity in n direction mating an angle 
0 with OA”, 

v cos 0 - - 2, v sin 0-2 J3, whence v" 1G or v — d. 
tos 0 = — J. biu 0 = tfiviug 0«12O°. 

l “ A 

lT.ftu -0 the resultant velocity of the particle in 4 ft /.ice. in a direction 
making an angle 120° with tho first velocity. 

Ex. 4. A 6/£s is ihncinq at 12 miles per hour along a straight road t 
ami <h iiian, running at 5 miles per hour along a perpendicular road t secs 
it, uhen it is 140 lycZs short of the function, and he himself «s 60 yds. 
shoii.. Shoto that ht can neicr get neater to the bus than 20 yds. 



Tho bu-, 73 i* mo\ing along 710, and the man A runs along AO. 
A sees H when 7*0 = 140 yds. - \ miloi, and AO = 80 yds. - L miles. 

After any time, t hours say, tho distance,', moved o'vcr by the bus 
and the man aro LP&puetivoIy BT> = 12* miles, aud AA' — bt miles. 

Ilence the distance A'Jl ( = d) between thorn is givon by 



Now tho variablo portion involving t being a perfect square, can 
never be negative, its least value being zero. Hence the least valuo 
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of rZ 4 *= *i» i-0>« the shortest possible distance of the man from the 

OO 

bus is „V miles « 20 yds. 

Note. For an altoraativ^ method by using relative velocity, see 
Ex. 3, § 3*6. 

Examples on Chapter'll 

1. A man walks towards the east a distance of 3 igilos 
at the rate of 5 miles per hour, and then walks towards the 
north a 'distance of 4 miles at the rate of 3 miles an hour. 
Find the average speed and the average velocity of the man 
for the whole journey. 

2. A point moves m a straight line with a volocity of 
3 feet pur second. After 3 seconds it lists an additional 
velocity of 4 font per second at right angles to its original 
direction of motion. Find its distance irom Lhe starting 
point 2 seconds after this. 

3. thief, when detected, jumps out. of a running 
train at right angles to lls direction with a velocity of 5 It. 
per see. If the velocity of the train be 30 miles pnr lioui, 
Jind in which direction the thiol lalls. 

4?^What velocity must ho communicated by the bat to 
a cricket hall travelling horizontally in the line of wiokots 
at 00 ft. per sou., so as to make it t.ra\nl at right angles 
to its original path with a spued of 120 ft. per sec. ,J 

5. A point which possesses velocities of 7, B and 13 ft. 
per sec. in di Keren l directions is at rest. Find the angle 
between the directions of the two smaller velocities. 

6. Three velocities whoso ratios are ( ^3 f l) : */(> I 2 
are silmultanoouslv impressed on a particle and it is noticed 
that the partiolo does not move. * Find the angles at which 
the directions of the velocities are inclined to eacli other. 

7. A particle P has simultaneously three velocities 
represented by PA % PB> PC where A, C are three non- 
collinoar fixed points. Whore should P be situated so that 
the particle may remain at rest ? 
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8. A man rows his boat across a river 100 Y' 1 ". wide, 
always pointing his boat up stream at an angle of with 
the bank. How long does ho take to cross the rivr*' if ho 
lows with a velocity of 6 ft. por sec., and current flows at 
the rate of 3 miles per hour ? hind how far down the uvcr 
the boat will reach the opposite btffnk below the point at 
winch it was oiiginally directed. 

9. A man rows divectlv across a flowing river in time 
<i, and rows an equal distance down the stream in time £ 2 . 
If ?A # l)o the speed of the man in still water and v that of tho 
stream, show that 

t\ - £ a " Ju + v • Jit-v . 

10. Two boats each moving with a velocity of 5 miles 
per hour tiy t.o cross a stream of breadth 880 yds-> running 
with .1 velocity of 3 miles per hour. One boat crosses the 
stieam bv the shortest path and tho other in tho shortest 
time. It they start together, find the interval between their 
times ot arriving at tho opposite hank. 

11. A river id breadth ono mile lias a current flowing 
at tho rate of 2 miles por hour. A swimmer who can swim 
at tho late of 4 miles pea* hour in still water wishes to 
reach tho directly opposite point on tho other bank, but 
choosing a wiong direction t.o swim, reaches the opposite 
bank \ mile down the desired point. Find tho deviation 
of tho chosen dnection from the right ono. 

12. A m, in can swim directly across a stream of breadth 
100 yds. in 4 minutes when there is no current and in 
5 minutes where tbore is current. Find the velocity of 
tho current. 

• 

13. Two motor boats start simultaneously from two 
points A and B, tho fust one moving with n uniform 
velocity of 10*/3 miles per ^our in a direction making an 
angle of 30° with AB . Find tho direction in which tho 
second should move unifoimly with a velocity of 10 miles 
por hour so that it may meet the first one. 

If tho ^second boat move "at an anglo of 45° with BA, 
with what velocity should it go in order that it may meet 
tho first ? 
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14. Two cyclist P and Q avo respectively at points A 
and B which are J3 + 1 miles apart on a field. P rides 
away with a uniform velocity of 5 ^2 miles per hour in a 
direction making an angle 45° with AB . Q starts at tlio 
same instant to move with a unifoim velocity of 10 miles 
per hour and catches P. Find the time that elapses from 
start before Q catches P. 

15. A point has equal velocities in two given direc- 
tions ; if one of these velocities ho halved, tho angle 
which tho resultant makes with tho other is halved 'also. 
Find the angle between tho given directions. 

16. A train is moving with a uniform \elociiy v along a 
straight railway hno and a motor car runs on a parallel 
road in the same direction, t ho distance hot ween the road 
and the railway hno being a A passenger of tho train obser- 
ves the car to ho always in a line with a fixed tn*o whoso 
distance fiom tho railway lino is b (h > ft). Prove Hut 
the velocity of the car is uniform and find its magnitude. 

17. An not opUno travelling in still air at the rate of 
125 miles per hour, st.arLs fiom a point P to reach a point Q 
duo north of it, 300 miles away. There is a wind blowing 
due west at the late of «J5 miles per hour, hut when half the 
distance has been covoied, the \elocity of the wind increases 
to 75 miles per hour, and tho aeroplane adjusts its head 
accordingly so that it continues its courso along P<J as 
hofoie, and reaches Q . Find tho time taken over the lliglit. 

18. A destroyer steaming north at tho rate of 15 miles 
per hour obscLvos a sea-plane carrier duo oast of itself at a 
distance of 10 miles, the latter steaming duo west at tho 
rate of 20 miles per hour. Alter what time are they 
at tho least distance irom one anothoi, and what is this 
least distance 

19. Two straight railway lines meet at rigid angles, A 
train starts from tho junction along one lint', and at the 
same instant, another train starts towards tho junction 
from a station on the other lino, and thoy mbvo ait tho same 
uniform speod. Show that they are nearest to each other 
when thoy are equally distant from tho junction. 
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20. A battle-ship leaves a certain port ami steams N. W. 
at 15 knots. Another ship loaves the same i . r.. -»,t the 
same instant and steams W. S. W. at 12 fonts. Their 
wireless instruments are capable of coiniminicatiou up to 
500 nautical miles. How long may the ships espeet to 
remain in touch ? 

• [1 1 cnot = 1 nautical mile per hour ] 

21. A particle possesses simultaneously throe velocities 
u , v t ir in directions inclined, at angles a, ft, y with one 
another ; show that tho resultant velocity is 

i. 

L u 2 + v 2 + iv* + 2 uv cos a + 2vw cos ft + 2 ivu cog y ] u 

22. A point possesses five simultaneous velocities, 
10, 20, 30, 40 ami 50 ft. per sec. respectively. Tho first three 
are inspect) vely towards E., N. E , and S. S.W. The fourth 
is 15° West of North, and the fifth 30° East of South. Find 
the displacement of the paiticlo 5 sous, after start. 


Answers 


1. 31" m. p. li. ; ‘2!., m. p. h. at an angle tan -1 north of oast. 

2. 17 ft. 3. At an angle tan -1 v \ with the direction of motion 

of tlio train. 4. 150 ft. /see. at an angle cus" 1 ( — J) with 


tbo original path. 5. 60°. 

7. At tho centroid of the triangle ADC . 
10. 1J min. 11 30°. 

13. 60° with ItA ; 5 ini lcs/hr. 


15. 120°. 


16. 




6. 135°, 105°, 120°. 
8. lj min. ; 440 ft. 
12. 15 jds./uiin. 

14. 12 min. 

17. 2 B hrs. 45 min. 


18. 19 \ mm. ; C miles. 20, 32'9 hra. 

22. 161 ft. nearly, iu a direction appioxiinaUIy at an angle 
t.jwT 1 3 S. of K. 



CHAPTER III 


RELATIVE VELOCITY 

3*1. In tlio previous-chapter wo have defined velocity 
of a moving point P as its rate of change of position* Now 
fco define this position we must have some iramo of 
reference, or a point of reference, say 0 with respect to 
which the position of P at any instant is given by straight 
line joining 0 to P . When this straight lmo OP alters, 
either mJUmgth or in direction, or in both, wo say that P 
has changed its position, and has thus moved, as seen from 
0. If we say that the point, of reference 0 is also moving, 
wo must have some other frame of reference in mind, w'lfch 
respect to which 0 is changing its position. In fact we 
have no idea, nor can define, what absolute motion of a 
point would mean, and every motion in that sense is rela- 
tive, that is with reference to some contemplated observer. 

Every one must have noticed fiom a moving railway 
train that trees or telegraph posts outside seem to approach 
and then move rapidly backwards. Really Ibo distance of 
the tree from the observer is changing, though not duo lo 
any movement of the tree, and this change of position of the 
treo gives an idea of a motion ol the tiee to the observer. 
But as lie is conscious that tlio treo is not capable of moving 
on the ground, ho attributes this apparent motion of the 
tree to his own motion with the limiting tiain. 

Usually wo speak of a body to be at lost when it doos 
not change its position with respect to surrounding objects 
on the surface of tlio earth, and sav that it is in motion 
when it changes its position with respect to thn so-called 
fixed objects on tlio surface of the earth. But we also 
seem to know that the earth is ndl t fixed f and that it moves 
round the sun at a speed of nearly 19 miles per second. In 
this latter description our contemplated observer ia at the 
sun. Again the sun is described to bo moving with tlio 
whole solar system towards a so-called fiexd star, which in 
this case is takon as the observer for reference. In fact, it 
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should bo borno in mind, as stated before, thv- <0 rotate 
motion (or trug motion as wo jnay 1)0 tempteu to • ill it), 
or rest, without any rolcrenco to any observer, is perfectly 
meaningless, from the very definition of the terms. 

Iu tliis book, unless anything. is mentioned, wo shall 
spoak of true motion or rest by considering the points of 
rofeifcnco to be the so-called fixed obiocts on tho surface of 
the earth*. Wo then proceed to dofino relative velocity, 
and consider theorems in that connection as given below. 

• 

3'2. Relative velocity. 

When two points A and B, which may he both moving 
on the surface of the earth , are considered, the rate of change 
of position of B as seen from A , (this position being indicated 
in/ the line joining A to B) is defined as the relative velocity 
of B with respect to A . 

This relative velocity of B with respect to A is obtained 
bv compounding with tho velocity ot B a velocity equal and 
to that of the observer A as proved in the next article. 

Determination of relative velocity. 

relative velocity of one moving point B with respect 
to another viovinq point 9 A is obtained by compounding with 
the given velocity of />, a velocity equal and Opposite to 
that of the observer A. 

First of all, let A and B both move with equal velocities 
in tho parallel directions. In 
any time, their displacements 
A A' and BB> are equal and 
parallel, and hence the lino 
joining them remains equal arid 
parallel to itself. Thus .’the 
distance and direction of the 
lino |oining A to i?, i.e. the 

*ln books,- tin astronomy othor points and frames of reference are 
used for describing motion according to the circumstances. 
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position of B as observed from A remains unaltered. Tims 
B will appear to A to bo at lost, and their relative velocity 
with respect to each other is nil. 



Next suppose A and B move with any velocities u and 
v represented by AP and JJQ iospoclivolv. To both A and 
B apply equal nnd parallel velocities r^prespnlod by AL and 
BM, cm cl) equal and opposite to AP. These equal and 
parallel vi lncities of A and 1J pmduoo no relative motion 
between them, and so tho apparent motion of B as seen 
from A remains unn lifted bv this addition. A is now 
brought to rest, and tlio lesultant motion of B is given 
})V the diagonal BN, which thus represents the required 
relative \uloeity of B as it appeals to the observer A. 

I In vector notation, Vj\ = Vb“Va 

j Determination of true velocity when the apparent 
veloicrty is given. 

When lliQ relative velocity of a point B with respect in an 
ob'jpyccr A is given, as also the velocity of the observer A , the 
true / clarity of Bis obtained by compounding these Lvo given 
velocities. 

« 

As tlin relative velocity of t) with respect to A is found 
as tho resultant of the true velocity of ll and the \olocit.y 
of A reversed, if wo compound with it tho velocity of A , the 
two latter velocities will neutralise each other? cleaving as 
tho resultant, the true velocity of B . 
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Geometrically, BIl representing tho gi\eii "dative 
velocity Fba of B wjtli respect to A , and APi ipi canting 
tho given velocity u of if wo draw BM equal am: parallel 
to AP in opposite souse, and complete the parallelogram 



BAIBQ with Bit as diagonal and BM as a side, then lho 
other sido BQ ropinscuts the 1 1 no velocity of 7*, for this 
com pounded with BM, Uie reversed velocity of A , gives *is 
tho icsultant, the relative velocity Bit in question. Now 
if il/7> lie piodueod to N making /JY—7J.V, tho tigmo 
BEQN is evidently a parallelogram, in which BQ % tho 
lcqiured tiue v» locitv of B is tlie diagonal with Bit and BN 
as adj.icont sides. As BN is equal and parallel I o A P, it 
follows that tlie required true velocity BQ of B nmv as 
"well ho determined h\ combining with tho given i dative 
velocity Bit , and velocity 77JV, equal and p. nail el to l hat 
of tlie observer A in the same sense. 

In vector notation, Vb=Vba + Va 

3’5. It may he noted that tho actual wav in which tlie 
distance between two points which aie hulfi moving, or tho 
directum of ono as scon from tho other at different instants 
alters, may ho estimated oithei by consideung the actual 
motions of both tho points during tho interval, or equally 
well, by assuming one to at rest and making the other 
move with relative motion, and this >econd method is 
simpler in actual practice. 

Thus if AP and BQ represent the actual velocities of A 
and B, after unit time Die distance between tlicfn is PQ . 
Now', keeping A fixed, and assuming B to move with the 
relative velocity BN, it is clear fiom tho lyodo of 
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constructing i dative velocity, that QN is equal and parallel 
to AP , and so AN is equal and paiallel to PQ . AN thus 
gives the distance and direction between the two points 

after unit time equally 
'well as PQ. At any 
other instant, any after 
timo r from start; A 
moves to A' and B to 
B ' where AA'^t.AP 
and BB' — r.ZJQ, apd 
tho dislanco between 
j y' i tlie points then is 

j s'* i A'B'. But keeping A 

j fixed, if wo assume B 

\ A' P to move with 1 dative 

velocity BN, it roaches 
1 t.BN and the distance 
estimated is given at 
„ BO BB' mi . 

^ ow bn^ t * ]Jq ' ^ 10l0 ^ f)1 ° ” 0 

is parallel to QN and = r .QN AP . IIciico J/C is 

equal and parallel to A' A and so A C is equal and paiallel 
to A'B'. 


the point C after timo r where BC- 
between the moving points thus 

the instant by AC. 


In problems therefore, whore wo arc to determine the 
leant, distance hehreen tiro points, which are both viovtnq 
with given velocities, it is always advisable to reduce one 
to reMi and make the other move with lelative velocity, and 
then estimate tho least distance, which will give us tho 
result, same as the actual result. [ Of. Ex. 3, § i?"(i ] 

* 

3'6. Illustrative Examples. 

Ex 1. To a passenqcr on a tram running dm East at the rale of 
30 miles per hour wind appears to blow from N. E. at the ? ate of 
10 J'l miles per hour , find the true velocity of the wind. Find also its 
apparent dvection, when the speed of the 1 tram increases to 40 miles per 
hour. 

AD representing the velocity of 'the train, (30 miles/lir. due east) it 
also represents the true velocity of the observer. Let OC repfesent tho 
apparent velocity of tho wind (10 m/hr. from N. E. towards S. W.). 



RELATIVE VELOCITY 


29 


Combining with OC , a volocity 0T> equal and para l 1 .; 1 i r . AD in 
the same direction, the resultant OG repieseuts the tiue velocity of 
the wind. 



Now resolving OC into its components 10 ^‘2 cos lf>° and 
10 n /*2 sin *15°. * e. t 10 and 10 towards west and south respectively, 
and combining with OF) (:10 towards tho oa^t), wo got :i0— 10=20 m/h 
towards the east, and 10 m/h towards the south, the le&iillant of 
which is OO- ^/aO' + lO* * 10 5 miles/ Lir., at an angle ri = tan" 1 
i c., tau' 'i S. of K. giving the Lruo velocity of the wind in magnitude 
and direction. 

[ Alternatively, noting that angle DOC =-V^5> n , we might apply the 
mathematical formulae of § 2'5 to get the magnitude gnd direction of 
the resultant OG. ] 

When the speed of tho train increases to 10 miles/br, to get the 
apparent direction cf wind, to combine with Us true velocity OG, a 
volocity OF, equal and opposite’ to that of the observer (t.c., *10 towards 
the west) and find tho resultant OIF. Now OG, as proved before, being 
equivalent to 20 m/h towards the easl and 10 m/h towards the south, 
we got Olf to be the resultant of 40 — 20 = 20 in /h towards the west 
and 10 m/h towards tho south. .Thus if £_UUF=-Q ' , t.in 9 ' — J" = J, or 
0 , = tan“ l i l . % 



30 


INTERMEDIATE DYNAMICS 


Hence tho apparent direction of the wind now is at an angle tan” 1 ! 
South of West. 

Ex. 2. To a ci/clist travelling at 8 miles per liuur due cc st, the wind 
appears to come ftom the m/fth-eati , hut when he travels nortu-easl at 
the sari ie speed, i! appears to come frpm the north. Find the i true 
direction and ulocihj cj the wind . A [ c' v U. 19 tl ] 



Let Oli represent the apparent velocity of the wind from N. K. 
when tlie cyclist is travelling at 8 m/h duo h1a*»t. Combining with OH, 
tho velocity (hi of the cyclist in tho same direction (towards tho blast), 
and completing tho p trallclujjtam OBGA t If ho resultant OU represents 
tho true velocity of the wind. 

When tho cyclist ib moving with the samo spool! towards north- 
oast, combining this velocity reversed (represented by Oh) with 00, 
and completing tho parallelogram 06/'/), tho resultant OF represents 
the apparent velocity of the wind then, and this jh given to bo from the 
north, as shown in tho al;o\c figure. 

Now in the figure, /. BOV— *15'* ; Z.OFA -- 4 f>°, 
and as L 1 0F= 90°, ' . LOA F= 45“. 

Thus ’ oV=OA---S: Also CV=OD=8. 

Z. Ft HJ — L. VCO — !(1S0° — 45°) =» 67i°. ^ 
JiAOC^Vi 4 °. 

Also, OC = 2 FO COB FOC = 2.8. sin 22*° 

“10. Jui -cos 40") = 10-^“ •P-Bji-lji. 
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Thus the true velocity of the wind is 8 J'l — miles per hour at 
an angle 5421° S. o! K. *.e., towards K. S.E. (Horn W. N.Wj. 

Ex. 3. At a particular instant two aeroplane* are at a distance of 
250 miles, one due cast of the other. The'litst one is moving icc&ticards 
at tha rate of 100 miUs j } &r hour , and the second tilth a velocity of 
75 miles per hour towards the south . Find the time alien they arc 
nearest to each other , and the least distance between them. 

\ v 250 

■* _ - - - ^ 



A and l\ represent the positions of the aeroplanes at the given 
instant, and AL ami BM thoir velocities. To find when they are 
neucst, or the Least distance between them, as explunrd in g :V5, vo 
may keep one, (say A), Jixed,- and make the other move with tne 
relative velocity iiJl, as shown in the abo\o ligme. Clearly 
Jum l +Vo l =\'lb m/hr. , 

.47) being now drawn perpendicular to HR, the least distance of B 
from A is A T). 

Now -4/) = 2B8in0 (where Q = £A BD) 

-AfJ ^ ^ = 250 x * /'** = 150 miles. 

Bit 125 

1 00 

‘ Also, BD= &J1 cos (1 = 250 200 miles, and with relative* 

velocity BR i.e. 125 m/h, the time taken to travel this distance BD 
Q00 

relatively is hrs. = 1 hr. 3G m. 
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Thus the two aeroplanes will bo nearest each other 1 hr. 36 m. 
from the given instant, and the least distance between the two is 
150 miles. 

Note. For an alternative method, Cf. Tlx. 4, § 2*11. 

Examples on Chapter 111 

1. Ono bout is sailing duo north at the rate o£ 
12 miles per hour :inrl another boat is sailing north-west/ at 
the rate of 12*/ 3 miles per hoar. Find m magnitude and 
direction the velocity ol the second boat relative to tho first. 

2. A schoolboy holding an umbrella runs with a 
velocity equal to that of the ram falling vertically, in 
consequence of which tho l.iin strikes him in tho face. 
At what angle should lie hold tho umbrella in older to 
protect him host ? 

3. On a rainy clay when a man is walkin'; at tho rate 
of 4 miles an lioui, he is struck by the lain vertically, and 
whe'ii he increases his velocity 1<> 6 miles an hour, the nun 
strikes linn at an angle of ■15°. Find the magnitude) and 
direction ol tho velocity of tho um. 

4. To a man walking at llio rate of 3 milos an hour, 

ram appears to lall vertically ; ii lie increases Jus speed to 
5 miles an hour, it appears to fall at an angle of 30 u with 
the vertical. Find the actual direction and velocity of tho 
ram. L U. 1\ 1037 ] 

5. A traip is travelling N. at 60 m.p.h. and the wind is 
blowing from the S. W, at 20 mph. Find the direction 
of the trail of the smoko of the engine. 

[ Assume that the smoke loses the /elooity o£ the train as soon as it 
leavrg the funnel and moves with tho velocity of tho wind. ] 

6. A stcamei is going duo N. with velocity v t tho smoko 
from thp chimney points 0 degrees S. of E. If the wind bo 
coming from due West, find its velocity. 

7. Three points P, Q , It move with the same velocity 
v along the sides PC, CA , AD respectively of an equilateral 
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triangle. Find the velocity o f any one relative to tiny itlier 
in magnitude and direction. 

8. (0 Two points P and Q am moving with velocities 
u and v respectively along two straight linos inclined at an 
angle a. Find the magnitude and direction of the relative 
velocity of Q with respect to P in terms of n t v t a. 
Interpret the result when a = 0 and a^n, [ C. U . 1949 ] 

( 11 ) Two pai tides move with speods u and v rospcc- 
L i vo W in opposite sense along the circumference ol a circle. 
In wVat positions will their lelativo velocity bo gioatest, 
and least, and what are its values then ? 

Whali would happen if Llioy move in the same sense ? 

9. Given the relative velocity of A with respect to B , 
■and also the iclative velocity of B with rospoet to 6', 
show how you will proceed to dotoimme the rolativo 
velocity of 0 with respect Lo A. 

10. Two trains whose lengths aio respectively 1.30 and 
110 It. are moving m opposite directions on parallel lines, 
the \olocity ol the Jiist being double that ol the second. 
They aio observed to pass each other completely m 4 sees. 
Kind the velocity of each train. 

11. A bomber moves due east at 100 ni. p. h. over a 
tow'll X at a certain tune. Six minutes later a pursuit 
plane starts from a station Y which is 40 miles due south 
of X and Hies north- cast. If both maintain their tomse, 
find the velocity with which the pursuit plane must ily in 
older to overtake the bomber. 

12. A person travels due east at the late of* 4 miles per 
hour and observes that the wind seems to blow' directly 
Irom the noith , ho then doubles his speed and the wind 
appoais to come from the, north-east. Determine the 
direction and velocity of wind. [ C\ U. 1913 ; U. P. 1940 J 

13. A poison travelling towards tho north-cast finds 
that tho wind appears to blow fiorn the north, hut when lie 
doubles his speed, it seems lo come fiom a direction 
making an’ angle fcan" 1 ^ east of north. Find the true 
direction of the wind. 

3 
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A steamer is travelling duo east at tho rate of 
an hour. A second steamer is travelling at 2w miles 
sin hour in a direction 0 north of east, and appears to ho 
travelling nortli-oast to a passenger on the first steamer. 
Provo that 

0 = £ sin" 1 ?. [ C. U. 1945 ■ ’40 ] 

15. A river is flowing from west to east at 2 miles per 
houi, and a boat is rowed with a velocity of 4 miles per 
hour due south relative to the current. A luicknoy callage 
runs on a road parallel to the river towards the west a\. the 
rate of'fi lmloa per hour. Find tho apparent velocity of the 
boat as seen by an observer on the carriage. 

16. Two railway linos cross at right angles. One tram 
running at a speed of 30 miles per hour along one lino 
crosses the junction at. 7 p.m. Another train moving along 
the other line at 40 miles per hour crosses tho -junction at 
12 p.m. Find tho time when they were nearest each 
other. 

17. Two roads cross at an angle of 00°. Two persons, 

one on each road walking at tho same speed, are approach- 
ing the crossing (acute angle), their simultaneous distances 
being 100 vanls and 200 vards respectively. Find then 
distances from the crossing at tlys instant when thov are 
nearest to one anothoi. [ IL P . 1.97/ ] 

6 To an observer on a train moving at 30 miles per 
duo north, wind appears to blow from 15° K. of N. 
and flora a motor car running at 15( N /‘> — l) miles pei 
hour duo cast, it appears to como from 15° N. of Ifl. Find 
the true direction of wind. 2 1 cty- S AfcK rtf? b 

19. A pistol shot is fired on a running train at an angle 
a with its direction of motion. The shot enters a carnage 
at a corner furthest from tho engine and passes out at tho 
diagonally opposite corner. If u ho the velocity of the 
train in miles per hour and a and & are the length and 
breadth of tho carriage in feet, show that the time the shot 
takes to pass through tho carriage is 

, 15(& cot a - a)/22u seconds. 




RELATIVE VELOCITY 


85 


20. A battloahip leaves a port I\ and sails nnt.hwi.rds 
at tlio rate of 20 miles pei hour. A submarine Himuit:mi/iusly 
starts from a print Q, 50 miles east of P, with a uniform 
velocity ol 10 \G miles per hour with the intention of 
hnviuft the ship within 2.5 miles range of itself. Find the 
extreme directions within which it must direct its motion. 

Answers 


It 111 m.p h. westwards. 2. 45° with tho vertical. 

3. 4 m.p.h. at 45° with the vertical on the side towards which 
Ihc man walks. 

4. ife i m/h at tali'" 1 ^ with the vertical in the forward sense. 

5. cut -1 (8 n/ i — 1) 1 6 . 1 17° S' oast of south. 

* 

G. v cot 0. 7. v si J paiallol to t.he altitudo. 

8. (l) Jii l + 7’* — v 2uo cob a at angle tan -1 with the 

direction oi motion of /*. 


When a— 0, V and Q move m tho Fame direction, and their 
relative velocity When fl = Tr, they movo in opposite direc- 

tions, and the i dative velocity = u + u! 

(n) WJilu moving in oppo&ito sense, gi cutest relative velocity is 
n+v when tluv meet, and least is u ~ v when they are diametiically 
opposite. When moving in the h amo souse, greatest relativo velocity 
n n+o when diametrically opposite, least u ** v when they meet. 

9. (Jomliine the two gifen relative velocities aijd reverse the 
direction of the resultant. 


10. 27 1 r and 13 ft m.p h. 

12. 4 iji m.p h. from N. W. , 

15. 4 iji > in/hr. at tan” l J S. of. E. 
17. 50 yds. each. a 

20. 75° N! of W. f and 15° N. of W. 


11. 188’ 50 m.p.h, 

13. Towards tho East. 
1G. 10 hrs. 12 m. P.M. 
18. From 30° N. of E. 



CHAPTER IV 


ACCELF RATION 

4'1. Change of Velocity. 



Loi a particle bo moving in any manner. At any two 
instants separated bv any intei val ol time its positions are 
P and Q, and its velocities are u and v lospec tivelv along 
the tangents PT and QT' to its path. From any point 0 
lot us draw the straight lines OA and OB to represent 
these velocities in magnitude and direction. 

Then the line AB fio m A tu 73, joining the extremities 
of OA and OB represents in magnitude, direction and sense, 
the chango ol velocity dining bho interval. 

Complete' the pai allelugram OABG . Ily parallelogram 
of velocities, the velocity v, represented by OB, is equivalent 
to t li o components OA and 0C. Thus while at P tho 
velocity of tho particle was n represented by OA . after a 
time t, while at Q, its velocity iu equivalent to u together 
with another velocity represented by 00. 

Hence during tho interval t , a velocity represented by 
OC has been added to the oiiginal velocity' to make up tho 
final velocity. Thus the change of velocity during the 
interval is represented bj O0 9 or what amounts to tho same 
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thing, by the lino AB which is equal anil parallel U> 't in 
magnitude and direction. 

4 2. Acceleration. 

T^he rate of change of velocity of a moving particle is 
defined to he its acceleration . 

Acceleration of a moving point is said to be unifoim 
whqp equal changes of velocity in the same direction take 
place in equal intervals of time, however small these timo 
intervals may lie taken. 

Let us iirst of all consider the case when a particle 
always moves along the same straight line , but with variable 
velocity. For instance, let. us consider an engine moving 
along a straight railway line, and suppose its velocity at a 
particular instant to bo 10 miles per hour Threo minutes 
liijber, lob its velocity be observed to be 28 miles per hour. 
Then in three minutes, a velocity of 18 miles per hour 
is added to tlio original velocity in the same direction. 
Assuming the rate of increase to bo uniform, the acceleration 
of the engine is (5 miles per hour in eacli minute, % e. t Kf feet 
pei second per minute, in the direction of the given lino. 

It may be noted -as above, that the expression for 
acceleration involves two units of time, one involved in the 
statement of the velocity which is being added and the 
other m the time in which it is added. The two units of 
time may lie dilteronl, as in the above illustration, or may be 
same, for example the above acceleration may be described 
also as 75 foot per second per second, or 'fi ft / sec 3 (as 
it is briclly wntton). In general, in F.P.S. system, an 
acceleration will bo expressed m ft./sec 2 , and in O.G.S. 

systom, m cms./sec 51 as units. 

• 

When the velocity of particle moving in a straight 
lino increases, the acceleration is positive, and when it 
decreases, the acceleration is negative A negative accelera- 
tion is known as retardation. 

Next, let us consider the case whon initially a particle 
starts with a velocity in a given direction, but has a uniform 
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acceleration in a different direction. As the velocity added 
in any time to the starting velocity gradually change*, and 
is in a dn action different fmm that of tlio latter, the angle 
made by the resultant velocity of the particle with the 
initial dii notion of motion continually changes, ix , the 
resulting motion of the particle will ho along a curved path. 
An example of this easo will be found in the motion of a 
projectile. [ See Chapter VI ] 

If the acceleration of a moving point he non-uniform, it 
may change either in magnitude, or in diicction, oi in both. 
In case 'Alien the acceleration of a moving point is \ . Diablo, 
the areeloi.itioii at anv instant may ho measured hy the 
ultimate latio of the change of velocitv in an infinitely 
small time including the instant, lo the time, and is in the 
direction in which tins change oF velocity takes place m the 
limit when the intcLval of time considotod is infinitely small. 
An example of variable acceleration (where it changes in 
direction onl>) is in the case <>! a point moving in a cnclo 
with uniform speed [ Sea Normal acceleration, Art . 1X1, 
Chapter XUL\ 

Jt may bo remembered in tins connection that the 
acceleration of a moving point at .my instant has got a 
definite magnitude and duection, and is thus .i vector 
quantity and as such can ho rcpiopcnlcd in magnitude and 
direction by a straight line, like any othoi vector quantity. 

4*3. Parallelogram of accelerations. 

If a moving point possess simultaneously two uniform 
accelerations represented in magnitude and direction by the 
two adjacent sides of a parallelogram meeting at an angular 
point , they are equivalent to a Single resultant acceleration 
for the moving point , which ?<s represented in magnitude and 
direction by the diagonal oj the parulleloyi am drawn from 
that angular point . 

Tho proof depends on tho theorem of parallelogram of 
velocities. 
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For, lot OA and OB roprosent in magnitude and 
direction the two simultaneous uniform accelerations of a 



moving point. Complete the parallelogram OACB and join 
tho diagonal 0< 

Now whatever velocity the particle might have 
originally, simultaneous velocities repiosonted by OA and 
OB am added in each unit of tune. But these two 
simultaneous velocities are, by parallelogram of velocities, 
equivalent to a single 'velocity represented hy OC. lienee 
the client is as il a single velocity OC woio added in a unit 
time to tho original velocity of tho particle, and OC thus 
represents tho lesultiijg change of velocity of tlio paiticlo 
in a unit time. Also l Ins rate of change of velocity must 
bn uniform. For, at an v intei mediate instant, sav after a 
ti mo T from t ho initial moment, duo to tho two given 
accelerations the simultaneous changes of velocity of the 
particle arc given by OA' and OB' along OA and OB 
lespcctivcly, where OA' — t.OA, OB'^rQB. Now if 

OC ’ bo taken* ». 00 along OC, then as ™ OC **02$’ 

it. is easily seen from gnompfry that OA'C'B' is a parallelo- 
gram, and so tho two simultaneous velocities OA ' and OB' 
are equivalent to a single velocity represent'd by 0C\ 
Thus m an> time r tho resulting change of velocity is along 
OC and equal to t 00, As this is true whatever r may 
bo, OC ropioscnts tlio resultant uniform acceleration of the 
moving point- • 
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Uniformly accelerated motion along a straight 

line. 

The most important case of accelerated motion that we 
have to consider is, when a particle moves always along 
the same straight line with a uniform acceleration. Tu this 
connection there are three fundamental formula* which are 
extremely important. They are stated as follows : — 

If a point move along a straight line with a uniform 
acceleration f, and if u and v denote its velocities at the 
beginning and end of any interval of time t considered during 
its motion , and s the distance covered by it during that time 3 

then $) S a V* 

(l) V =u +ft ' 

(ii) s “ut+^ft 2 * 

(lii) v 2 — u 2 +2fs. 

The proof of these formula) are given holow. 

I. To prove the formula v — u + ft. 

u being the initial and v the final volocity corres- 
ponding to any interval of time t during the motion of 
a particle along a straight line with uniform acceleration 
/, the change of velocity during the interval t is v~u, and 
this change being at a uniform rate /, 


v - u 




k or v - u +ft . 

To prove the formula s = ut + 5ft 2 . 

* Y Let a particle move along a '.straight lino with uniform 
deceleration /, and let s be the distance described by it in 
any interval of time t during its motion, u being the volocity 
at the beginning, and v , that at the end of this interval. 

As the velocity gradually changes from u to v, the 
average volocity during the interval is something inter- 
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mediate between n and v. Lot V denote its volority at 
the middlo of the interval, i c . at time ^ • so that 

F-'/fc+Z* ... ... (1) 



« V-/® Y V+/» v 


conds before the middle instant, the velocity is 
evidently V—fa if being the nnifoim rate at which the 
velocity increases), and in an extremely small interval of 
time r there, tho distance travelled by the particle is practi- 
cally (F“/®)r. 

x seconds after tho middlo instant, tho velocity is 
F+/x, and in an equal small interval r here, the distance 
travelled is ultimately (F+/®)r. 

Thus the total distance described during those two equal 
small intervals r, r is 

iV-fj>tf + (V+fzii = 2Vi t 

and is tho same as if the velocity were V during both those 
inter\ als. 

As the whole time L can he divided into such pairs of 
equal small intervals equidistant from ih$i iiiddlc instant, 
and as for each such pair the above conclusion holds, 
the actual distanco travelled during the whole intorval t 
is tho same as if tho velocity woio V from beginning to 
end. V therefore represents the avorago velocity during 
the interval. 

Hence s = F£ | u + f ^jt™ut + 1 ft 2 , 

Alternative proof. '+ • S * ' 

Aiut a particle move along U straight line with uniform 
acceleration /, and let s be tho distance described by it 
in any interval of time t during its motion, u being the 
initial and v the final velocity during this interval. 
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Lot us divide the whole timo t into n equal parts, each 
equal to * • 

71 

The velocities of th’e particle at the beginning of those 
successive) intervals mu clearly 


.-f, j . 2 ft 

7 i t U+f 1 U + 

n n 


(n - l)ft 


Hence on t.ho assumption that the velocity of 'oho 
jHirticle during eaoirdF'Tfiose intervals vveto uniform and 
equal to that at the beginning of the corresponding internal, 
the total calculated distance that would bo oovoiod by 
the particle is 

Si =74 * + (//+/ f V' + (<6+ H to n terms 

7i \ n In \ n 1 n 

t ft 2 

= u m + y /I 4- 2 + 3 + to >z - 1 tomis) 

7i n 

. ,ft* n(v - 1) 

“ ut + J y 0 
n 2 


•w* ('-i) 


Sinulailv the total distance that the particle would 
'describe, as calculated on the assumption that during each 
cit the above intei vals the velocity of the paitiele weio 
.imifoim, and equal to that at the end of the couesponding 
intcival, is, * 

a 2 =* ( u +/ • \ + (w + to n tcims 

\ n In \ n I n 

* 

« -* f ‘ n + ^; (l + 2 + 3 + — to n terms) 

41 M 4 

. , /l 9 An + 1) 
t 


W( 1+ i)‘ 
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As actually during each interval the velocity tfi.uKally 
changes from its value at the beginning to that at :lu' jnd, 
it is evident that tlio actual distance .s is interinediato 
between St and s 2 , and this is true whatever value n may 

1 *' 

Jiavo. # Making n iniinitoly largo, ultimately vanishes and 

Si and 5 a coincide, each being ul + ift 2 . Now s remaining 
ahvavs betwoon and 5 2( must coincide with tins com- 
mon value. 

Jlenco 5 " ut + ljt*y 

Proof by graphical method. 

Ijct a paiticle movo along a straight lino wi fh uniform acceleration 
f, and l**t it be its initial velocity, v its velocity after time t , and s the 
distanco travelled over during this time. 

Let two mutually perpendicular straight lines OX and OY bo taken 
as axep of refcicnco, and let 
time bo measured along OX and 


the corresponding velocity of Y 

the moving particle along ( >Y . 

( )A — u along 0 Tic presents 

r 


the velocity at zero-tune. ^ At ^ 

any time t, represented by ON, 
the velocity v being represented 
by the corresponding ordinate 

PN , we have, PN=v = u+]l 



n i 

1 1 1 
ii i 
hi 

ii i 

■ ii 
in 
ii i 

■ i • 

1 1 1 

L 

= O.Ujl. , ~ 0 

.*• AL being drawn parallel to 

MM'M" N X 

* 


ON, 

tan PJ7 a constant ludepondont of t . 
lienee /LPAL is fixed for alf positions of 1\ 

i.o. the velocity- tl mo graph of the moving point is here a straight 
line AP. . 

At any time represented by ON , the velocity is given by QM, and 
after a short interval MM', it changes to Q'M If NN bo infinitely 
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small, Q'M 1 is very nearly equal to QM , and we can take both oi them 
ultimately equal to b(QM+Q r M'). Henoo tho distance described in 
time MM 1 is graphically represented ultimately by i( QM+Q’M') MM' 
ue. by tho area of the trapezium QM\ Bimilatly the distance travelled 
during tho next infinitesimal interval MM" is given graphically 
by the area of the trapezium Q'M”, and so on. 

Thus the total distanee travelled by the particle during tho interval 
t ( = ON), is given graphically by tho area of the trapezium OJPN, 
which ' 1 

• = rectangle 0A7/N+ triangle A PL 

= OA.ON+b.AL.l>L 
=*ut + bt-ft=ut+lft\ 


Cor. The average velocity of a particle moving along a straight 
line with a uniform acceleration during any interval of time 

= (i) the velocity at the middle of the interval 
=*(ii; the mean of the initial and final velocities. 


For in this caBO, 


average 


, .. s ut + bft 1 

velocity = - , 

i t 


+/* - ? sir f 11 + /*) _ « + v m 
“a ’ i a 



To prove the formula 


v 2 = u 2 + 2fs. 



Lot, a paitiolo bo moving along a straight lino with a 
uniform acoeioration /, and let n and v bo its volocitios at 


the beginning and end of any interval t during its motion, 
5 being the instance passed over during this interval. 


Then w T o know that * # 

v^u+ft 

and s = ut + ift 2 , 

Hoiloo v 1 ^(n+fty^^u 2 + 2 uft+f 2 l~ 

+2 ftut + lft 2 ) 

* — u* + 2 fs. 
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4‘5. ^Space described in any particular second 

u being initial velocity of a particle moving i* Icing a 
straight lme with a uniform acceleration f t the space t>t 
described during the t th second may be obtained by taking 
the difference ot the total space desmbed m t seconds and 
tlio total space desciibed in t — 1 seconds, both reckoned, 
from the initial instant. 


Thus 

1 


s, - («f + Ifi * ) - lwC< - 1 ) + 1 )* \ 


u+lf(2t — 1). 


4*6. Illustrative Examples. 

1. A bullet jiasscs thtouqh a wall U G inches thich and its 

velocity changes /tom 1200 to 800 ft/tec. thereby . Find the l%me 

* 

required by the bullet to pass through the wall , and the velocity when 
half the wall is penetrated. [ C . f;. 194,2 ] 

Let / be the rclaid.ition m ft-aoc. units to tho motion of tho bullet 
duo to the losistance of the wall, supposed unifoLm. 

Then from the given condition, 

800* = 1200* - 2 x fx 

or l‘G/= 1200* - 800* . ... ( 1 ) 


Now t secs, being tho timo taken by the bullot to pass through the 

wall, 

800 = 1200 —ft 

or /t = 1200 - 800. ... (ii) 

Dividing (u) by <i), ' , 

I'b = i200 + b00’ 01 4 = 2000 = 0008 seC8- 


Again, ii v denote tho vuloc i f y when half tho wall i.e. 4 8 inches 
(=»"4 it.) is penelratod, ' 

«* = 1200»-2x/x-.l 

= 1200’ - 1 (1 200* - H00") [ f,om (t) ] 

- 400*{9 - 1(9 - 1)} = 400* x . 

•' ' ' .■. v = 400 = 200^/2(3 = 1020 ft/seo. nearly. 
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‘ Ex. 2. A particle moving along a straight line with uniform 
acceleration , describes 7 feet during the 5 th second of its motion , and 
ultimately comes to rest after some time . If it describes , \th of the whole 
distance during the last second of its motion, find how Ion a it was in 
motion and also its initial velocity . 

Let m bo the initial velocity and f ibe acceleration oE the particle 
in ft. -sec units, and t secs, tho tune for which it was in motion. 


Then from the given conditions, we get, 

7 — m ■! J/ (2.5-1) = /* b'lf... 
O—LL+ft 

ancf — 1)- iMmJ + 

From (iii), using (u), wo get 

Z* = G 4. t = 8 secs. 

Nnw from (i) and (u), subtracting, 
7 - 1 /-*—;'. 

f— -2 ft.-seo. units. 
Henco u - —ft— 16 ft.’seo. 



... (m) 


Ex. 3. -'I tram travels from a station *1 to a station T> from test 

to rest. At a point C, somewhere between A and H it attains its highest 
speed of GO miles pet hour . If it travels with uniform acceleration from 
A to C, anil n,ith uniform retardation f t'otn C to B, find the distance 
between /I and I), if the total journey takes 10 minutes . 

Let f, be the acceleration from A to C, / a the retardation from 
C to U. Also lot and t , be the distance and time from A to C, and 
s a and t 2 those from C to J), 


Usins: mile and hour as the units for distance and time, wo get, 
since \clocities at A andfg are morons, 

and 0 = 60 # 0 = G0 a -2/ a & a . 



f 





Si 


GO ' 1 

r,o a 

*u 
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CO ^ + *-^ + = total time of journey = f 


and 


C0 9 /1 


(a + /J- Si 


+ s fl = s, the total distance from A to R . 


00 


. dividing, 6a = a =30. 

• 

or & = Smiles. 

Ex. 4. One motor cycle M x stands 10 yds. m front of anothe) 3f„. 
Bot Upstart ftom rest , if M x moves of! with uniform acceleration of Jt ft, 
per sec.*, and J/ 4 runs with a uniform velocity of 10 ft. [sec., ts it 
possible for M % t> Oicrtale N x ‘t * 

Wliat happens, if M, runs at a uniform rate of IS ft. I sec. ? 


10 yds. = 30 It. is the dihtance jl/ t is ahead of M x . In the 
first caso, alter t &oi>. from start M x moves through a distance 
A x4 x/ 2 — 1 foot, and '\[ 2 movos over a longth 10£ feet. Hence the 

distance between thum is 30 + 2£® — 10£. 


If ill i is to overt ike il/ lB this should l»c zero. 

Thus 30 + 2£® — 10£ = 0, or *®-0£M5 = 0. 

The corresponding values of t = ^~ 1 *'* rue imaginary. 

Hence there is no real time when M x can overtake J/, ; in other 
woida, will nover overtake M x . 

[Alternatively, distance between them, 30 + 2J® — !0£= V H2(£— *)*, 
which cannot be zero for any real value of t . J 

In the second cise, the distance travelled by JU\ in t Fees, being 
1G£, the time when .V 2 can ovortako M x will bo giv^n hy 

30 + 2/ 2 — 16f = 0, or £®-S£+15 = 0 

giving real values of t. namely 3 and 5 secs. The meaning of the 
double answer is that 3 secs, afthr start 31, will overtake M x and 
leave him behind, but the velocity of M x continually increasing, after 
a further period of 2 secs, c. at 5 secs, from start), M x will again 
overtake 3f 4 , and, finally leave it behind, never to bo overtaken by it 
any more. ■ 

Thus in this case II* meets M x twice during the motion. 



48 


INTERMEDIATE DYNAMICS 


// 


Examples on Chapter IV 


\/l. A body baa a velocity of 15 ft.-soe. units at a certain 
instant, and 10 secs, latei lias a velocity of 45 ft. -sec. units. 
If the velocity changes uniformly, find the space described. 

V2A/A. tram car has its velocity uniformly increased JYom 
10 ft. per sec. to 20 ft. per sec. while passing over 50 ft. 
Find the acceleration. 

'(bj A train travelling 30 miles an hour is brought 
uniformly to rest at a station in l£ minutes. At what 
distance fioin tho station were the Wakes applied ? What 
was the/btardation in ft. per sec. per sec. ? 


,4. A ball rolling down a slope with uniform accelera- 
tion passes three posts driven in tho ground at equal 
intervals Tho velocities when passing three successive 
posWp.ro x , v. 2- Prove that x*, j/ 2 , z 2 are in A. 1*. 

A bullet fired into- a taigct loses half its velocity 
after penetrating 3 inches. How much iurtlier will it 
penmate Am^ * [ G. (J. 1043 ] 

Vyy A particle starting with a given velocity movos for 
3 secs, with constant acceleration, dunng which time it 
describes 81 ft. ; tho acceleration then ceases and during 
tho next 3 sees., it describes 72 ft. Find its initial velocity 
and acceleration. L U. P. 1939 ] 

ftic A particle starts with an initial velocity u and 
passes successively over the two halves of a given distance 
with accelerations/ and/ respectively. Show that the 
final velocity is the same as if tho whole distance where 
travers'd with uniform acceleration 4(/+/J. [ CL^Uj 

jKKQf* A cat, seeing a mouse at a distance of 15 ft. bofoio 
it^starts fioin rest with an acceleration of 2 ft. per sec. per 
sec. and pursues it. If tho mouse lie moving uniformly with 
a velocity of 14 ft. per sec., find when ancl whore tho cat 
will cyAch tlie moubo. 

v/vi train is observed to tako 50 sec, to pass from A to 
B , a distance of i mile, and again to take the same time to 
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pass from B to 0, a distance of i mile. Find tho : ties 
at A and 0 in miles per hour, assuming that the accelera- 
tion oLtho train is umiorm tluougliout. 


Tlio Bombay mail starts from Howrah and stops at 
BEirdwan. The velocity increases uhiformly till it reaches 
a maximum velocity V and then decreases uniformly. Show 
that the time taken by the train to run from Howrah to 

Burdwan is y • whero x is tho dist«uico betwoon tho two 


. ' WA train travels from a station X to a station Y in 
'4 o minutes. At a point Z t somewhere between X and Y , it 
attains its maximum velocity of 45 miles per hour. If it 
travels with uniform acceleration from X to Z and uniform 
rotaidcition from Z to Y , find tho distance hetweon X and Y t 
it being supposed that the train starts from rest at X and 
come^to rest at Y. L C. U \ 1930 ] 


x yi2.r A train running with uniform acceleration passes by 
two stations A and B with velocities u and v. Is the 
velocity of the tram at half-time equal to, greater than or 
less thanjhe velocity half-way ? 

point is moving with uniform acceleration ; in tho 
eleventh and fifteenth seconds from the commencement of the 
motion it moves through 720 and 900 centimeters respec- 
tively. Find tho distance covered by it in 20 sees. 

[ 0. U. 1937 ] 

If a , b, c bo tho spaces described in the jgth, gth and 
nh seconds by a body starting with a given velocity u and 
moving with uniform acceleration /, show that 

f a(q - r) + b(r - p) + c(p -q)=*Q. [ U- P . 1940 ] 




yiwjA train stopping at two stations 2 miles apart takos 
4 minutes on tho journey from one of tho stations to the 
other. Assuming that its motion is first that of uniform 
acceleration* x and then that of uniform retardation y 9 

prove that ^ ” —4 

xv 

© 
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a mile and a minute being the unit of distance and time 
respectively. [ C. U. 1934 ] 


10 . 1 /in a racing competition two cars start off together 
from the saino point with volocitioy U\ and u 9 and move 
along parallel lines with accelerations / x and f 2 respectively, 
if they reach their destination at the samo time, show that 


the^distance traversed is ^ Ux 1* \ 

V17V^A train travols from rest at one station to r.;ist at 
another (in the same straight line) distant d ft. It moves 
for first part of the distance with an acceleration of a ft. per 
sec 5 * and for the remainder with a retardation of b ft. 
sec 2 . Show that it will accomplish the journey in 

f2(a + 6)dl 
ab~ ) SeC8 ’ 


4 2 


per 


[ 0. U. 1945 ] 


18. If Vi, v a , v 3 be the average velocities in three 
successive intervals of time t l9 $ 2 , t* of a point moving in a 
straight line with umfor&i acceleration, show that 


v x - v 2 a (i_+|a . 
y/* V2-U3 i 2 +ia 

19. A bicyclist running with a uniform velocity of 20 ft. 
per sec. is 84 ft. behind an engine^ which is just starting 
from lest with a uniform acceleration of 2 ft. sec. units. 
When will the cyclist meet the engine ? Explain the double 
answer. 

fc/20. An express train is overtaking a goods train on the 
same line, their velocities being u 1 and u 2 respectively. 
When theio is a distance x between them, each is soon 
from the other. Prove that it is just possible to avoid a 
collision if (u x - u 2 ) 2 — 2( /i +f*)x, when f\ is the greatest 
retardation and f 2 the greatest acceleration which can be 
produced in the two trains respectively. Vf... 

21.^7 Two trains on the samo line are approaching one 
another with velocities U\ and n 2 respectively. When there 
is a distance x between them each is seen from the other. 
Prove that it is just possible to avoid a collision if 
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where / j and / a aro the greatest retardations which the 
brakes can produce in the respective trains. 


22. Two particles P and Q start together and move from 
the same point A along the same line AB . P has a uniform 
velocity of 20 ft. per sec., and Q a uniform acceleration of 4ft. 
per sec I 2 and no initial velocity. Find when and where 
they meet again. Before they meet again, find when the 
distance between the two will bo maximum and what is the 
maximum distance. 


23. A particle is projected in a. straight lino «with a 
certain velocity and a constant acceleration. One second 
later, another p.u tide is projected after it with half tho 
velocity and double the acceleration. When tho second 
particle overtakes the first, the velocities are 31 and 22 ft.- 
secs. respectively. Provo that tho distance traversed is 


fe4J [Af a point moving under uniform acceleration des- 
cribes successive equal distances in times t\ t t 2 , $ 3 , then 




I _1 + 1 3 

I I t is t j h ^2 ^3 


•?*. I? . 1* 


,25. A train starting from Soaldah stops at Banaghat. It 
moves with uniform accoleretion for the first quarter of the 
lourney, with uniform lotardation for the last quartor, and 
with uniform velocity during tho middle half of the journey. 
Show that the average volocity of the train is £ of its 
maximum velocity. 


26. A bus starts from rest with an acceleration of 1 ft. 
per sec 2 . Show that a passenger who can run^Lt the rate 
of 9 ft. per soo. cannot catch the bus if he is more than 
40?* ft. behind it. 


27. A train travels in fi minutes a distance of 2 miles 
between 2 stations, starting at rest and finishing at rest. 
If it moves* with uniform "acoeleiation for the first two- 
thirds of its journey and with uniform retardation for 
tlib remainder, .find the acceleration, the retardation and 
the maxinfam velocity. 

jP 28.\/A distance s is divided into n equal parts at the end 
of each of which the acceleration of a moving particle is 
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increased by f/n ; show tliat the velocity of the particle after 
describing the dislanc&is 

V-M 3 - »j 

where / is the initial acceleration of tho particle starting 
from rest. 


Tho velocity of a train increases at .1 constant rate 
/iTrom 0 to v, then remains constant for an interval, and 
finally decreases to 0 at tho constant rate fz • If a* bo tho 
total distance described, prove Unit the total tune taken is 



v 

2 



30. A body moves in a straight line AD and its distance 
from A after t secs, is s ft. If s and t satisfy the relation 

s=“0'25i + 0 , 375i a l for all values of t 


prove from definitions only (without assuming any formula) 
that tho acceleration is uniform. 


Find also, (i) tho velocity at the end of 4 secs. 

(ii) the average velocity during the 4th sec. 


81. vA constable seeing a thief at a distance x ft. starts 
with velocity u and moves with acceleration a in ordor to 
catch him, whilst the thief runs with acceleration 0, 
starting from rest. Show that tho constable will overtake 

m b 

the thief cither if a > 0 or if a < 0 < a + n — 

. AX 



Fwo particles move in the same straight lino with 
cWIsfant accelerations / and// . If their velocities bo u and 
u at a certain instant when they are at distances a and a 
from some fixed point on the line, prove that they cannot 
pass each other more than twice ; and if thpy do so twice, 
the interval between the two times of passing is 


. [ G. U. 1938 1 



ACCELERATION 


53 


1 Jr 

5 rovo that for a particle moving with ».. inform 
acceleration / in a straight lime, 

whero s is the spaco described in l seconds, and &' during 
the ncSxt t' seconds. |_ C. U* 1918 ; P. IT. 1913 J 

34. vX point moves in a straight lino with a constant 
acceleration. If the distances of the moving point from a 
fixot? point on the line be x ±t £Ca, x a at the instants 1 1 , £ 2 . £ 3 . 
prove that the acceleration is 

fGr? - +(a’:» +(«! — 

2 \ (t* - t»)(i 3 ~ ti)Ux ~ *«) " J 

[ U. P. 1946 ] 


Answers 

1. 300 ft. 2. 3 ft/sec*. 3. ^ mile ; 2® ft/sec 9 . 

5. l_inch. fl. 30 ft./ sec ; -2 ft/ sec*. 

8. After 15 secs. at a distance 225 ft. from its starting point. 

9. 27 mile^/hr. ; G3 milcs/hr. 11. lfi;- miloa. 

12 Leas. 13. 13800 oms. « 

19. G secs. ; 14= secs. 

22. After 10 secs, from start, at a distance 200 ft. ; 5 secs, from 
start ; 50 ft. 27. ft/seo® ; 'i& ffc/sec® ; 40 miles/hr. 

30. (1) 3-25 ft/ sea ; (2) 2'875 ft/sec. 
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RECTILINEAR MOTION UNDER GRAVITY 
5"1. Acceleration due to gravity. 

If a heavy body is dropped from any height, it, falls 
vertically towards the earth, and it may ho noticed that its 
velocity, which is initially zero, continually increases as it 
falls, or in other words, it falls with an acceleration. This 
phenomenon is attributed to the attraction of the earth on 
the body, which goes by -the name of earth's gravitation. 

Now if observations ho made bv dropping it from 
different heights,* and the corresponding times of reaching 
the ground bo noted by a stop watch, it will bo found that 
the distance through which the body falls from rost is pro- 
portional to the square of the time of falling, in other words, 
s=ht*. But this is only possible when the acceleration of 
the falling body is uniform, (which can ho proved even Irom 
fundamental considerations, using definitions only, without 
assuming any formula). Wo thus conclude that Qrhen a 
body is dropped , it falls vertically toiraids the eaith with a 
constant acceleration .) 

If again, two different bodies, say a heavy piece of stone 
and a light bit of paper, be dropped from the same height, it 

towards the close of the 16 th century, Galileo for the first time 
performed this experiment in a modified form. In order to avoid the 
difficulty of observing the time which is extremely short in the case of 
a freely falling body, he allowed a sphere to roll down along an inclined 
plane, and noted the times of describing different distances marked 
along it, when ho found results similar to the above case to hold, and 
concluded that acceleration of the body down the piano was uniform. 
Repeating the same experiment with different inclinations of the 
plane to the horizon, he finally deduced the conclusion in case of 
vertical falling. 
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is usually observed that the heavier body reaches the ground 
quicker than the lighter. This difference however is due 
to the resistance of the surrounding air. The well-known 
Guinea and Feather experiment of Newton (in which a Guinea 
and a feather were observed by dropping them simultaneously 
fromjbho same point inside a long glass tube from which 
air had been pumped out previously by an air pump) 
clearly demonstrated that in the absence of air resistance, 
different bodies dropped from the same height reach the 
ground simultaneously, and as each moves with a constant 
acceleration as mentioned before, it follows that at the 
same place ou earth this acceleration t s the same • for all 
falling bodies . 

When a body is projected upwards, it is observed that its 
velocity giadually diminishes, or in other words it possesses 
an acceleration in the opposite direction, i.e. % vertically 
downwards, the magnitude of which is the same as that of 
a falling body. 

The above experiments, as also more careful and 
accurate experiments of modern times lead finally to the 
following conclusions : 

A body free to move under the influence of earth’s 
attraction, whether vising or falling, possesses a uniform 
acceleration which is vertically downwards, and this 
acceleration is the same for all bodies at the same place on 
the surface of the earth. This vertically downward accelera- 
tion is defined as the acceleration due to gravity, and is 
always denoted by “g”. Its value has been determined 
accurately by various methods,. among which juontion may- 
be made of the well-known pondulum experiments. It is 
found to vary slightly from place to place on the surface of 
the earth, fiom 32*091 ft/soc 2 at the equator to 32*252 ft/sec 9 
at the poles.* For numerical examples, this value in round 
figure is taken as 32 ft/sec 2 or 981 cms/dec 2 . 

*This iB'due t6 the attraction of the earth being different at different* 
distances from its centro, and ttte earth being not exactly round, but 
slightly flattened at the poles. 
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5'2. A body moving vertically downwards. 


Taking the downward direction as positive, any problem 
in this case can be worked out with tno help of the standard 
formulae for uniformly accelerated motion in a straight 
lino, only replacing / in the formulae by g in this case. 


For instance, if a body, be dropped from a height li above 
the ground, the time taken to reach the ground is given by 


h*=igt* 


i to reach the gr 


and velocity on reaching the ground is given by 
v 2 — 2gh L or v = J 2gh 

which will be referred to as the velocity due to a fall 
through a height /j, 


5‘3. bo »,y br oie et el'-vcrtii^ llv nn w nrda^ 


In this case, taking the upward direction as positive, in 
the formulas for uniformly accoloiated motion in a straight 
line, / is to ho replaced by - g . 

Let u be the velocity with which a bodv is projected 
vertically upwards. As it risos its velocity gradually 
diminishes, until it becomes zero, when the bodv is at its 
greatest height. After tin’s the body begins to fall witli a 
gradually increasing velocity. 

^i) Greatest height and the time of rise : 

Lot Hi, be the greatest height attained by the particle, 
and T the time to the greatest height. 

Then, , 0 = u-gT * 

and 0 - M a - 2gH% 




^(ii) Time of fall, and the velocity on reaching the ground 
again : * 

When the particle begins to fall, it is at ,a height 

* 

-j - above the ground, and its volocity is zero. # 
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Taking the downward direction as positive iv»w the 
acceleration is + 0. Tf T' bo the time of fall, and i be the 
velocity on reaching the ground again, wo get 

,2 


and 

Thus 

and 


n 

20 

*; 2 


-l0T' a 
o u 2 

■ 2 - »• a 


y'2 n V" 
0 


U 

a 


or v u 


or 




v Thug for a body projected vertically upwards, 
the time of rise=the time of fall 
the velocity on reachmq the ground again 

■=■ Ike initial velocity of projection. 
Note, Accordingly, total time of flight 
^(iii) Time to a given height. 


Let a body he protected vertically upwards with a 
velocity n % and let t ho the time at which it is at a given 
height h from the starting point. Taking upward direction, 
as positive, the acceleration of the body is -0. . 

ITcnce, h^ut- Iqt 2 , or \gt 2 - ut + h**0, • 


j — Ju J — '!•/// m u + « Ju l - 

0 *" 0 “ 0 ' I 

i 

Note. The reason (or this double answer is that the body is at the 
same height h twice, once on its way up, the time for' which is less 
than ulg f and once on its way down for which the time is greater than 
ulg. The difference of tho two times above from ujg bring the Bamo, it 
is once more demonstrated that the time Jrom any point on the path to 
tho greatest height, and the time from the greatest height hack to the 
same point are equal. 

u® 

Again, it h > 0 - * the above values of t are imaginary,' showing 

9 * a 

that tho particle does not attain any height greater than * 
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(iv) Velocity at any height . 

In caso of a body projected vertically upwards with <i 
velocity n f if v be its velocity at a height h above the 
starting point, we get, taking the upward direction as 
positive, 

v 2 “M 2 - 2 gh 

or 0" ± *Ju*-2gh. 

Note. The positive sign gives tho velocity on its way up thipugh 
the point, and the negative sign that on its way down, Rhowing that 
at the same point of its path , the magnitude of the velocity is the same 
when falling as when rising. A particular oa«*o of this is that when 
reaching tho starting point again the velocity is the same as the 
velocity of projection, as has been proved before. 


5*4. Illustrative Examples. 

/ f 

f Ex. 1. From a balloon ascending with a velocity of 3^Jt.[sec., 
a stone is let fall and reaches the ground m 17 secs, llow high was the 
balloon when the stone was dropped ? IB. H. (J, 1031 ] 

At the instant when the stone was dropped, it was moving with 
the velocity of the balloon, namely 3lft/scc. upwards, i.e . —32 down- 
wards, and its acceleration, when free, was <7 — 32 ft/sec* downwards. 
Hence, h boing the heigh L of the bnlloon at the instant in question, 
this distance is described by the stone in 17 sees. 


,\ fc = — 32 X 17 + i x 32 X 17? 
jj * =*4:080 ft. 

Ex. 2, A stone is dropped into a well and the sound of the splash 
is heard m 7j 7 (i seconds. If the velocity of sound be 1120 feet per second , 
find the depth of the well . [ IT. P. 1939 ] 


Let h ft. bo the required depth of *the well, and l secs., tho timo 
taken by the stone .to fall to the wa£pr surface, so that sound takes 
(7 i 7 (i — t) so os. to truvol the depth of the well. 


Then 


h=lgt* = [7{' b -t) 1120, * 
or. 164* -1120(15 -0 = 0, 
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i.e. t % +704-7x77*0 or (t — 7)(4-l- 77) = 0 f giving t — 7 sees »V feting 
the negative value as inadmissible). 

h = hX 32X7* «7 g4 fee t. 

Ex. 3. A and B are projected vertically upwards at the same instant 
with velocities 25 and 200 ft* per sec. ^respectively, A from the top 
and & from the bottom of a vertical cliff 300 ft. high. Find where 
they will meet, and the direction of their motion at the time of meeting. 
[flf-32]. 

f [ B . H. U. 193U ] 

Let t secs, be the time alter which the bodies meet. In this time 
A moves upwards from the top through a distance 25 t — iqt*. Tn 
the same time Ji moves upwards from the bottom through a distance 
200 t — igt*. Thus 

(25 1 - 1 qt') + 300 - 200* - J gt * . 

.\ secs. 

Hence the point where they meet is at a height 

200x 12 - * X 32 ( 1 7 2 )’ = W 49 °- 2 95-8 ft. from tho 

bottom of the cliff. 

At this instant A moves upwards with a velocity 
25 — 32 x V = -29'/ ft./ sec. 

%.e . it is really then moving downwards. 

Also the motion of B upwards is then 200 — 32 x V 2 which is posi- 
tive. Thus, when they meet, A is moving downwards and B upwards. 


Examples on Chapter V(a) 

( Vertical motion) 

A particle is projected vertically upwards from a 
point with a velocity of ft. per sec.^ find what timo 
elapses before it is at a height of 96 ft. When will it be 
96 ft. below the point of projection ? 

V 'K A stone is projected vertically upwards with a 
velocity sufficient to carry it to a height of SO ft. ; find its 
velocity when it is half way up. # . 
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^ If the projected stono rises to a height of 19 62 metres, 
* what is its tune of ascent ? 

/ 

^ 3 ; ball is thrown vertically upwaids. Prove that 
*it will bo at half its greatest height after times whose ratio 
is 3 + 2 J 2 • 1. Provo also that the times occupied in the 
two halyes of its ascent are approximately as 41 : 100. ‘ 

4/ A particle is projected upwards, from the ground, 
and after some time it is seen at a height 21 ft. falling 
downwards with a velocity of 16 ft./soc. How long before 
this was it moving upwards through the same point and 
what was its velocity then '> Fmd also the time from start 
to the highest point. 

A ball is projected vertically upwards from the top 
of a tower with a velocity of G4 ft. /sec., and roadies the 
foot of' the tower in 6 secs. , find the height of the tower. 

■ U From a balloon at a height of 456 ft. above the 
ground, a bundle of paper is dropped. When will the 
buhdlo reach the ground if the balloon ho (i) ascending, 
(ii) decending with a uniform velocity of 20 ft. pei sec. 


7. A cricket hall is thrown vertically upwards ; find 
through \yliat distance it goes in the last half second of its 
ascent^ i 

^ t . A particle after falling freolv for some time under 
the action of gravity is observed to pass through 768 ft. in 
4 secs. ; how v will it fall in the next 4 secs. ? 

A particle falling undor gravity describes 80 ft. in a 
certain sec. ; .how long will it take to describe the next 
80 ft ? 

'fiLO. A stono falling fiom the top of a house was found to 
take 1 sec. in passing against a door 8 ft. high, situatod at 
tjm base of tho house. Find the height of the hous^ ✓ 

s/ *41. A body falling freely* from tho top of a building is 
observed to pass through -§ths of the height o"f tho building 
in the last second of its motion. Find tho height of the 
builj 
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V*£ A person at the top of a tower projects a hotly 
vertically upwards with a velocity of 9f>’6 ft/sec. ; i seconds 
afterwards he lots drop a second body and both roach 
the ground simultaneously. Find the height of the tower 
and the fcimo duiing which the second body was falling. 

[ O. U. 1937 ] 

L Take 0 = 32*2 ft./bec’. ] 


A stone P is thrown vertically upwards with a 
vtjlcjcity of 78 ft./ hoc. from the top of a high monument, and 
after 3 secs, another stone Q is lot fall from the same point. 
Fuyrfrhon and where will P overtake Q. • 

Vlrf. A stone is lot fall from a height of 50 ft. above the 


a Kbuiiu im iuu iaii uuui u iiuiiuuj.nL ou iu. nuyvo uiw 

from the ground with a velocity of 40 ft./ sec. in tho same 

vortical lino. Show that they will meet midway, and find 

the time of meeting. 

* 

A ball is thrown vertically upwards with a velocity 
of 128 ft. per sec., and after 2 secs., another ball is projected 
from the same point and with tho same initial velocity. 
Whejrand where do they meet ? 

. 10. anil Q are two points in tho same vertical lino, 
P being above Q. A heavy particle is projected vertically 
upwards from Q with a velocity which will just cairy it to 
P and at the same time a heavy particle is dropped from 
rest at P. Show that when the particles meet, their 
velocities w T ill lie equal and opposite, and the spaces passed 
oyei; ljgjtho particles will be as 3:1. [ G . U . 1939 ] 

JA stone falling from tho top of a vertical tower has 
fescended x ft. when another is let fall from a point y ft. 
below the top. If they fall from rest and reach the ground 

together, show that, the height* of. the toweijis ft. 




[ 0. U. 1936 ] 

A ball. is dropped frgm a point 324 ft. above the 
ground and after it lias fallen G4 ft., another is thrown down 
from the same point, so that both reach the ground at-ihe 
same instant. Find the initial velocity of the secondfl^fr,. 
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19. '* A balloon is ascending vertically and at a height of 
1500 ft. a stone is released. If the stone reaches the 
ground in 10 secs , iind the height through which tho stone 
rises immediately after tho release. 

20. If a bomb, dropped Trojn an aeroplane rising verti- 
cally with uniform velocity, roaches tho ground in 5 secs., 
find the height of tho aoroplano when the bomb reaches the 
ground. 

21. A lift is ascending from the ground from rest with 
a umforpi acceleration of 4 ft. per sec 2 . At the end of 
20 secs., a ball is dropped fioni it. Find the time that 
elapses before the ball reaches tho ground. 

22. A stone falls freely for 3 secs., when it passes 
through a sheet of glass and loses half its velocity and then 
readies the ground in i sec. j iind the height of tho glass 
above the ground. 

23. 4,B, C, I) arc points in a vertical lino, the lengths 
AB 9 BO , CD being equal. If a body falls freely from A , 
prove that the times of describing AB 9 BC , CD are respec- 
tively as 

1 : J 2-1 : ^ 3 - n / 2 . 

/V 24. A stone is dropped into a well and tho sound of its 
striking the water is iieaid in 2|2 secs. If tho velocity of 
souzyl be 1120 ft. per sec., iind the depth of tho well. 

[ C. U . 1932 ] 

25. A stone dropped into a well reaches the water with 
a velocity of 80 ft* por sec. and the sound of its striking the 
water is heart! in 2i 7 * secs, after it is let fall. Find the 
veljxfity ot sound. 

V'26.v 4 stone dropped into .an empty pit of depth h is 
heard to strike the bottom after £ secs. Provo that 

where v is the velocity of sound supposed so large 
compared with h that | ^ J can be neglected. [ C. U. 1933 ] 
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27.\ rocket ascending vertically from the ground with 
an initial velocity of Jtyy ft. per sec. explodes when it 
reaches the greatest height and the interval between the 
sound leaching the place of starting and a place distant x ft. 


from it, is -^tli of a second. Show that the velocity of 
sound is n[ Jx*+y* - y) tt./sec. 

28.v^fiiroe particles are simultaneously projected verti- 
cally upwards from heights h lt 7i a , hz above the ground, 
witR velocities u x% u 2t and Uz respectively, and all of thorn 
reach the ground at the same instant. Provo that • 

Ml(&2“ hj) +U2(h n “ + -hz) == 0. 


^9. particle thrown vertically upwards takes t secs, 
to rise to a height k and t' secs, is the subsequent time to 
icach the ground again. Show that h**igtt\ ^ [ J * 


80. From an aeroplane rising vertically with uniform 
acceleration /, a ball is dropped ; 4 secs, after this another 
ball is ilroppod from the aeroplane. Show that the distance 
between the two balls 2 secs, after the second ball is ' 
dropped is 16(g +/). 

31. Two particles are projected, from the same point 
at the same instant with the same velocity, one vertically-^ 
upwards, the other vertically downwards. The first takes 
tx secs, to reach tho ground, and the second secs, to 
reach it. Prove that either of them falling freoly down- 
wards from the same point roaches tho ground in’ 

32. VA man in a lift, ascending witli an acceleration 
/ft./sec. a , throws a hall vertically upwards with a velocity 
v ft. per sec. relatively to the lift, and catches it again in 

t secs. ; show that f + [ C. U. 1944 ] 

83. If a particle takes t seconds loss time and acquiros 
a velocity v ft./scc. more at one place on tho earth's surface 
than at another, in falling freely through the same -height, 
show that the geometric mean of the numerical values of g 
v 

at the two places is - * 
t 
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Answers 


1. 2 sees, and 3 sees. ; After G seed, from start. 

2. 10 ft./seo. ; 2 secs. 4. 1 see., IG ft. /see., 1J sees. 

5. 102 ft. 6. (i) 6 secs, (ii) 4 j secs. 7. 4 It. 8. 1290 ft. 
9. UH-3) secs. 10. 201 ft. It- 30 ft. 12. 2.Y7Ti ft. ; 4 ^ecb. 
13. After 5 sees, from the starting of at a depth of 100 ft. from the 
starting point. 14. 1} sees, from start. 

15. 3 sees, after tho second biU is projected, at a hoight 210 ft. 

18. 80 G ft./sec. 10. l;;. it. 20. '100 ft. 21. 30 sees. 

22. 2P ft. 24. JOO ft. 25. 1200 ft. /see. 

' 5'5. Motion on a smooth inclined plane. 

Let XYZ be a smooth inclined plane, inclined at an 
angle a to tho horizon. P being any point on it, lob BPA 



B 



A 


Fig. (i) 

bo the section of it by the verti- 
cal plane through P containing 
tho normal to tho piano. This 
lino BPA t which w evidently 
perpendicular to the line of 
intersection YZ of tho inclined 
plane with tho horizon, is defined 
as the lino of greatest slope 
through P along the* plane, for, 
from Geometry, it is easily 
proved that the inclination of 


Fig. (n) 
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this line to tho horizontal piano, which is cleans is 
creator than that of any other lino through P on fc'sa plane, 
figure (ii) shows tho piano of tho section in question. 

Now if a particle bo situated at P on tho piano, tho 
vortical acceleration duo to gravity, g t with which the 
paitittle would fall ficoly in absence of tho piano, may bo 
broken up by tho principle of parallelogram of accelerations, 
into two components, one g cos a normal to the piano, and 
tho other q sin a along tho lino of greatest slope PA on tho 
plarfo. The plane prevents any motion poipcndieularlv 
through it bv producing a normal reaction which nullifies 
the eiloct of tho noimal component of acceleration g cos a. 
i fence the only component of acceleration with which the 
particle will move on the plane ts q sm cl down the plane 
along llie line of greatest slope . 

Any problem therefore, of recti linear motion of a particlo 
cither up waids or downwards along a line of greatest slope 
on a smooth inclined plane may bo worked out with tlio 
help of tho usual formula! for uniformly accelerated motion 
in a straight line by replacing / by +g sm a or —g sm a 
according as tho downward or the upward direction is taken 
as positive. 

Note, la considering the rectiliner motion on an inclined piano 
along tho line of greatest slopo, the length of this line of greatest 
slope will bo referred to as "tho length of tho inclined plane". Also 
■the hoight of tho topmost point of tho plane is called tho height of 
the plane. If now h and l bo the height and length of an inclined 

plane of inclination a to the horizon, it is evident that sin a = J • 


5*6. Body sliding down a plane. 

• 

Lot a body bo allowed tp slido down from tho top of a 
smooth inclined plane of length l and inclination a to the 
horizon. Taking tho downward direction as positive, the 
acceleration down tho piano is {/sin a. If £ be the time to 
slide down," and v be tho velocity acquired on reaching the 
bottom, 
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wo ha vo 

■ i • .*» . / 2/ 

6 = t»c/ sin a. t , or i = W - » ■ 
17 \ (/ sm a 

and v* *=2r/ sin a.!, or v = V 2gZ Bin a. 


Cor. If h be the height of the plane, since sin a= ^ > we can 

write v- J'iqh t lowing that if from the same height, particles be 
allowed to slide down dillurent inclines, the velocity on reaching the 
ground i r the nine in all cases, and equal to that acquired in falling 
ficelv Ihrr.ugli the same height. 


5'7. Body projected up an inclined plane. 

Lot a hotly bo projected with a velocity n from tho 
hnttom (if an inclined piano of inclination a to tho horizon, 
along the line, of greatest slope. 

Taking the upw.ud ciirochon along the lino of greatest 
slope as posithv., tho acoolu a Lion along it is — q sin a. Let 
L 1)0 the length described hy tho body when it is at tho 
greatest height attainable, i.r. when its velocity is zero, and 
let T ho tho con esp( Hiding tune. 

Then, 0 = u - q sin n. T , 

and 0 — = ?6 a — 2*/ sin a. L, 

7'-— n l= • *’ 

a sin a k Jq sin « 

Cor. 1. V IT bo the vertical height from tho ground in tho above 
case when tho velocity of the particle is zero, we get 

j . , . u l 

11 --L sin a -^ n ■ 

n o 

TTenw* if ditferent bodies bo projected upwards along differohfc 
inclines with tho same starting velocity, they riso to the same height 
in every cvie, the height being the same as attained by a particle 
projected vertically upwards with the same velocity. 


Cor. 2. After reaching tho greatest height attainable on tho plane, 
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tlio pirticlo will again slids down, and just as in tfco cas._ of wtical 
motion wo can show in this caso also that 

time of ns? — time of fall, 

.ui.l the velocity on reaching the startmq point agam=ihe initial volocity 
of projection. 


* (5^ Motion down a chord ot a vertical circle. 

The time taken by a bod if to slide down any smooth chord 
of a vtrlical circle , starting from rest at the highest point of 
the circle , is constant . 9 

Loti All l»o tlio vortical a 

dial Motor ot a voitioal circle, 
so that A is tlio highest point 
ol' tlio circle. Lot AP ho any 
chord c > I* the circle through A , 
assumed pcrlcctly smooth. 

Now 0 being its inclination 
to the \ertic.il diamel.er AD, 

90'— 0 is ils inclination Lo 
the horizon, and so accelera- 
tion of a body sliding down 
it is 17 sin ( 90 ° - 0) = g cos 0. 

Also AB bonig a diameter & 

of length d say, Z I APB is a light angle, and so AP^d cos 0. 

Now’ T being the time of sliding ilow 11 AP, starting from 
rest at A , 



d cos 0 =t \fi cos O.T 2 

whence T= ^ ■ a constant independent of 0, and 

same' for .ill chords. • 


N. B. B being the inclination of an incline to the vertical, accele- 
ration down the incline is g cos B. 


Note. It pan be shown In exactly a similar way as above that the 
times of sliding down from rest along all chords of a vertical circle 
ending at the lowest point are equal • 
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5'9. Line of quickest descent. 



Suppose P is a given point, and AT a given curve in a 
vertical plane through P. IC now a particle is to slide down 
from P along a straight lino to roach XY t that lino from P 
to XY along which the time of sliding is the least is 
defined as the lino of quickest descent from P to XY . 

To construct such a line , if we assume the circle PAQ to 
be drawn having its highest point at P, and touching the 
given cuive XY at some point A say, then PA is the line of 
quickest descent from P to XY. 

For, if PJ3 he any other lino from P to XY mooting tho 
circle at R, then by Ait. 5'8 tho times of sliding down PR 
and PA are equal, and so the time ot sliding from P to R 
along PH is longer than that from P to A along PA. 

It ip evident then, that the lino of quickest doscont 
from P to XY is not necessarily tho same as the lino of 
shortest length- drawn from P to the curve XY. 

We investigate below two particular cases of construc- 
tion of the line of quickest, descent. 

(«) Line of quickest descent from a given point P to a 
given, straight line XY in then$ame vertical plane. 
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Through P draw the horizontal line PT in tho plane 
PXY to meet XY at 7 T , and cut off TA downwaichi «ilong 
XY making TA = TP . Then PA is tho required line of 
quickest descent from P to XY. 


X 



For since TA — TP, a circle can bo drawn to touch PT 
and AT at P and A respectively, and this circle, having 
the horizontal lino PT as tho tangent at P, is cloarly tho 
circle with P as tho highest point, and as it touches XY 
at A , the line PA , as proved above, is the lino of quickest 
descent. 

Oj) Line of quickest descent from a (jiven jjoint P to a' 
given circle in the same vertical plane. 

0 being the centre of the given circle, lot OB be drawn 
vertically downwards to irfoet tho circle at P. Join PP, 
anrl let it meet the circle -at A. Then PA is the required 
lino of quickest descent from P to*tho circle. 

For PC hong drawn vertically downwards, parallel to 
OB, and " OA produced intersecting PO at 0, it is easily 
provod from geometry that CP = CA. Hence the circle 
with centre G and ladius CP will touch the given cirtsle at A. 
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Now PC being vertically downwards, P ig the highest 
point of this circle which touches the given circle ut A • 


P 



Thus, as proved helot o, PA is t.lio ictpiirod line of (nmkcsfc 
dosccnt. 

510. Illustrative Examples. 

Kx. 1. With what velocity mast a par tide be projected up a plane , 
10 ft. in length and inclined to the horizon at an angle of :I0°, .so as to 
reach the top in one second ( [ (J. tJ. l ( H'* J 

Lot n tt./"CC. ho tho vlncity of proportion. Tlio acceleration nt thu 
particle down tho plane ia g sm .".O' 1 — 32 x i = 10 ft./soc^ in this onto. 

Hence from 1 ho given Londition, 

10=*i<Xl-JxlGxl a 

= i* - H, cr m = 3S ft /scr 

Mx. 2. If a ihord is drains from one end of the horizontal diiimetcr 

to ang point of a vertical circle, show 
that the time that a pat tide would 
take %n sliding down that chord 
would vary as the square root of the 
tangent of the inclination of the 
chord to the vertical, [ U. P. 1938 ] 

9 being the inclination to the 
vertical of tho chord DC of a vertical 
circle, drawn from the extremity 
D of tho horizontal diameter AB, 
tho acceleration down the chord is 
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g cos 0. Hence t denoting the time taken to slide down ofl, starting 
from robt at 27, 

UG=*b. g co,4 0. 

or d sin 0 = J g cos 6 t * [where rf=- IB 

V LBAC = Q easily ] 

Tima t== *J'<j tlln 0 

00 ^/tan 0 . 

Ex. 3. 4 cyrlvit tides uv an incline of 1 in iU with a unijonn 
acct’let alion of 4 ft. I set/, stalling from rest at the foot. After $ ft mmute 
7 i» meets another cyclist descending from tho top without pedalling , 
staitmg simultaneous </ with lmn. After how much moic time will the 
first cyclist airiue at the top I 

Hy «in incline of 1 in fit is meant th.it tho incline is mu h, that m 
moving a disttnco "f *11 aloii«; it, one rise-s a lim.jht L ; in tit, her words, 
this means that the sine of the angle ok inclination of tho plane 

is 

Tho acceleration of the Lccoml cyclist down tlio plane is therefore 
, l i9“i It/.oo 1 . 

In half a minu'o [i.e. ID .^cj ), tlio second evoli^t has dc- tended 
fium tho top a dint Alice J j.JO' 1 - 225 ft. 

Tho velocity of the lust cylc.t then is u - 1 '30-120 ft./sp,. Tims 
t fpcs. denoting tnne taken by him to reach tho tep hom tins 
instant, 

Olb-lJOf+i 1-f 1 , 
or It 1 + 1204- 223 -=0. 

• t- " 120+ .</iao" 1 + « aas 
1 

— (d s/2 — *1) = 1 32 ne co ml i nearly. 

Examples dn Chapter V(b) 

{Motion on an inclined plane) 

1. A train running at the rate of GO miles per hour 
shuts otY steam on reaching tho foot of .in luclmo of 1 m 
120. Hoav far will it run up tho incline ? • 
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2. The length of a piano inclined at an angle 30° to the 
horizon is 150 yds. A body is projected up the plane from 
its foot with a velocity just sufficient to carry it to the top. 
Show how to divide the length of the plane into throe parts 
which arc traversed by the body in equal times. 

3. A particle is allowed to slide down an inclined plane 
from its top, and after describing |ths of tho length, passes 
a second particle which was simultaneously projected up the 
plane from the foot. What fraction of tho total hoigtfb of 
tho plj,no does tho second particle rise ? 

4. An engine rises up an incline of 1 in 20 with a 
uniform acceleration of 2 ft./sec 2 , starting from rest at the 
foot. After a certain distance the steam shut olT, and the 
impetus just carries tho engine to tho top. If the length of 
the incline bo miles, find where tho steam was shut off. 

5. If two vortical circles touch each other at (i) their 
highest points, (ii) their lowest points, and a straight line ho 
drawn from this point cutting tho circles, show that the 
time of sliding from rest down tho part between the circum- 
ferences, supposed smooth, is constant. 

u i>. A numbor of straight linos are drawn in a vertical 
piano through a fixed point 0, and particles are allowed to 
slide down theso, all starting simultaneously at rest from O. 
At auy instant t, show that they lie on a circle; of radius 

\ntj- 

^7. A particle starts from rest from Hip top of a smooth 
inclined plane of a givon base. Show that the time of fall 
is least wfion the inclination of tho plane to the horizon 
is 45°. | 0. U. 1938 I 

8. Two smooth inclined planes of tho same altitude and 
of elevations a and P stand hack to hack. A bodv projected 
up the first piano from its foot 'along the Imo oi greatest 
slope with a velocity ?/, ascends it, and without losing any 
velocity at. tho turn, descends the socond plane. Find its 
velocity at the foot of tho socond plane. 

9. Two particles slide down two straight linos in tho 
same Vertical plauy, at right angles to one another, starting 
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simultaneously from l e^t from their point of inters,, lion. 
Prove that their distance apart at any time will bo equal 
tn the distance either would have descended vertically in 
that time. 

10^ Two heavy particles begin to slide at the samo 
instant from the common vertex of two smooth inclined 
planes. Prove that the line ]oimng them moves, remaining 
always parallel to llscll. 

11. One side of a triangle is vortical. If the times of 
fall from rest down the other 'sides are equal, prove that 
the triangle is either isoscolos or right-angled. 

12. A parabola has its axis vertical and its vertex at the 
lowest point. Prove that the time of descent of a particle 
down any smooth chord to the lowest point is oqual to 
that of falling vertically to the horizontal line which is at a 
depth below the vertex oqual to the latus rectum. 

13. Tn a vertical circle two chords are drawn from an 
extremity of a horizontal diameter, subtending angles a and 
2a at the centre ; if the times of sliding down these chords 
be as 1 • n , show that sec a — n 2 - 1. 

14. From a given point on an inclined plane smooth 
grooves are cut along different directions up to the base line. 
Provo that the time's of sliding down those from the given 
point are propoitional to the lengths ot the groovos. 

15. A particle sliding down an inclined plane is observed 
to pass ovov two consecutive equal distances of 3 foot in 
a and i sec. respectively.' Find the inclination pi the piano 
to Uae horizon. 

(ifW A particle slidos from rest down a smooth plane 
incTmod at 30° to the horizon. Find the position of a length 
ol 80 feet on its path w Inch is passed over by the particle 
m one second. 

17. Two particles are allowod to slide down an inclined 
plane from the tfamo point with "tin interval of one second 
between the times of starting. Show that their distances 
from oacli other at the ends ol J, 2, 3, 4 ... seconds arc as 
1. 3, 5, 7 
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^18^) A tangent at any point P of a circle meets the 
tahgontis at the extremities of a vertical diametor A R in C* 
J) respectively. If t\ and bo tlio times of sliding from 
rest down CP and PD t respectively then 


t\ B r : Wd AP t 
t 2 chord BP 


Answers 


1. 2> miles. 
3. \ m 
15. 30°. 


2. 83*yfli. f 50 yds., 16^ yds. 

4. 2 mile 1 ! from tbo bottom. 8. 1 1 . 
16, Tbo length begins .liter a distance ol 


1G2 feet from (.be starling point. 



CHAPTKB VI 
^^PROJECTILES 

6 * 1 .* Tn tho previous chapter wo have considered recti- 
linear motion only under gravity, as for instance when a 
particle is projected vertically upwaids, nr when a particle 
moves on an inclined piano, being projected along the lino 
of greatest slope. In tills cliaptci we bhall consldot freo 
motion under gravity, when a particle is piojoctud lit any 
direction in space Wo shall however, in order to confine 
oursohes to a simpler case, neglect tho lesistauco of air and 
consider tho motion to he m vacuo. In this case, on account 
ol tho acceleration duo to guivitv m tho vcitic.ally downward 
direction, the \eitieal component of \eloeity will contiuu- 
«i 1 1 V change, whcieas, the component velocity in tho hnnzoii- 
tal dnection will lemain micliangcd, as there is no neeolera- 
tion in that direction. As a icsull, the resultant direction 
of motion will continually change, and the paiticlo will 
dcscuhe a curved path. It will ho shown later (Ait. G 5), 
that this path is a parabola. 

A body thrown in any dnection in space is defined to 
be a projectile, and the curved path it describes in space 
is called tho trajectory. The initial velocity witli winch 
it is pi ejected is do fined to he the velocity of projection, 
and t.lie inclination to 1 he horizon of tho dnection in 
which it. is initially promoted, is defined as the angle of 
projection. Tho distance nf i.ho point at which it falls 
on a plane through the point of projection from this 
starting point is defined as tho Range on tho pl.mo, and 
the time interval from stait till it moots tho piano, 2 .c., for 
widely it remains in air, is called tho time of flight. 

\idP2. Horizontal range " and Time of flight of a 
projectile. 

Lot a particle -bo projected from 0 with a velocity u, 
at an angle a to tho horizon. Let It ( = OB) be tho range 
on tho horizontal plane through 0, and T tho coi responding 
time of flight. * 
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Tho initial voifcicil component of velocity is cleaily 
u si n a, and the accele- 
ration in that direction 
on account of gravity 
is — if. After time 1\ 
when tho particle 
roaches the horizontal 
piano through 0 at J1 t 
tho net vertical dis- 
placement is zero, and 
lionet* , confining our 
consideration to tho motion of tho particle in tho vertical 
direction only*, 

U sin a. T-\qT* ==0, 



giving I, 


T" 


2u sin a 


g 


2 


■■ - (initial vertical velocity) 
<1 


The initial horizontal component of velocity is u cos a, 
and as tliero is no acceleration in this direction, tho above 
velocity remains unchanged throughout tho motion. Hence 

2 n sin a u 2 . n 

OB - - - • w cos a = sin 2a, 

n q 


t.e. 


R * — sin 2a 

g 


2 

V 


(initial vertical velocity * hoiizontal velocity ). 


Cor. 1. Maxima m Horizontal Range and Direction for Maximum 
Range. 

From the above value oE J?, it is apparent that with a given 
velocity of projection ?*, the horizontal range is greatest when sin 2a 
in greatost, namely unity, which requires 2a = 00°, or a=45°. 

+ For the justification of considering the motion of the particle in 
the vertical and horizontal directions separately and independently of 
one another, see next Chapter, § 7*0. 

■JThn other solution T-0 corresponds to the starting moment 
when also the displacement is zoro. 
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^Tiius tlie maximum horizontal tatuje is ™- f whoa tha angU of 
pi ejection is 45°^ 

%.e. the direction of projrction for maximum horizontal range bisects 
the angle between the horizontal and the vertical. 

Cor.«2. For a given horizontal range with a given velocity of 
projection, there are In general two directions of projection, equally 
Inclined to the direction of maximum rango. 

Lei u bo tho volociby ‘of projection of a particle, and lot a bo tbo 
necessary angle of projection in order that the horizontal range may bo 
a given quantity 72 A . * 

Then /i, = 7 ^ sin ‘2a. sin 2a — [a known positive quantity], 

= sin 0 [say, wboro 0 is an acute angle as determined 
by consulting tho Trigonometrical tables.] 

Then, as a is evidently limited to bo within ( J0°, 2a is limited to bo 
less than 1S0°, and within this limitation, 2a = 0 or 180° - 0 . 

a-40, or 90° — J0. 

Thus there are two possible values of a, and so two directions of 
projection, giving the same rango 72 A . 

Again, siuco tho angle of probation lor maximum rango is 45°, and 
since 45° — ^ = ^90° — J — 45°, tho abovo two directions are oqually 
inclined Lo the direction of maximum' range. 

Note. It may be noted that if 7i x > 7 ^ » sin 2 a== ^ 1 bocomes 
greater than unity, and a is .impossible, i.c. there is no angle of 
projection for a rango greater than ^ > which is really tho maximum 
rango possible. 

X vA. Greatest height attained by a .projectile, and 
time to greatest height. 

Let a particlo bo projected from 0 with a velocity u at an 
angle a to the horizon. Let T' "bo tho time when it' is at 
tho highost point A of its path, and H (= All) tho greatest 
height attained. m 
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The initial upward vertical component of velocity is 
u sui a, and the acceleration m tins direction is - q duo to 
gravity. Tlio vertical velocity gu dually diminishes, and 



at the highest point of its path A, this 'vertical velocity 
hi comer, zero. The corresponding time being T t and the 
corresponding vciheal displacement being U t wo get 

0 ■= n sin a - (jT' 

and 0 = n 1 sin 2 <i - Hqll. 

a u sin a TT it nut u 

• • T « and H= — 5 

£ *£ 

Cor. Tho timo to gioatosl hoight is half the total time of flight. 


G'4. Position and velocity at any time t. 


Lot a particle ho projected from 0 with a velocity u at 
an angle a to the horizon. At any instant t after start, let 
- v P be the position of 




the particle, OM 
( — x) the horizontal 
displacement, and 
PM{~y) the vorti- 
cal displacement. 
Also let v bo the 
velocity of the 
projectile at P, at 
an angle 0 to the 


horizon. 


In tho horizontal direction, the initial horizontal compo- 
nent of velocity is u cos a, and this remains unchanged 
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throughout the motion, as there is no acceleration j«. this 
dn octum. 

Hence 

v cos 0 = lioiizontal component of velocity at P 
=*u cos a ... ' ... (i) 

and cc = OM , = horizontal displacement in timet 
= 2tcoR a.t ... ... (ii) 

A^ain, initial vertical component of velocity is u sin a, 
and acceleration in this direction is —(} duo to gravity ; 
hence 

v sin 0 = verticil component of velocity at P 

-= h sin cr — fyt ... ... (lii) 

and 

y — PM*-~ cortical displacement m time t 

= u sin a . t~*yt 2 ... (iv) 


(i) and (m) givn u and 0, i.a. the velocity at ]* ui magnitude 
and direction, whereas (n) and (iv) give the position P at 
the instant. 



Hie path of a projectile (in vacuo) 


is a para- 


'ft’irst proof. 



Let a particlo he projected from 0 with a velocity u at 
an anglo a to the horizon. Let A bo the highest point of 
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tho path described by tho particle, and XAM the vertical 
through A. Let us measure time from the instant when 
the particle passes through A , t being considered positive 
towards ’the right and negative tow aids the left of A. At 
any instant t from A (positive or negative) lot P be the 
position of the piojcctilo, and PN the perpendicular from 
P on AM. 

At A the vertical velocity of the particle is evidently 
zero, whereas, since thoro is no acceleration in the hori- 
zontal direction, the horizontal component of the velocity 
is constant throughout the motion and equal to its initial 
value n cos a. Tlio acceleration vertically downwards is 
q duo to gravity. 

Thus 

PN = horizontal displacement of the i>articlo 
in time £*= u cus a. t 

A N= vertical displacement from A in time t 
**hjt 2 * 

. PN 2 __ W^cofTa.t 2 __ 2^ 3 cos 2 a 
" AN Iqt* " (j 


a constant independent of t 9 and therefore samo for all 
positions of Pon the path. 

This identifies the locus of P to be a parabola, with 
vortex -4,. axis AM voilically downwards, and latus icctum 

4 AS^ U COH 11=0 ^ {horizontal velocity) 2 • 

g (f 


Cor. If we measure AS- 


m*cos *a 


along AM , S is evidently the 


foous of the parabola. Also, measuring AX— AS above A, the hori- 
zontal through X is tlio direct rr: of the parabola. Since AM , the 
greatest height attained by tho particle above the point of projection 

has been shown to be U ? n - a * the height of tho directrix above 0 

2 tj 


=AU+AX='^f a + U ' C f a 
*0 'iy 


u * 
9g' 




whic£ is independent of a. 
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Thus fill trajectories described with the same velocity of pr^ictioh u 
from the same point in different directions tn a vertical plane nre 
parabolas with a common diiectnx whose height above the point of 

projection in the same as attained by a particle projected vertically 
upwards with the same initial velocity . 

s ' 

Second proof ( Analytical ). 



Lot a particle be projected from 0 will i a velocity u at 
an angle a to i.lio horizon. Let Lho horizontal anrl vertical 
thiuugh 0 bo chosen as axes of x and y respectively. At 
any instant t, let P ho tlio position of the particle whose 
co-ordinates aro x t //. 

As tlicio is no horizontal acceleration, the horizontal 
component of velocity ul the particle is constant throughout 
the motion and equal to its initial value u cos a. 

.'. x = u cos a. t. (i) 

Again, the initial vertical component of velocity is u sin a, 
and the acceleration in the .vortical diroction is — fir duo to 
gravity. ' ,f 

y=u sin a. t-igt*. ••• (n) 

From (i) and (ii), eliminating t , 

x / T / x \ 2 

y=u sin a - ~ig \ — - 1 

u cos ti m cos a! 

■* x tan a— « - 4 ' # 7 ‘X* 

2u cos d 

■which being of the form y — Ax + Bx 2 , is the equation to a 
Parabola. Honco the locus of P is a parabola. 


6 
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Note. The above equation of (.ho trajectory can be written as 

« L } f* sin p ons a 2 ii* cos’ a 

ar a — x— — - y, 

V *J 

/ w J *ii>n, insa\ a Stt’ cos * a/ M a Rin*a\ 

(*- « 7 l"~ ;• 

m . I . i . . //«* Kin a c f '* a n* qm a ^\ 

Transfcriing tbr origin to the point | » el J tho 

\ '/ 2#/ 1 

equation becomes t 

, 9?i’ oos’a 

’ -- u "■ 

1 1 once tlio path jk a pmabnla who-o vortex is th*' point 

( it* sin a co° ii i /'* «in 9 a\ . - , , . 2w f * an* “a _ 

» , )» wluxc 3 vtus rectum i a and 

<7 -'/ / '/ 

wbosu axin is vertical and drawn downwards. Wo e.isih fjcL from 

abovo 

, „ . //*■* sill 2a «* sin* a\ 

co-ordinates of the voi trx : ^ ^ » 2r/ / 

. . . - /i* 4 sin 2a «* cos 2a\ 

co-oi dmutes of the ft'cus : y ^ ^ J- 


Third proof. 

f Let a particle he p! ejected from .any point jB with n 
velocity v in an\ direction BJ\ and lot BV bo the vcrtic.il 
through B . 

Had there boon no gravity, tlio particle would move 
uniformly with tho velocity n , and des'enhing a distance ut 
along the direction of pi ejection would roach the point P 
say. Owing, to the ucceloi anon (j due to gravity, however, 
annulling tho mitml velocitv uo be ahsont, tho particle would 
receivo *a downward vertical displacement hit 2 . Hence if 
from P wo take a length l vertically downwards, 
Q reprobcnte tho actual position of tho pro]Cctile at time t , 
taking into consideration tho initial velocity and tho 
acceleration duo to gravity. 
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"Now QV being drawn parallel^ to BP , meeting BV 
at 

QV=BP-=ut 

BV=PQ = lgl 2 . 

QV* __u*t* «*„■ 4 , 

BV ~ kg? ~ q a constant 


r- 



wiii-'b, since B is a fixed point, and QT and BV are in 
ii\j‘d duvctLons, identifies tho locus of Q to bo a parabola. 

v VfS^T6. A particle u projected horizontally from a point 
at a'm heruhl above the ground ; to show that the path 
described by it is a j)a r akotti 

Lot si paibiele bo projected horizon- 
tally with a velocity u from a point 
and lot AAF be tho dc^vnwaid 
vertical through A, Lot P % be tho 
position of tho particle at any tiinu 
t. smd lot PN" lie drawn perpendicular 
■lo AM. 


Then since there is no horizontal 
acceleration, tho ho) izontal velocity 


M 




84 


INTERMEDIA TE DYNAMICS 


remains unchanged throughout the motion, namely, u. Also, 
at A the vertical velocity is Hero, and duo to gravity the 
vertical acceleration dining the motion is g downwards. 


Thus PN** horizontal displacement in time t 
**ut 

and AN “vertical displacement in time t 


PN 2 
"AN 


u*t 2 2 u 2 

, a constant, 

igt g 


showing that the locus of P is a parabola with A as 

2 w a 

vortex, AM as axis and as Jatus roctum. 

9 


6*7. To find the velocity of a projectile at any point of 
its path at a given height from the point of projection , and to 
show that the magnitude of the velocity is the same as that 
acquired by a Particle allowed in fall ve? tically from the 
directrix to the point . 


Lot a particle be projected from 0 with a velocity u at 
an angle a to the horizon, 
and lot v bo its velocity at 
an angle 8 to the horizon, 
at a point P of its path 
whoso height is h above 0, 

As there is no horizon- 
tal acceleration, tho hori- 
zontal component of velocity 
remains unchanged through- 
out tho motion, and so 

v cos 8=71 cos a. ... (i) 

Again, tho initial upward vertical component of velocity 
is u sin a and — g is the acceleration due to gravity in 
that direction. Hence considering tho motion m the vortical 
direction, 



v 2 sin 2 0 -u 2 sin 2 a - 2 gh> 


... (ii) 
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From (i) and (ii), v 2 *= a* - 2 gh 

and tan 0 — ±-*^“- s,n '- a— 

w cos a 

giving tlio velocity at P in nugnitudcr and direction. 

Agifin, sinco the height of the directrix of the trajectory 
n 2 

above 0 is known to be a particle allowed to fall freely 

from •the directrix to the point P describes a vertical 

u 2 . • 

disUnco “ h t and since it moves with acceleration g 

duo to gravity, it acquires in that time a velocity v given by 


v 2 = 2r/|^ - /t-j = u 2 - 2gh 


= v . 


Note. Considering tlio magnitude of v with positive sign, the 
double signs o! tan 0 correspond to the two positions P and Q of the 
particle at the same height h above O, once while rising and once 
while falling. Thus at those poiuts the directions of motion make 
equal angles with the horizon, one above, and the other below it. 

6*8. Range on an inclined plane, and Time ofiflight. 



O N 


Let OP bo an inclined plane of inclination 0 to the 
horizon through 0, from which a particle is projected with 
a velocity u at an angle of projection a to horizon, in the 
■vortical piano through a lino of 'greatest elope. Lot 'the 
Projectile, describing its path, meet the jilano at P, so that 
OP (*2i say) is tlio rango on tho inclined piano. Let T be 
the corresponding time of flight. . 
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.Resolving the motion along and perpendicular to the 
plane, the initial component of velocity ixTpendicular to the 
plane is evidently u sin (a — 0). The acceleration duo to 
gravity is -g vertically upwards, and its component per- 
pendicular to the plane is easily scon to be - g cos fi. After 
time T % the particle lining again on the plane, the perpendi- 
cular displacement is zoro, and lienee 

sin (a - cos j S.T*. 

. m 2 u sin ( a - ft) 
g cos j3 

As there is no horizontal acceleration, the horizontal 
component of velocity during this motion is constant 
tiiroughout, lining equal to its initial value it, cos a, .ind so 
the horizontal displacement 


OjY*w cos «. T t t.e . Ecos P - u cos a. T . 

. — U cos a rp _2?* 2 sin (u - fi) cos a 

•• Xi * 533 -JL -- j j 

cos f> *1 cos*0 

u 2 

B = jj- [sill (2a-/3)-sin 0] ••• (ii) 

g cos p 

Cor. 1. Maximum Range on an inclined plane. 

From (.ho above value of /J, with given u, the rango on a given 
inclined plane is maximum when »in (2a — p) is greatest, namely 
unity. 

Hence 

nm “ = a (1 “ sin ® = ga+Biu p> 

• Iff 

and this occurs when 2a -/3«= ^ ‘ 


or 



Thus for maximum range on an inclined plane the dvechonof 
projectcn bisects the angle between the horizontal and the normal 
to the piano, or what amount to the same thing, the angle between the 
plane and the vertical . 
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Cor. 2. For a qiven range on an inclined plane with a given veiocuy 
of projection, there are lioo directions of projection, equally inched to 
the diicctmn of maximum tanqc. 

From result ( 11 ) above, 

. sin (2a~j3)-siu p+& ^*7J. 

Hence with II, u, p given, the right-hand side is known, and thus 
an acute angle 0 of which this quantity (which is rloarlv positive) is 
the sinft can bo determined from the Trigonometrical tables. Honco 
2a -p =8, or tt—8. , 

0 + P ' _ 0 + . 

' 2 2 2 

giving two possible values of a (within the range 0 to *) i.e . two 
possible directions of projection. 


Again, the anglo of projection for the niixinium ran go on the 
plane is ^ + (j » and sinco 

tho latter part of tho result follows. 


6‘9. Motion upon a smooth inclined plane. 

Let si particle on a smooth inclined plane bo given 
a sliding velocity u 
in a direction making 
an .angle a with the 
lino ol greatest slope. 

Mow it lias been 
proved in 11 io previous 
chapter (.Sac A)t. IS 5) 
that for a particle 
moving on a smooth 
inclined plane, tho only 
. effective accelcratation on account of gravity is <] sin P down 
the plane along the lino of greatest slope, where p is tho 
inclination of the piano to the horizon. Hence resolving 
along the lino of greatest slope (upwards) and perpend ioular 
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to it, tho initial components of velocity are respectively 
u cos a and u sin a , and tho corresponding components 
of acceleration are —q sin 0 and zero. Considering the 
motions along those two directions separately, with tho help 
of the usual formulae f >r accelerated motion, any problem on 
sliding motion of the particle on the smooth inclined plane 
can ho worked out. 

6“10. Illustrative Examples. 

Ex. 1. A shot after Icavtnq a qun passes just over a ivall of a 
fort horizontally . If the wall ts Cl ft. htqh and 19 1ft. distant from the 
qun t find the duection and velocity of projection of the shot . [ U . P . 1037\ 



192' 


64' 


Let u and a be the volocity and angle of projection of the shot, 
and t sees. bo the time after which the shot passes over tho wall. 

Ab the vertical component of motion is zero theu, wc get, 
u sin a — gt = Q. ■■■ (i) 


Also considering horizontal and vortical displacements during this 
time, 


u cos a. $=192 (li) 

and u sin a, t - igt * = C4, 
t.e., using (1), u sin a. t~iu sin a. 2 = 64, 

or, u sin a. £ = 128. (iii) 


From (ii) and (iii), 
tana 


128 
' 192 


2 

t 

3 ■ 


, -i 2 

a w tan 1 - • 
o 


Again, from (i) and (iii), u - 8 ^ n " = 128, 


giving n* = 128</ cosec* a 

• = 128 X 32(1 + Z) = 32 X 32 X 13. 

74 = 32 (s/TH ft./sco. 
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It might Lo noted that tbo motion being horizontal at the top of 
tbo tower, this point is the highest point of tlio trajectory and thus 
we can use the known results, 


V 

2<7 


u Rin a cos a 


and 19:1 = half tho range = 

v 

fheae also would give the values of a and u as before. 


Ex. 2. Two shot 8 arc fired simultaneously from the same point with 
velocities in the ratio of 13 : 5 and they hit the same mark on the 
horizontal plane through the point of projection at a distance 640 feet 
from it . If the qrcatest heights attained by the shots be in the ratio of 
5:9, find the tune interval between their hitting the mark. 

Let u and ri be the velocities of projection of the shots, and a, a' 
their respective angles of projection. Thou from tho givon conditions 


fi = 13 
u'~5s/5 

2u* Hin a cj^s a 
9 


’sin a nos a 

540 = — -- 

9 


, u* sin'a ti’ sin's - , 

and - - - : - = 5*9, whence^ 

2g 2 g 

71 sin a u' sin a' . % 

jb — y — K (aay) - 

. .... 540x10 . , 540X10 

Thus from ( 11 ), u cob o= - ^ ^ * u cos a = 


M 

(ii) 

(iH) 


3K 


and therefore, using (iii), 


Thus, from (i), 

169 = «2 9 25JT 4 + (040x10)* 

iao «'*“ o’ ei/^+ieioxio)' 


whonoe UOfSLK 4 + (540 x 16) ’} = 225{2 5 K 4 + (5 40 X 16) *} 

. . „ 4 (540xl6)V225-169)_(540xl6)*'_, lany .. 1 , 

giving K* = ulxiGa _'2 6 x22G _ Oxlb" " (18 ° X ^ 
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■ \ 2l* = 180X4 or 12 n/ 5, tho positive value of K being 
taken, slnco by (lii), u sin a — K ^/G represents tho initial upward 
vertical velocity of the first shot which is clearly positive. 

Now tho times of flight of tho shots aro -^- 14 a and 2 “ s,ll - tt , 

0 9 

and since the shots start simultaneously, tho required time interval 
betweon their hiLling tho mark 

~ “=, 9 (3A'-AV5) 

q 0 g 

» (3- ijo) =» ® (3is/S-5) seconds. 


Ex. 3. A particle is projected ft ton a point O so as to pass ihiout/h 
ttco given points in the same vet heal plait e with O, at heights h x and h* 
above O, and at horizontal distances <\ and d 9 from it on the same side. 
Find the angle of projection . 

Let u and a bo tho velocity and «m;;lo of piojection respectively. 

Let t x bo the time tn reach tho first point. 

Considering the horizontal and \ 0 Llical motions separately in this 
case, 

m cos a. 

n sm cl. t x — kgt x 9 ■=/*,. 


From those, eliminating f,, 


d, Una-Jff 


tan a_ 1 g = /i, 
or d x 11 m 1 cos J a d x * 

if 

Similarly, from the other case, 

tan a_ 1 q _ h 0 
ii w 1 cos 9 a'"t/ a * 

aubtraotin «- 

•• 0_ton . uTdjd.-djr 


Ex. 4. A projectile is fired ft om the base of a hill whose shape is that 
of a light circular cone with axis vertical* The projectile grazes the vertex 
and sit Hies the hill again at a point on the base . If a be the semi-vertical 



PROJECTILES 


91 


angle of the cone, h its height , V the initial velocity of the project >1" and 
0 the angle of projection measured from the hortronlal , show thai 
tan 0 - 2 cot a 

and r a -07i(2 + ltan tt a). 



Let t bo Iho time 1o reaih the vertex. Then considering horizontal 
and vertical displacements in this time, wo get 

V cob 0 t = 7i tan a 

V sm 0 t — = 

Eliminating t , 


, , . 0 , //■* tan n a 

h tan a tun 0-\q. ^ = 7j, 

_ qh t.an a . 

or tan0 — ■= cot a. 

2 1 J i OS*0 


(i) 


27* tan a« = 


Again, the horizontal rati'p* u£ the projectilo is easily, fiom the 
figure, 

2 P sm 0 cos 0 

a 

nh tad a . „ x 

w*. ' . - sin 0. ... (ti) 

P cos (7 

Thus fiom (i), (ii) eliminating P, 

tan 0 — 4 tan 0 — cot a, 
or tan 0 = 2 cot *a. 

Again from (ii), 

y Q m ^_<ih tan a __qh tan a nee 11 0 
sm 0 cos 0 Un 0 

_ fl7i t.an afl 4- 4_cot a a) 

2 cot a 

= j/7*(2 + J tan 4 a). 
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Ex. 5. A fort and a ship are both armed with guns which can fire 
with a mutate velocity of J'ltjL, and the guns tn the foit are at a height 
h above the quns in the ship. If d, and d a are the greatest horizontal 
lange s at which the fort and the ship can ? espcctivehj engage , pioie that 

d, _ /k+h 
d,~ \f h-h 


LeL a be the angle of projection of a gun in the fort, aucl let it 


reach the horizontal plane 
through 'iho ship at iimo t , at a 
horizontal range ft. 

Thon, 

ijtiqk. cos a. t—R ... (i) 

is/Sj/fc.Bin a.f- \gt* **-h (li) 
whence, eliminating a, 

2 qht*=R' + (iqt'-h)* t 

or R'^q&lc+hW-h'-iq't 4 



= {(2fc + hy 1 - h *> - {*</** - (2/L + h)}' 


and clearly, the maximum value of the right-hand side occurs when 
the last perfect square term involving the variable t is zero. As d & is 
tho given maximum value of R, wo get 

d x 4 = (2fc+ h)* - fc 1 = I7c(fc+ h). 


Exactly in a similar way, considering projectiles fired from the Rhip 
reaching the level of the fort, (by replacing hby — h in this ease), 


Hence 


d a q = 4fc(fc-A). 

*_*+>, d\ ^ /k+hT 

da* k—~h d a ^ k — h 


Note. Instead of eliminating a, we might eliminate t between (i) 
and (ii), and considering the reality of the roots of tho quadratic in 
tan a, get the greatest possible value of R . 


Ex. 6. A particle projected with a velocity u, strikes at right angles a 
plane through the point of projection inclined at an angle P to the horizon . 
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Show that the time of flight is - . % . Find also the hell'll of 

f/^1 + 3 s%n*P 

the point struck above the potnt of projection. 



Let t be the required time of flight, and a the angle of projection 
with the horizontal. 

Resolving the motion along and perpendicular to tho inclined 
plane, wo got from the given conditions in this cure, 

u cos (a-j 3)-<7 sin p. t = 0 ... (i) 

u sin (a — p). t~iq cos p. t* =0, 

%.c . u sin (a — p) -£7 cos p. t=* 0. ... (11) 

From (1) and (li), eliminating (a-|3), 

u 4 “(7*^* (sin a /3+ | cos a /3)~ 1+3 sin*j3) 

<= W l+ii'T - (,ii) 

Again, as the horizontal distance of the point struck is u cos a. t , 
the height of this point above tho point of projection is 

it cos a. t, tan p=*ut ton p . cos (o-|3+/9) 

= t tan p{u cob (a — 0). cos J3 *-u sin (a — /3). sin /3J- 
= t tan p[g sin p. t, cos p-\g cos p . t, sin p} [ wsm<7 (*) and (ii) ] 
- jgl J sin a 0 

_2 u* Pin *0 

17 1+3 sin 4 #* 


f usinp (tii) J 
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FjY. 7. The line jomin g P to Q is inclined at an angle a to the 
horizontal . Show that the least velocity required to shoot from V to Q is 
to the least lelouily required to shoot from Q to V as 

( 10 s fft + bin Jit) : (cos ^a — Bin ia). 

Assuming a to be tlie distance PQ which U inclined at an angle a 
to the horizon, the horizontal distance 
between /’and Q is a coa a, and tlio 
vertical height of Q abovo P isn sin a. 

Lot a bo the velocity of a shot 
fired from V at an angle 0 to the 
horizon, which reaches (J after a time 
t seconds . 

Then, 7 / cos 0. t-a cos a, 
and tt ain 9,1 — hqt* - a sin a. 
Hence, eliminating ti, 
u't 1 e =a 3 cos"ft + (rt sm a+lgt' 1 ) 9 , 

tt a 

or u* = \q*t* + qa sin a+ a 
t 

Now t being variable for different values of the velocity of projection 
m, the square teim on the right-hand aide has its least value zero. 
Hence tho lnast possible v«ilne of llio velocity ot projection from Z > 
so that the shot m.iy reach < t > is givou by 

’ u * = f/a(l + siii a) - qa ^ cos * + sin * j » 

or n= s /j,o( oos “ + sin “ )• 

Again, tho line from Q to P is inclined at an angle —a to the 
horizon. Hence exactly as abu.e, replacing a by -a, tho least 
velocity of projection from Q , so that tho shot nuy reach P t is given by 



Thus u u 1 — (cos Ja + sin Ja) * (cos Aa-sin ia)- 

Ex. 8. A shell bin sis on contact with the gtound and pieces fiom it 
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flu mall directions with all velocities up to R0 feet per second, *.//ow 
that a man 100 feet atony is m dcmqe? for l tj"! second*. 

Suppose a allot, which flies with a volooity v at an angle 6 to tho 
horizon, hits tho man after t seconds. 

• 

Tlym, v cos 0. £ = 100 

v sin 0. t — iqt x = 0, 
whence, r*l'* -lOO^ij/ 9 / 4 , 

or l<7V“^r/ i + 100 ,1 =0. 

, a Jv'-lOO'i,*, 

• • 4 _ ' *»*■ 

"With any velocity of projection v therefore, (such that v x ^100’ q‘ t i.e. 
v 10 ijtt) thorc .iro two pieces that will hit the man, one hitting it 

earlier at time l x% gi\cn by - 1 ^^ ~*^ ** ■ ,WR l the other at 

a later timo t, x given by f a * - V - + — _10() q b 

q 0 

Considering the later times for tho different velocities of projection 
we see that the latest time at which a shot can hit the man is 
when v is greatest, namely 80 ft. /see. and the coiicsponding time is 
givon by 

t * = 8 ° a+ _\A<o*-ioo j .tewiioo+saoo^ 

* "" " 1»2* 32 x lb 

f 2 = ^ J 24 (n/ 5 + 1) seconds. 

After Ibis tnno no shot can hit tho man. 

Again, considering the earlier times for tho diffwenl velocities of 
projection, given by 

tx “ " bj l 0*+*/w*-iu ov" 

it is cluar from the last form that 1 1 is least wli^n v is greatest, namely 
80. Hence, of all the pn ces that hit the m.m, the earliest time when 
a piece hits him is given by 

l \A*°\“ 100 4 o/ f whence as before ti =r '* K ! L "' ( n/ 5 — 1) seconds, 

4jT 4 
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and before this time no shot hits him, so that ho has no danger 
earlier. 

Hence the man remains in danger for 

^ + 1; — "( n/ 3 - 1) = 1 seconds. 

Examples on Chapter VI 

t. A boy can throw a hall 40 yds. vertically up 
find the greatest horizontal distance lie can throw it. How 
long will it he in air in the second case ? 

2. A cricket-hall struck from the ground pitches 
100 yds. ahead after rising to a maximum height of 56l ft. 
Find tho tnno of flight, and the direction in which it is 
struck. 


3. A projectile thrown from a point in a horizontal 

plane comes hack to the plane in 4 secs, at a distance of 
64 yds. from tho point of inspection. Find tho volocity of 
projection in feet per see. [ C. U. 1913 ] 

4. A bombshell on striking tho ground (supposed to ho 
horizontal) bursts, scattering its fragments with velocities 
of magnitude u iti different directions , find the area of tho 
ground covered by the fragments. 

[ C . U. 193$, B. H. U. 1933 ] 

5. A stone is dropped from a balloon moving hori- 
zontally with a volocity 96 ft./sec. and reaches tho ground 
in 4 secs. Find tho height of tho balloon, and the velocity 
of tlio stone on striking the ground. 

6. A hall is projected from tho ground at an elevation 
of cos” 1 -} with a velocity 100 ft /'sec. Find the distance of 
the ball from tho point of projection after 2 sees. 

7. A tennis ball served horizontally from a height 6’25 ft. 

strikes the ground at a point 60 foot away from the 
server. If it just touches the net 40 feet a way from the 
sorvor, find the height of tho net. [ 17. P, 1941 ] 
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8. A football is kicked, and just passes over a h * . 1 - ft. 
high and 20 ft. away. Find tho direction in which *l’o 
hall is kicked, if tlio velocity generated by the kieic is 
'10 ft. /see. 

9. A boy running at a uni leu m speed of 10 ft./sec., 
throws up a ball vertically relative to himself and catches 
it 10 ft. from the pnfnt whore ho throw it up. With what 
velocity relative to himself does ho throw tlio ball V 

10 . A cricket bull thrown fiom a height of 0 feet, at an 
angle of 30° with the horizon, with a speed of 00 lent 
poi: second, is caught bv smother fieldsman, at a height of 
2 ‘eet irom the ground. IIow far apart wore the two men ** 

L ir. l\ join J 

11. A pirtio.lo is shot from the ground and gra/.o- tlio 
lops of two posts at heights 30 ft and (34 it. which stand 
Ml Jl. ho. izoiitally apail. If the time Irmn post tu post bo 
5 secs., find the initial velocity of the piu|cvtile. 

12. A gun is fired sit an elevation tan" 1 low si i d:i a 
person on the same horizontal piano as tin* gun. If ihe 
shot and the sound of the gun roach him at ih* same 
instant, find the range, the velocity oi sound i oing 
1120 it. /sec. 

13. The maximum range of a rifle bullet is 1200 x.jti*. 
11 the idle is hied with llio .ximu elevation ftoin i 1 ■ nek 
miming at 15 miles poi hom towards the target, p'o\o l Irat 
tlio range is meieiisod by 110 vaids. 

14. A pailiclo is projected so as io pass IlmnigSi I wo 
points whose hmizonfal distances from the poml'el' projec- 
tion avo 30 and 72 ft., and which tun at veiticnl heights U 
and 11 ft. above the horizontal plane through Ihe point ul 
projection. Find the velocity- and ducutiou of prelection. 

15. A bull is projected With a velocity of G4 ft. per we. 
fiom the top of a towoi 1 128 ft. high, at an elevation oi 30°. 
Find when, where and with what velocity it will stiiko the 
ground. 

16. A ball slides from rest down a smooth sloping, roof 
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of length 8 ft. and inclination G0° to the vertical and then 
falls to the ground. If tho top of tho roof be at a height 
12 ft. from tho ground* find tho distance of the point where 
tho ball roaches tho ground from the foot of the vertical 
wall passing tlnough the top of tho roof. 

17. A fountain jet projects streams in all directions 
with a velocity of 12 ft. per sec. from a point 4 ft. above 
tho cent vo of a circular basin. What must ho tho diameter 
of the basin to catch all tho water %) 


18. For a trajectory, show that the focus of the path 
lies above, on. ot below tho horizontal line through the 
point of piojection, u cool ding as tho angle of projection is 

71 

greater than, equal to, or less than . ■ 


19. A shot lived sit a mark in the horizontal plane 
through tho point of projection goes a ft. beyond it when 
the angle ol elevation is a. When the angle of ole vat ion 
is P , it lalls b It. short ol tho mark. Show that the ptoper 
elevation to hit the mark is 


1 

<> 


sin 




sm 2 /?+ h sin 2a\ 

a + b I 


20. A particle is projected with a velocity v at an angle 
of elevation a Ir mi a point on a horizontal piano. II 11 bo 
tho range, T the time of flight, and 11 tho maximum height 
attained by the pat tide, prove that 

g*T* -4TV + 4jB a - 0, 

and« lGi/ZZ 2 — II + ghi Q «■ 0. [ 0. U. 1945 1 

A body is projected so that on its upward path it 
passes through a point sr ft. horizontally and y ft. vertically 
from the point of projection. If 11 ft. is the range on the 
horizontal piano through tho point of projection, show that 
the angle of elevation of the projection is 

tan _1 ( 11 ■ )• rO. U. 1944} 

22. * Two heavy particles are projected at elevations a, p 
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in 1 ho same vertical piano at the same instant with cmia! 
velocities from two fixed pouits, and moot. Show that 
a + j8 = const. 

23. A vortical rod P(J subtends an angle 0 at a point 0 
in tho # samo horizontal plane as the foot of tin rod. Two 
balls are projected at the same instant from O, in directions 
making angles a and j3 with the horizontal, so that the 
forinoi; strikes the top of t ho rod at the same moment that 
the bitter strikes the bottom. Prove that 

tail a - tan 0 = tan 0. 

24. For a given horizontal range, if a 1t a 2 are any two 
possible angles ol projection and t t ,t 2 the corresponding 
times of flight, then 

~ 2 __ sin ftf! — a.») 

l\*+t 2 * sin (a t + a u J 

25. A body is pi ejected sit an angle a to the horizontal, 
so sis just to clear two walls of equal height a, at a distance 
c 2a from each othci. Show that the range is equal lo 

2tt cot “ • [ C. U. 191-i ] 

Tho angular elevation of an enemy’s position on a 
hill s ft. above tho gun position is /?. Show that in order 
to shell it, tho projectile's velocity must not bo less Mian 

1 + cosec tf) [ C. U. 1946 ] 

27. A shot is firod with a velocity u at a vertical wall 
uhoso distance from the pejint of projection is jr. Prove 
that the greatest height above the level of the point of 
pi ejection at which tho bullet can hit tho wall is 

u A - f/*q£ 

" 2 gu* 

At wliat angle is tho shot fired in this case ? 

28. Particles are projected simultaneously with velocities 

of magnitude V from a givon point in different directions in 
the same vertical plane. Prove that after t seconds thoy 
all lie on a circle. , [ 0. (7. lSdtl ] 
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29. A particle is projected with an initial velocity n. If 
the greatest height attained by the pin tide be IF, prove that 
the range B on the horizontal plane through the poiut of 
projection is 

R - 4 ~ n )\ [ C ■ V ■ V )i0 3 

30. If several particles aro projected in the flame vertical 
piano from the same point with the same velocity, show 
that the foci of all the parabolic paths lie cm a chela. 

31. Particles aro pinjcclrd from a given poiut in the 

saino vertical plane at the s-ime elevation, fcliow that the 
locus of 0) the vertices 

and (n) the foci 

of the parabolas which they devnibe :s each a straight lino. 

32. A rocket on sinking the giound hursts, sea tiering its 
fragments with a speed uf 1:28 it. per see., in all <ln reMon-*. 
Show that fragments may fall at a point 3rtl ft. awav from 
tlio point of bin sting at an mtuiv.il of 4 sees. 

^33. If and i'j be tlio velocities of a projectile at the 
cuds of a focal choid of its path, ami v bo the constant 
horizontal velocit\ , show that 



[ Tangents at the ends of a focal choid of a pautbola %n to beet at right 
angles on the dtrectnts. J 

34. An aeroplane living with a constant velocity v, at a 
constant height h, passes direolly over a gun. "Wuen the 
elevation of tlio aeroplane above the horizontal plane i< 0 as 
seen irom the gun, the gun is fired point I dank at it. Show 
that the shot hits the acioplane if 2( V cos 0 — v)n tan a fl — git, 
where V is the initial velocity of the shot, its path being 
parabolic. L U U. 1932 ] 

33. A shot is fired at an elevation of a at a bomber 
flying in a horizontal straight line with acceloiation /. At 
the mstant of firing, the bomber is directly overhead at a 
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height h and lias a velocity w- Provo that no wWilv of 
projection will mako t.lic shot hit tho bomber, unless 

. ^ Jf*h* + fykv m -fh 

tao a -> - .. • 

v 

3G. # If two particles >iro simultaneously piojoctod from 
the same point in the same vortical plane, tlio line joining 
them moves parallel to Ltsolf. 

3 J. A hov can thiow a ball vertically nj)\vavds to a 
boit'hfc 71 ft Show that ho cannot clear a wall h ft. high at. 
a distance d ft. fiom him, unless 

271 > h+ Jh* + d*. 

38. A % B are two points distance A apart, and at heights 
7i lf hi above a given horizontal piano. Prove that the 
minimum velocity with which a p.i.liclo must he projected 
IVoin the piano so as to pass through J. and B is 

\A/(//i + /ia+r/). 

30. A bird is sitting on the top of a building 72 foot 
high At wh.it angle of elevation should a poison standing 
3 HO feet from the foot of tho building fun a shot with a 
velocity of J 20 ft /sec. so as to hit tho bild as soon as 
possible ? 

40. A ball is projected, and a second ball n»lso from tho 
same point and in tho same direction, with a velocity equal 
to tlio voi tic.il component nf tlm velocity of tho lirst ball. 
Prove that tho path oJ the second passes through tho focus 
ot tlio path nf tho first. 

■ 

41. If t bo the timo in which a projectile reaches a point 
P of its path, and t ho tho tune bom P till it strikes tho 
horizontal pi .mo through the point of projection, show that 
tho height of P above the plahe is kgtl\ 

42. Tf h and li ho the greatest heights in tho two 
paths of a projectile for a given range B , prove that 

li-ijhh'. 

43. Show that tho product of the twro times of flight 
from P to Q with a given velocity of projection is 2PQlg, 
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44. A gun is mounted on a cliff of height h above the 
sea-lovel. If u bo tlio muzzle- velocity of tho shot, prove 
that tho maximum range d at sea-level measured from the 
foot of the cliff is 


'-'Hi*’)' 


r C. U. 1533 ] 


and tho angle o( projection a is given by 
. M* 

tana = 3M 

45. A particle P is prrjected at an angle a to the 
horizon with volocity V, and is subsequently mot by a 
second particle Q t which is let fall from tho directrix of tho 
path of P at tho instant of projection of P. Show that the 
distance of tho point of projection of P from tho straight 
lino described by Q is 

72 2 °*- [G.U.1934] 

46. Two shots aro projected from a gun at the top of a 
hill with tho samo volocity u at the angles of projection 
a and 0 respectively. If the shots strike tho horizontal 
ground through tho foot of the hill at tho sumo point, 
show that tho lioight h of tho hill above the plane is 
givon by 

ft=s 2ii=(L-f.iina tanfl), [au%im] 
fl(tan a + tan 0) 


47, Two particles aro projected with velocities u, u at 
elevations a, a from the same point, at the same time, in 
tho same vertical plane. Prove that tho difference botwcon 
tho tiiuos to the other point common to their paths is 
2 nn sin (a - a') 
q{u cos a + u cos a') 


48. If t lie tho time of describing any portion PQ of 
the parabolic path of a projectile, show that 

t 60 (tan a - tan 0) 

where a and 0 aro the anglos which tho tangents at P and 
Q make with the horizon. 
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49. A ball is projected :it an angle a to the hoi 

np a piano which passes through tho point of projection and 
is of elevation 0. Show that it strikes tho plane 

(i) horizontally, if tan a -2 tan 0 
, (ii) normally, if tan a “2 tan 0 + cnt 0. 

50. A ball is projected with a velocity of 28 ft. per sec. 
up an inclined piano which passes through tho point of 
projection and which is of elevation 30°. The hall strikes 
the plane at right angles. Find the lango on the piano. 


51. If 7?i, 7? a he tho respective maximum ranges of a 
particle when projected up and down a piano of elevation a, 
then 

72 1 — 1 — sin ot B 
/2-j 1 + sin a 

52. Tho radii of tho front and hind wheels of a carnage 
are a and b , and c is tho distance between their axle-trees ; 
a particle of dust driven from the highest point of the hind 
wheel is observed to alight on the highest point of tho front 
wheol. Show that tho velocity of the carriage is 



Answers 

1. 210 ft. kj loeecs. 2. 3] secs. ; tan -1 i with tlio horizon. 


5. 256 ft. ; 1G0 ft./seo. at an angle tan' 1 with tho horizon. 
f». 153*6 ft. 7. 3 ft. 5% inches. 

8. Father 45°, or tan _1 4 with tho horizon. 

9. 16 ft./seo. 10. GOjs/ 3 ft. 11. 100 ft. /sec. 

12, 3920 ft. 14. 78 ft./sec. at an angle tan" 1 t Ywith the horizon. 
15. 4 secs ; 128*73 ft. from the foot of the tower ; 64 *73 ft./sec. at 

an an>?lc 60° with tho horizon. a 


16. 8173 ft. 
50. 14 ft. 


17. 15 ft. 


27. tan" l7# • 
Q* 


39. 45°. 



CHAPTER YII 


LAWS OF MOTION 


7*1. So far we have boon dealing with kinomatics 
only, that is, wo havo been considering only different kinds 
of motion, and tho effects thoroof on the position etc. of 
particles without entering into tho causes which produce 
those ‘ motions. In tins chapter wo shall discuss the 
relations between tho forces which produco motions and 
tho types of motion produced thereby, which is Dynamics 
proper. These relations are based wholly on tho throe well- 
known laws of Newton. They run as follows : — 


First Law — Everybody continues in its state of rest or of 
uniform motion in a straight line except m so far as it he 
compelled by any external impressed force to change 
that state. 


-^Second Law — The rate, of change of momentum is 
proportional to the impressed force t and takes place m the 
direction m which llie force acts . 


v/Third Law — To every action , 
opposite reaction . 


there is an equal and 


Theso laws aro more or loss axiomatic, and liavo been 
formulated on the basis of common sense and experience. 
They have boon verified indirectly for bodies of ordinary 
size (within thft limits of exporjmontal error) by experiment- 
ing on tho results deduced from theso laws. Moreover, the 
exactness with which the positions and motions of bodies 
on earth, as also of celestial bodies like the sun, moon and 
planets have been predicted from calculations based on 
those laws lend the strongest support towaids the assump- 
tion of the laws as fairly true. 
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7*2. Explanation and Illustrations of the First 
Law. 

This law is practically embodied in tho very definition 
of Force. A force has boon dofinod to be that which 
changes (or tends to change) tho state of rest, or of uniform 
motion of a body. Tins means that if a body bo at rest, 
anything which changes its state of rest is a force. Thus 
in absence of a force, a body at rest will continuo to 1)6 at 
rest* ttimilailv, if a body be in motion, anything which 
changes its motion is a foico, and so in ahsenco of a forco, a 
body in motion will have its motion unaltered, or in # other 
woids, it will continue to move uniformly. These two 
statements together form tho first law. 

Tho tendency of a body to continuo in its state of rest 
or of uniform motion as the case may bo, in absence of any 
oxtornal forco, is defined to ho tho property of inertia . 
Hence Newton’s first law of mobiou is 'also referied to as 

the Law of Inertia. 

Tho first part of the law, namely that a body at rest 
does not move of its own accord unless compelled by an 
applied force to do so, is a matter of common experience, 
and requires no particular illustration. Tho second part of 
the law, however, that a body in motion will continue to 
movo uniformly forever in absence of anv applied force, is a 
matter, which strictly speaking, cannot bo experienced in 
practice from direct observations, for in the practical world 
wo can never make a moving body absolutely and continu- 
ously freo from the influence of oxtornal forces. Tho 
tendency however of moving bodies to continue their 
motions when unhampered by external forces may bo 
concoived from tho following illustrations : 

When a man alights frgm a rapidly moving car, his 
feot, coming in contact with the rough ground, aro brought 
to rost bv the friction of t'ho ground , but tho upper part 
of the body which was sharing tho motion of the car 
having a tendency to continue the motion, tho man generally 
falls down. 

If a galloping horse suddenly stops, tho, rider on its back 
is in danger of being thrown over tho horde’s head, 
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When a passenger is sitting sidoways on a tram car, as 
the car starts from rest, the part of his body in contact 
with the seat moves forward with the car, while the upper 
part of his body, having a tendency to continue in its posi- 
tion of rest, is generally thrown backwards. Similarly 
when the car stops from motion, the upper part of hiB body 
loans forward. 

A circus rider on a running horse suddenly jumps up, 
and passing through a ring of fire, suitably placod above, 
again alights ]ust on the back of the horse. Here, the 
forward motion which he wiu sharing with the horse tends 
to continue practically unchanged (the resistance being 
negligible, there is practically no horizontal force to affoct 
the horizontal motion) all the time he is rising and falling 
duo to gravity. So the distance moved forward by him 
during the intorval is exactly equal to that moved over by 
the horse. 

When a heavy piece of stono is hanging by a fine thread, 
the position in which the system rests is that in which the 
string is vortical, and in this position the forces acting on the 
body (namely Lho tension of the string, and the attraction 
of the earth) balance one another, so that there is no 
resultant force left on the body. In absence of any external 
force, the body continues to bo at rest in this position. If 
now the stone bo pulled to ono side and lot go, the forces on 
the body not balancing ono another, a motion will be 
produced. As the system comes to the former vertical 
position, there will be no resultant force on the body ; but 
in absence t of a force, the body, which has already acquired 
some motion, does not stop, but tends to continue its 
motion, and moves over to the othor side. Thus in the 
same position, whore no resultant force acts on the body, 
in one case when the body ife at rest, it continuos its state 
of rest, while in the other case, when the body is in motion, 
it continues its state of motion. 

If a ball on a plane ground be givon a motion, it is 
observed that after a short time the motion of the hall 
ceases, and it comes to rest on account of tho friction of the 
grourid. If however the ground be made smooth, for instance 



LA WS OF MOTION 


107 


a long smooth track on ice accumulating on the ground iu 
cold countries during winter bo prepared by rubbing uu it 
with a pieco of ice, and a smooth body be allowed to slido 
over it, the motion continues for a pretty long time. Though 
ultimately, on account of air resistance and other forces tho 
body comes to rest, it gives us a good idea as to tho fact 
that if it were possible to make tho body free from tho 
influence of all resisting forces, the motion onco generated, 

would continue for over. 

• 

The first law gives us a qualitative test of ^ the 
existence of a force, for whenever wo see a body remaining 
at rust, wo say that tlioio is no resultant force acting on it. 
Similarly, when we Jind a body moving with a uniform 
velocity , we conclude that there is no resultant foice acting 
on it. On tho other hand when the motion of a body is 
changing, either in magnitude, or in direction, there must 
bo some force acting on it. 

7'3. Second Law of Motion ; Momentum. y 

Momentum " — The momentum of a mooing particle at 
any instant is the product of its mass and its velocity at that 
instant . 

As velocity has got a definite direction at any instant, 
tho momentum oi a moving particle has also got a magnitude 
and a direction, and is thus a vector quantity. 

The second law of Newton aims at a quantitative 
measurement of a force (§ 7‘4). Now tho oilect of a forco 
on a body is generally to generate motion, or tonroduoe a 
change of motion. Hence to make an idea as to tno magni- 
tude of a foico wo are to notice tho motion generated ( i.e . 
the chango of motion produced) by it in a body in a given 
time, say one second. If in* the same bodv, m tho same 
time, another forco generates >a greater motion, that force is 
greater than tho formor. If the motion generated in the 

*Tkls is sometimes referred to as linear momentum to distinguish 
it from angular momentum (moment of momentum) defined in books 
ou Advanced Dynamics. * 
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latter case is double of that in the former case, it is common 
sense that tho latter force is double the former. Again, if 
wo consider two different bodies, one heavier thin the 
other, then it is common experience that the same force 
applied to those bodies for the same time will not generate 
the same motion in the two : the motion generated in the 
hoavior body will be noticed to bo less. Also to generate 
equal motions in tbc two bodies in the same time, tho force 
required in tho case of the heavier body is greater. Thus 
to mako an estimate of the measuio of a foice wo aro to 
note, not only the velocity generated by its action on a body 
in a definite time (preferably unit tirne)« but also to consider 
tho mass of tho body , tho measure of tlio force depends 
on tho product of tho mass and tho velocity generated in 
a givon time, i.a. on the momentum genoratod. Hence is 
tho necessity of defining such a mathematical quantity as 
momentum. The. effect of a force is to goneiale momentum. 
In case of a body of constant mass, the effect of a force is 
to change its velocity, i.e. to geuerato acceleration in it. 

Note. It may bo noted that tor a body whose mass continually 
increases (for example, a falling rain drop on which aqueous vapour 
is continually accumulating and making it bigger in size), even to 
keep its volocity unchanged, a force will bo required, for the momen- 
tum increases in this case. In absence of a force, its velocity will 
gradually diminish, but its momentum will remain unchanged. 

c/74. To deduce the formula P**mf. 

Let a force of which tho measure is P be acting 
continuously on a particle of mass m, and lot v bo tho 
velocity and f tho acceleration of tho pm tide at any instant 
during tho action of tho force. 

Then by Newton’s socoud law of motion, 

V *■ rate of change of momentum of the particle 
%.e. « rate of ch.mgo of mv 

i.e. 06 m* rate of clutnge of v 

[ provided tho mass of the body is unchanged 
thr oughout the motion, j. 


i'.e. “ mf. . 
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Henco P^K.mf where K is a constant. Wo hawi 
not as yet defined any unit for measuring a force. iV 1 « 
unit of force he chosen to bet that amount of forco winch 
acting continuously on a unit mass! produces in it nHimb 
acceleration. 

Then, in the result P^Kmf, when 1, and/* 1, by 
our choice, P — 1. 

lienee 7C = 1. Thus, when expressed in such units, 

P ““ VI fm 

t 

Note. Barli a ui.it of Iojuo is defined to bo an absolute (or dynami- 
cal) unit of force. 

7 a 5. F. P. S. and G. G. S. absolute units of Force. 

Poundal — A poundal is that amount of forco which 
acting continuously on a mass of one pound, produces in it 
an acceleration oj one fool per secutil per second. 

It ts used as a unit for measuring forces in F. P . S. 
system . 

Dyne — A dyne ts ihal amount of force which acting 
continuously on a mass of one gram , produces m it an 
acceleration of one centimetre per second per second . 

It lh used as a unit for measuring forces in C. O. S. 
system . 

It may bo noted that the formula P=*mf will bo satisfied 
(i) when P is expressed in poundals, m in pounds and / in 
ft./boc 8 , or, (n) when P is expressed io dynes, m in grammas, 
and /in ems/seo 2 . A poundal and a dyne are absolute 
uuifcs of forco. 

4 

Relation between a poundal and a dyne : — , r 

Bmco 1 loot -30 1 ems, nearly 
and 1 lb = 153’6 grams, 

1 poundal = 30*4: x 453 6 dynes 

*=13800 dynes roughly (in round figure). 
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7’6. We ight — The weight of a body is the force with 
which the earth attracts the body. 

Now it is known that duo to tho attraction of tho earth 
at any point on it, overy body moves towards the earth with 
a uniform acceleration g. Hence if m be the mass of a 
body, then W being its weight, that is the force exerted on 
it due to earth’s gravitation, tho acceleration produced in 
tho body duo to this forco being g , wo have (from tho 
formula P=*mf), W = mg in absolute units (poundals or 
dynet^as the case may bo). 

Thus oxpressing g in ft.-sec. units, and cm.-sec. units 
respectively, 

weight of a mass of 1 lb . — 32 poundals roughly , 
and weight of a mass of 1 gm. = 981 dynes roughly . 

Gravitational units of force— The weight of 1 lb. as also the weight 
of 1 gm. aro sometimes used as units for measurement of forces. These 
arc loferred to as gravitational units oE forces, as they depend on the 
value of Vf 1 , the acceleration due to earth’s gravitation. As the value 
of g depends on the position on tho earth, and changes (though very 
slightly) from place to place on the surface of the earth, the gravita- 
tional units also vary slightly from place to place. Roughly, hy dividing 
a force mponndals by 3*2 it is exptessed in lbs. weight, and similarly by 
dividing a foice tn dynes by 981 it is expressed m grammes weight. 

Wo notice therefore that, whereas tho absolute units of force, 
poundals or dynes, have nothiug to do with tho position on tho 
surface of tha earth and are therefore invariable, the gravitational 
units of force, depend on the value of g, and so, on tho place on earth 
where it is used. 

I 

7’7. Distinction between jnass and weight. 

The mass of a body is tho quantity of matter in a body. 
The woight of the body on« the other hand is the force with 
which the earth attracts the body. Whereas the former 
is an intrinsic property of the body itself, and has 
nothing to do with any other body* tho latter depends. 
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not on the body alone, but also on the earth, or on the 
position of the body with respect to the earth. At diJl\*»vnt 
positions on the surface of the earth the force of attraction 
of the earth on the same body is different and so the weight 
of the body alters from place to plac(x If it were possible 
to takje the body to the centre of the earth, x the resultant 
attraction of the earth on it, from symmetry, would bo nil, 
and so the body would have no weight. But the mass of 
the body all along remains unchanged, so long as no 
material part of it is removed. 

In common language we loosely use the term weight to 
mean its mass, and speak of the weight of a body to bo 
10 lbs. or 15 gins, which is an incorrect statement. Tim 
confusion arises duo to the fact that at a given place on the 
surface of the earth, the weights of bodies being proportional 
to their masses, two bodies having their masses equal 
will have their weights also equal i.e . tliov will lie equally 
attracted by the earth, and this is made use of for 
determination of the mass of a body by weighing. Wo place 
the body in question cm one pan of a balance ami standard 
bodies with known masses (engraved on them) on the other, 
until the beam ot the balance is horizontal, when wu know 
that the forces ol attraction of the eaitli on the two sides 
are equal, and hence the masses on oitlior side are also 
equal. The mass of the body in question theroforo becomes 
known. 

The mass of the body being the same as that of standard 
bodies of known total mass 10 ibs. say, we should correctly 
speak of the weight of the body to bo equal to the weight 
of a body of mass 10 lbs., ot briefly, the weight of the body 
ts equal to 10 lbs. weight. 

7'8. Spring Balanee. 

The change in the weigh’t of a body referred to above 
from ])laco to place on the sutface of the earth cannot be 
detected bv weighing with an ordinary balanco. For, 
suppose that the weight of a body is determined atone 
place by weighing. The mass of the body then is equal to 
that of the standard weights used on the other pan, when 
the weights on the two sides balance. If now we proceed 
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to some other place on earth where the valuo of g is 
diffeient, the weight of the body in question U.e. the force 
of attraction of eaith on it) is altersd. But simultaneously 
the weight of the staudard weights used will also alter, and 
the masses on the two sides being the same, 
the weights on the two sides will balance 
here alRo, and thus the observed weight as 
determined from the writings on the standard 
weights used will bo the same as hofore. For 
detecting the change in the weight of a body 
from place to place on earth, a spring balance 
may lie used. 

A spi'inq balance essentially consists of a 
spiral spring, to the lowor end of which a pan 
or hook is attached. It is suspended from 
the top of a graduated vertical stand. When 
any weight is placed on the pan, or attached 
to the honk, the spring is lengthened. A 
pointer is attached near the lowor pait of the 
spring which shares the upward or downward 
motion of the spring, and the graduation of 
thn vertical stand against which the pointer 
points when a particular body is placed on 
the pan determines the weight of that body. 
It is evident that the same body placed on 
the pan of Dio spring balance at different 

places on eaitli, being differently attracted by earth, tho 
elongations of the spring will bo dilToi out, and so different 
weights will bo indicated by tho pointer. 

7’9. Principle of Physical Independence of Forces. 

The second part of Newton’s second law of motion states 
that the effect on a body (change of momentum, or 
acceleration in a body of constant mass), due to a force, is 
produced along the lino of action of tho force. Tho implica- 
tion is that the effect of a force on a body will be produced 
in its own direction under all circumstances, whether the 
body is at rest or has an initial volocity in some other 
direction, or is acted on by other forces. 
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If a body bas an initial velocity in any direction, and 
is simultaneously acted on by several forces in dift>>-ent 
directions, the law implies that each force produces an 
acceleration in its own direction quite independently of the 
presence of the others , and the actual acceleration of the 
body \yill be the resultant of the simultaneous accelerations 
severally produced by the forces. The actual motion of the 
body will be obtained by considering the initial velocity of 
the body together with the resultant acceleration obtained 
as above, simultaneously being possessed by the body. 

This principle, which is embodied in the second part of 
Newton’s second law of motion is known as the principle 
of physical Independence of Forces . 

As an illustration, it may be noticed that if a stone be 
dropped by a passenger inside a compartment of a railway 
train from any height, it will strike the same point of the 
floor, whether the train bo at rest, or he rapidly moving, and 
the time of fall will be the same in both oases. This shows 
that the vertical motion, which is duo to the force of gravity, 
is unaffected by the initial horizontal motion which the 
stone possessos in the second case in common with the 
train, whereas tho horizontal displacement of the stone 
during its fall is tho same as that of tho train, so that the 
initial horizontal motion of the stone is unaffected by 
the vertical force of gravity, which only produces effect in 
its own direction. 

7 a 10. Parallelogram of Forces. 

t 

y* 

If a particle he acted on by two forces represented in 
magnitude and direction by two given straight lines drawn 
from a point , their resultant is* a single force represented in 
magnitude and direction by the diagonal through that point 
of the parallelogram drawn with the given straight lines as 
adjacent sides . 

Let a particle of mass m be acted on by two forces 
represented in magnitude and direction by the lines OA and 
8 
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OB . From Newton’s seoond law of motion, the effect of 
these two forces simultaneously acting on the particle will 



be to produco two simultaneous accelerations in their 
respective directions, say OA' and OB\ whore 
OA - m.OA ' and OB - m OB\ 

Now by parallelogram of accelerations, these two simul- 
taneous accelerations OA' and OB' are equivalent to a 
single acceleration 0C\ where OC' is the diagonal of the 
parallelogram OA'G'B’, Again this single acceleration 00 ' 
of the particle m might he produced by a force OC in this 
direction given by 

OC-roOC\ 

Thus the joint effect of the two forces OA and OB 
acting on the particle is the same as that of tho single force 
00, Houco 00 represents tho resultant force. 

Now join AC and CB . Since 88 w * 40 is parallel 

to 4'C' and accordingly parallel to OB' or OB, Similarly 
BG is parallel to Oxl. lienee OACB is a parallelogram, 
and 00, which represents the resultant force, is its 
diagonal. Thus the parallelogram of iorces is established. 

7.11. Remarks on. the Third Law of Motion; 
Illustrations. 

.Nowton’s Third Law of Motion gives* us an insight as 
to how forces tact in nature. It asserts that forces never 
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-exist singly, but always appear in pairs. A force may bo 
exerted either by direct contact, as whon one body presses 
against another or pulls it ; or it may he exerted as an 
attraction 01 repulsion between two bodies from a distance!, 
as in the case of earth’s gravitation ; or it may bo of the 
nature of a passive resistance like friction etc. But what- 
ever be the naturo of the force, it always requires two 
bodies or two parts of a body for the exertion of forces, 
and corresponding to a force exerted by one part on the 
other, tliero is always an equal force exerted by the socqnd 
on the first. One of these being referred to as the action , 
the other is called the reaction . The two together are 
termed stress between the two bodies. Every individual 
force acting anywhere boing either an action or a reaction 
is merely one of the two aspects of the complete action 
between two bodies (or two parts of a body), and it must 
have its equal and opposite counterpart somowhere else. 

Beginners may question “If corresponding to any force, 
acting on a body thoro is always an equal and opposite 
reaction, why should si body move at all ?” They must 
bear in mind that the action and reaction do not act on 
the same body (or on the same part of the body)- In 
attacking a mechanical problem it is essential to begin by 
fixing upon the particular portion whose motion we are 
gomg to consider, and then see which of the pair of equal 
•find opposite reactions act on this portion. Some illustra- 
tions will make this point clear. 

1. When a body rests on p. table, it exerts a pressure on 
the table on account of its weight. It itself libwever 
experiences an upward force of support (or reaction) from the 
table which balances its weight and thus keeps it- in position. 
If the reaction wore not exactly ejiual to the weight, the 
body would move. If the table be removed, tho supporting 
lorco (or reaction) being removed*, the body falls on account 
of its weight ; hut simultaneously the pressure on the table 
is removed. Hero tho action (m the- form of pressure) is 
exerted on the table, and the reaction (in tho form of the 
upward force of support) acts on the body. 

• 

2 . When a magnet attracts a piece of iflon, the iron 
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also attracts the magnet with an equal force. This may be 
verified by placing a small magnet and a piece of iron on a 
smooth table sufficiently near to one another, when it will' 
be noticed that if the iron bo held fixed and the magnet be 
free, it will move towards the iron, just as when the magnet 
is held and the iron kept free, the latter moves towardsllthe 
former. 

3. Next lot us consider the typical case of a horse 
dragging a carriage. As the horse pulls tho carriage for- 
wards, the carriage pulls the horse backwards with an equal 
force. How is it that they ever get into motion ? 



The horse in attempting to draw tho cart strikes the 
ground obliquely with its hoofs, thereby exerting a force on 
the ground. Tho ground consequently offers an equal and 
opposite countorforce. Let P' bo the horizontal component 
of force received by tho horse from the ground. 

Lot P be the pull exerted by tho horse on the carriage- 
through tho connecting string. The horse gets an oqual 
backward pull from tho carriage. Let F be the total resisting 
force on the carriage due to friction of the ground, etc. 

Now considering the carriage alone, it moves provided 
P > P. If m be the mads of the carriage, its acceleration 
f will be given by 

P-F^mf — (i) 

Oonsidoring the horse separately, it will be able to move 
provided P' > P, and if m 7 be the mass of the horse, the' 
acceleration of the horso being the same as /, 

- P'-P-m'/ ••• 60 



LAWS OF MOTION 


117 


Considering the horse and carriage together as one 
system, P, P now form equal and opposite internal forces 
in the system, which cancel one another, and the resultant 
lorce on the system is 


P'- P“(m + m')/ " ... (iii) 

which can as well be obtained from (i) and (ii). Thus the 
system moves, provided only the horso can strike the 
ground with such a force that the forward horizontal 
Component of the reaction received from the ground, namely 
F' > P, the resistance to motion of the carriage. In tjris 

case P will adjust itself to bo equal to ^ as required 

m-rm 


-by (i) and (ii), and f will be given by (iii). 



1J/ Pressure 
ntal plane. 


of a body resting on a moving 


Let a body of mass m be placed on a horizontal plane. 

Case I. ’ When the horizontal plane is rising vertically 
upwards with an acceleration /, ^ 

The mass m on the plane rises along with the piano 
with the same acceleration /, and 
the force which causes it to rise 
is supplied due to its contact with w 
the piano in the form of the 
upward reaction of the plane. 

Assume this force of reaction to be B. 


The downward force of gravity on the body is its'weight 
mg. Hence the resultant upward force on it is Ii - mg, and 
this produces the acceleration / in the body. Hence, by 
Newton’s second law of motion, • 

R — mg^rhf 
or B"w(^+/). 

. ■ * 
Now by Newton's third law of motion, the pressure 
e&erted by the body on the plane is equal and opposite to 
the reaction of the plane on it. Hence for the plane rising 
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with acceleration /, the pressure exerted by a body of mass- 
m placed on it is 

R-mfg + f)*^ 

Case IL When the horizontal plane is descending 
vertically downwards with an acceleration /. * 

Tbo mass on the piano also descends with tho same 
acceleration/, and honce the resultant force on it is down- 
wards now, so that the upward reaction on it due to ltd 
contact with the plane is less than its weight mg. 

The equation for downward motion of tho body separate- 
ly in this caso is 

mg - R = mf 

and so li=m{g —f) m 

The pressure exerted by the body on the plane, being 
equal and opposite to the above reaction on the body duo to- 
tho plane, is 

in this case. 

-The above also oxplains how a man on a risiug lift fools 
himself heavier, and ono on a descending lift feels himself 
lighter than his actual weight. 

Cor. If the plane be at rest , or is movinq upwards or 
downwards with a uniform velocity , / being zero, the 
pressure on the plane exerted by the body is R»*ing, just 
equal to the weight of the body. 

It may be noted that even though the plane may rise, 
if its upward velocity by gradually diminishing, the upward 
acceleration is negative, and the pressure on the plane will 
be less than the weight mg. Similarly though tho plane 
may descend, if its downward velocity gradually diminish, 
its acceleration will be positive upwards, and the pressure 
on the plane in this case will be greater than the weight 
mg of the body supported on it. 
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Illustrative Examples on Laws of Motion. 

A train, whose mass is SO 6 tons, moves at* the rate of 


<£? Ex. 1: 

60 miles per hour ; after steam is shut off it % s brought to rest by the 
brakes in 50 yds. Find tho force exerted, assuming it' to be uniform; 

[ C. U. 1934 J 

9 

60 miles per hour = 88 ft. per seo. is the velocity when steam is 
shut oil and brakes applied. 


Velocity becomes zero, after a distanco 50 yds. = 150 ft. is 
described. ^ 

Hence / denoting the acceleration in ft. /sec* produced by the 
brakes opposing motion, 


0 = 88* -2.150/, 

* &R* «.r , 

01 /= 30U ft/sP0 - 


The mass of the train being 300 tons = 300 x 2240 lbs., tho force 
of retardation exerted on the tram due to the application of tho brakes 
is thus « 

R8* 

300 x 2210 x poundals 

= 300 x 2240 X 88 * 88 X 3 X 2 lb. wt. 

= 2240 x 83 x 88 x * x - tons wt. 

= 242 tons wt. 


N. B. Note that in applying the formula F — mf bore, m and / 
are expressed in lbs. and ft.-seo. units, and the result is obtained 
thereby in poundals, which, on dividing by 32, is redneed to lbs. wt. 
^/Bx. 2.1/il particle of mass 20 lbs. falls from a height of 25 feet and 
penetrates into the ground. If the resistance to penetration is constant 
and equal to a force of 1020 lbs. weight, find the distance through which 
it penetrates . 


Just before penetration into the ground, the velocity of the particle 
“ is that due to a free fall from a height 25 feet, and is given by 
v* a 2.0.25, or v - ^2X32X25 
= 40 ft. /sec. 
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Here the upward force of resistance to penetration Is 1020 lbs. wt., 
and the weight of the body which is a force acting downwards, is 
20 lbs. wt. Thus the resultant upward foroe on the body — 1000 lbs. wt. 
*■32000 pound ala. 

Therefore the acceleration opposite to the direction of motion is 
^j^ft.-sec. units *1600 ft/seo*. 

Hence, x ft. being the depth penetrated, when the velocity of the 
particle is zero, 

0 =* 40* — 2 X 1600 x sc, 


40x40 _ ma 

*“2X1600 


// ' or inches. 

travn travelling on a level road at the rate of IS miles per 
hour cornea to the foot of an incline of 1 in 160 and steam is then turned 
off. How far will the train go up the incline before it comes to rest , if 
the resistance due to friction etc . be' 14 lbs. wt. per ton ? 

‘ An incline oflin 100’ means that the plane is inclined at an 
angle a to the horizon where sin r j tfl 

Let m lbs. be the mass of the train. 

Since the train is moving up the incline, the component of its 
weight down the plane, i.e. mg sin a, is a retarding foroe. And the 

foroe of resistance due to friction etc. *-14 ff ponndals^ 

Henoe, the total retarding force along the plane 

” m ( 32 -iio +i Sr} poundalB - 


retardation 


1 14x32 

’ 82X 160 + 2240 " 


I + s ■ I 11 - 


L'-il 


15 miles per hour - 22 ft. per sec. 

•*. if x be the distance traversed by the train up the plane 
before coming to rest, 

then, 0-22* -2.1.8. 
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Examples on Chapter VII 

1. ASipnstant force acts upon a mass of 8 lbs. during 
4 secs, from rest and then ceases { in the next 4 secs, it is 
found that the mass describes 64 feet, Find the magnitude 

of the force. 

■ 

2. A body acted upon by a uniform force moves 
through 1 metro in 10 secs, from rest. Find the ratio of 
the force to the weight of the body. 

3? A mass wt lbs. is acted on by a constant force of 
P poundals, under which, in t secs , it moves a distance x ft. 
from rest, and acquires a velocity of v ft. per sec. Show 
that 


1 mv*. 

/, x ~ 2 p 

A force equal to the wt. of 1000 grammes acts on a 
mass of 200 grammes for half a minute. Find the velocity 
acquired by the mass. [ 0. U. 193 2 ] 

A heavy body weighing 128 lbs. is being raised from 
the bottom of a pit 100 ft. deep with a uniform force of 
160 lbs. wt. Find the time taken by the body to reach the 
top of the pit. 


6. Each of two bodies at rest on a smooth horizontal 
table attracts the other with the same forco irrespective of 
the distance between the two bodies. Show that in any 
time they move over spaces which are inversely as their 
masses. If the masses of the two bodies be 9 and 16 lbs., 
the constant foroe be 2 lbs. wt., and the distance between 
the masses be 32 ft., find after what time they would .meet. 


A mass of 4 lbs falls 200^ ft. from rest and is then 
brpught to rest by penetrating 2 feet into some mud.. Find 
th£ average thrust of the mud en it.^ " “ [ (7. P. 1940 ] 


; .vtfRVA railway train whoso mass is 100 tons, moving at 
#hb rate of 60 miles per hour in a straight line is brought 
;to rest in 10 secs, by the application of a uniform force. 
Find how far the train moves during the time for which 
’ the force is applied, and calculate the magnitude of the 
force. C 0. U* 1940 ] 
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^>**9. A body of mass 6 lb*, has boon falling from rest 
under the action of gravity for 4 secs. ; find what vertical 
force applied to it will bring it to rest in 64 ft. 

10. A ball of mass 100 gins, falls freely through a 
distance of 10 metres from rest. It is then brought to 
rest by a uniform force acting vertically upwards on it m 
1 see. A second force similarly acting on it would stop it 
in 2 secs. Show that the tiret force is l* 5 * times the 
second. 



[ Assume flf«9R0 ems/sec *. ] 

A bullet weighing half- an -ounce leavos the muzzle 


of a rifle-barrol 2 ft. long, with a velocity of 2000 ft. per sec. 
Find the forco acting on the bullet in the barrel, assuming 
it to lie uniform ; and also the time taken by the bullet to 
traverse the barrel. I G. U . J938 ] 


A shot of mass 100 lbs. moving at the rate of 1600 ft. 
per see. strikes a fixed target.. How far \\ ill the shot 
penetrate the targot, assuming that it offers an average 
resistance of the weight of 12000 tons ? [ tf. U. 1933 ] 

'vis' Find the velocity of a 4 lbs- shot that will just 
ponetrato through a wall 10 inches thick, tho resistance 
beinjg 42 tpns wt. [ U. P. 1935 ] 

train running at 15 miles per hour comes to the 
foot of an incline of 1 in 280. The resistance due to 
friction etc. is 8 lbs. wt. per ton. How far will the train 
go up thejmcline before stopping ? 

' y uSl railway train exclusive of engine weighs 435 tons, 

' ^na starting along a level line from rest attains a spoed qf 
40 miles per hour in 7 minutes. Calculate the average 
pull between the engine and the train, taking the resistance 
Jiobe 15 lhs^wt. per ton^ ** ,M F 0, JTTPSfTl 

ftdWT A train runs from rest for 1 mile down an incline of 
% 1^100. If the resistance be equal to 8 lbs. per ton, how 
, far will the train be carried along the horizontal level at 
the foot of the incline ? [ U. P. 1941 ] 

VL A train is moving on a horizontal railroad. Assuming 
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the weight of the train (exclusive of the engine) to be 
160 tons and the resistance arising from friction etc. to 
be 8 lhs. per ton, find the pull between the engine and the 
train (i) when the velocity of the train is uniform, and 
(ii) when it is moving with an acceleration of 4 ft./soc 2 * 

18. A t-hief jumps off the terrace of a building with a 
heavy suitcase on his head, and falls vertically. What 
would be the xirossuie of the suitcase on his head while he 
is falling ? 

*19. A boy with a basket of 8 pounds of sweets hanging 
from his hand is descending in a lift. The lift starts down 
w : th an acceleration of 2 ft. per sec 8 , reaching a steady 
speed which it keeps up till it slows down at the rate of 
4 ft. por hoc 2 . Find in pbunds weight the pressure on 
the hand of the boy during the three stages of the lift's 
decent. ^ 

* man weighing 12 stone is descen ding in a lift with 

acceleration 8 ft./s^c 8 . Find the tFrust of liis feet on the 
lift.U JGal culato the sa me when ho is A scending with the 
saiiio acce Tnra.r.inn- fe/ hat would happen to this thrust it 
the chain of tho life 1 * broke (i) during descent, (ii) during 
a ycent ^ ~~ "* ^ TO. tT. 1943 F ] 

A . thin glass plate can just support a weight of 
27 lhs. A body is placed on it and the plate is raised with 
the body on it with a gradually increasing acceleration. It 
is fount! that the plate breaks when the acceleration is 
4 ft. /sec 2 . Find the mass of the body. 

f 22. A man is raising by means of a ropo, 28 lbs. of 
water in a bucket weighing 7 lbs., and he feels a uniform 
pressure of 42 lhs. wt. on his hand. If the depth of the 
well bo 80 feet, find the time he takes to raise the water tc 
the surface. Find also the .pressure on the bottom of the 
bucket. 

^$^23. A body weighs 2 lbs. at the equator as seen by a 
spring balance, and is observed to weigh J- of an oz. more at 
Calcutta, by using the same spring balance. A boy,ai. 
Calcutta can throw a ball 16 ft. vertically upwards. How 
high can he send the same ball at the equator ? , 

% 
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r 24,J3 f 3L load W is raised by a rope, from rest to rest, 
throligh a height h , the greatest tension which the rope 
•can safely bear is nJF, Show that the least time in which 


the ascent can be made is 



Answers 


1. 1 lb. wt. 2. 2 : 981. 

5./~6 secs. 6 . 2$ boob. 

8. 4$0 it. s 27 i tony?t. 

11. 81250 poundals ^002 sees. 
18. 1120 ft. /see. 

15. 10778ft lba. wt. 

17 T 1280 lbs. wt. ; 20} tons wt. 


4. 147160 oms./sea.~ 
7. 404 lba. wt. 

0. SOlfaB. wt. 

12. Ill inobes. 

14. 10581 feet 
16. 1* miles. 

18. 0. 


19. 7ft lba. wt. a 8 lbs. wt„ 9 lbs. wt. 

20. 9 stones wt. ; 15 rtones wt. ; the thrust becomes zero in either 
ease. 


21. 24 lbs. / 
28. 16-1 ft. 


22. 5 boos. ; 33 1 lbs. wt. 



CHAPTER VIII 

MOTION OF CONNNECTED SYSTEMS 


9rt. Two particles of masses m± and m a im± > 
are connected by a light in extensible string passing over a 
light smooth pulley, and are allowed to hang freely . To 
find the resulting motion, and the- tension of the string . 

Let / be the acceleration with which ni\ descends. As 
the stiing is mextensible, the displacement of m± downwards 
will always ho equal to that of m 2 
upwards, and lienee at every instant 
the velocity of m 2 upwards will be 
equal to that of mi downwards. 

Accordingly, the acceleration (rate of 
change of velocity) of m 2 upwards 
will also be the same as that of mi 
downwards, namoly /. 

As the string is light, the tension 
of the string on each side of the 
pulley will he the same throughout 
its length, and as the pulley is light 
and smooth, the tension does not 
change along the string as it passes 
from one side to the other over the pulley. Hence the 
tension of the string is constant throughout. Assume this 
tension to be T in absolute units. 

Confining our attention to the mass mi, the forces acting 
on it are its weight m\g 'downwards, and the tension T " 
upwards, and the acceleration being / downwards, 
miflf-T-mi/ ■■■ (i) 

Similarly, considering the upward motion of m a , 

T- m a 0“m 2 / — (ii) 


0 


A 

**2 


\ 


XT 
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Solving (i) and (ii), wo easily get , i 

t _ ELlTJ^* ^ 

nii + ma m 1 + m 2 e 

Notel. If m x < m 41 the downward acceleration / of nt 1 is 
negative, i.e . w, has a positive upward acceleration and m. 

W>+W| 

has the same acceleration downwards. 

S Note 2. ^As_ the string proves the pulley downwards on both sldeB, 
Atbe pressure on the pulley J%y =* 

Two particles of masses m\ and m% are connected 
by a light tnextensihle string passing over a light smooth 
pulley at the edge of a smooth horizontal table , m fl lying on 
the table and m x hanging vertically. To determine the 
resulting motion and the tension of the string . 

Lot / bo the acceleration with which m\ descends. As 
# the string is inextensible, 

?n 2 will move on the table 
r along the string with the 

— sai no acceleration. 


TO* 


/ 


i *' 

\mi 


As the string is light, 
and tho pulley light and 
smooth, tho tension of the 
string will be constant throughout its length. Let T bo 
this tension. 

Considering tho motion of m x downwards, 

mi*/ - T^nixf ... (i) 

Considering the horizontal motion of ?7i 2 on the table 
T**m*if ... (ii) 

From (i) and (ii), we get 

•- -® 1 g and TV 


niiiTig 


m 1 + m a & m^ma 

(Note. The pressure on the pulley here, being the resultant of two 
equal tensions 7, T of the _twq parts flk string pressing, it in 
perpendioul&r direction^ is 27 cob 45 
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Two particles of masses m x and m a are connected 


by a light tnextensible string passing over a light smooth 
pulley placed at the top of a smooth inclined plane of 
inclination a to the horizon , hanging freely and m2 resting 
on the inclined plane , the portion of the string on the inclined 
plane being parallel to the line of greatest slope . When the 
system is allowed to itself , to find the resulting motion . 


Lot fhe the acceleration with which m x descends. 


the string is inextensihle, m 2 will 
rise up the plane with the same 
acceleration. 

Let T be the tension of the 
string, which, since tho string is 
light and the pulley light and 
smooth, must be constant through- 
out tho string. 

Considering the motion of m x 
vertically downwards, 

m A g- T-m^f. ... (i) 



Again, considering tho motion of m 2 up the plane, and 
remembering that the component of its weight along the 
plane is m*g sin a downwards, 

T-m^g sina — ma/ --- (ii) 

From (i) and (ii) t solving, we get 

* Hi! - m a sin ajTm mitn a (1 + sin 
*" "~m7+m a T mT 


Note 1. If m x < m % sin a, /is negative, so that m x will riBe up- 


wards with positive aooeleration r — ~ l 9% and will deseend 

fn | tWj 

down the plane with the same aooeleration. 

Putting o« Jr and zoro respectively, we got the results of ArtB. 8*1 
; and 8 a 2 as particular cases of the above-general result. 

Note 2. The pressure on the pulley here is easily seen to be- 
2 T cos J(PO° — al, Blnce the two portions of the string pressing the 
puHey ohlfie two bides are inclined at an angle DO? - a. 
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8*4. Atwood’s Machine ; Verification of the Laws 
ot motion. 

Atwood's Machine (constructed on the principle of 
Art. 8*1) is generally used to verify 
Newton's Laws of motion, as also for 
a rough determination of the value 
of g at any place. 

It consists essentially of a 
graduated vertical stand, at the top 
a of which a very light smooth pulley 
is attached. Over this passes a fine 
silk thread, at the two extremities of 
which two equal cylindrical brass 
weights P, P are attached. There 
arc two platforms and a ring which 
can bo clamped by screws at any 
desired points of the stand, the ring 
being somewhere between the 
platforms. There is another piece 
of small weight Q, called a rider, 
with projected arms of a shape 
shown in the figure, which can be 
placed horizontally over a cylindrical 
woight P, and the ring is of such a diameter that it allows 
the cylindrical weight P to pass through it easily, but arrests 
the rider. Initially the rider is placed on one woight P 
which rests on the upper platform near about the top of the 
stand. The upper platform can be instantaneously dropped,* 
when the system, with a weight P + Q on one side and P on 
the other, begins to move. After some time the weight P 
having the rider on it just passes through the ring, 
when the rider is arrested, and the subsequent motion of 
the system is with equal weights P, P on either side. 
Finally the motion comes to an end when the weight P 
passing through the ring roaches the lower platform. 

^Sometimes the upper platform is avoided by using a spring oatoh 
holding the lower weight P. When, starting motion, this catoh is 
released. 
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The distances moved through by the system during (.he 
two stages of motion, first from start till tho rider is ari'Cblcu, 
ami tho second from this instant till the end, are noted on 
tho gLaduatcd stand, and the correspond mg time taken q.re 
recorded by stop watches. Lot the distances ho h x and h 2 
and tl\o times he t x and t 2 * Clearly h\ is tho distance 
from the top of tho cylindrical weight P initially resting on 
tho upper platform to the ring, whorc.is 7i a is tho distance 
from tho ting to tho top ot P when tho latter moots tho 
loww platform. 

Now assuming the (ruth of Newton’s Second Law of 
motion, the lonnula P^mJ has been deduced, and thence, 
as in Art tt’i, we gut the accului at ion during tho first stage 
ot motion given by 

(l>+Q)-P ( 

y "u j +y)+ z ,!/ “2P+y <7 w 

With this acceleration, is the distance travelled in 
time t Xl with starting velocity zero. 

ITonco, 7 h“ ^ 

With P and Q known, and h L and t\ noted, the value 

of q is found. 

Altering /i* at pleasure by altering the point of fixation 
of tho ring, and noting t x in oacli case, wo shall got practi- 
callv the samo value of g. 

Couvorsoly, assuming g to bo known, tho observed 
valuos of h x and fi will bo soon to satisfy (ii) in all cases, 
verifying the correctness off the calculated value of tho 
acceleration / as in (i), and thereby indirectly verifying tho 
truth of tho assumption of New ton’s Second Law of motion. 

Again, at tho end of tho first part of the motion, the 
velocity acquired by the system is given by 

* > " 2 2P + </‘ 7 “ - (lli) 

It will be observed that this value of v exactly equals 
h 

- t.e. hz^taV. By altering h a by shifting the lower 

(a I 


9 
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platform, and noting t 2 in each case, the samo result will 
be found in every case to hold. This shows that during 
the second stage of motion of the svstom, when the 
weights on the two sides aro equal, the velocity of tho 
system once acquired is uniform in absence of any resultant 
force on tho system, thus giving an indirect verification of 
tho first law. 

In calculating tho acceleration in Ait. 8'1> which gives 
( 1 ) in the present case, tho tension was considered constant 
throughout the string, and this involved tho assumption of 
the third law of motion. Tho experimental verification of 
the calculated value of / above thus adduces an evidence as 
to the truth of the third law as well. 


8 5. Illustrative Examples. 

l. A mass of 8 lbs. descending vertically , draws up a mass of 
2 lbs. by means of a light strung passmq over a pulley ; at the end of 
5 seconds the string breaks ; find how much higher the 2 lbs. mass will 
go . [ U. P. 1931 ; Pat. 1935 \ 

The acceleration of the connected system in this case is 


3-2 __3‘2 

a+a’® 5 


ft./seo*. 


Honce after 5 seconds from start, the velocity of the systom is 
3 *X 5 = 32It./aeo., 


which thus represents tho upward velocity of the 2 lbs. mass. 

The string now breaking, the 2 lbs. mass is now free, and has a 
downward acceleration j/ = 32 ft. /sec* due to gravity. 

Hence tfie further height it rises from tlus instant before its 
upward velocity becomes zero being x ft., 

0* =32* — 2.82 Xj 

or e = 16 foot. 

Ex. 2. Two smooth inclined plane i of equal heights, whose inclina- 
tions to the horizon ai e 30° and GO®, ate placed back to back ; two 
bodies of mass G and 10 lbs. plated on them respectively, are connected 
by a light , inextcnsible string , passing over a smooth pulley at the 
common vertex of the planes. Find the tension in the string and the 
acceleration of the system. [ U. P. 1937 ] 
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Let / be the common acceleration of tho system with which the 
10 lbs. m^ss descends down the 
second plane, or the G lbs. mass 
ascends up the first plane. 

Also lot T be tho tension in tho 3 

BtnnB * _ o 0 ° 6(X 

Considering the motion cf 1 — — ■ / v 

tho masses along tho respective 
plangs, we got, 

T-Kn sin 30° =6/ 

10 tt sin 00° — T— 10/. 

From these, 

io<7. -‘f-e* I -16/ 

or /-( D x '3-3) 'J.-2(5 Ni / 3-8) ft./eco 1 . 

Again putting this value of/ in one of the equations, 

W r*6x32xi + Gx2(5 N /J-3) 

=G0( \/3 + l) pound als. 

/'V?*’ ^ pulley carrying a total load W hangs in a loop of a cord 

ivh 'bcH 3 passes over two fixed pulleys , and has unequal weights l* and Q 
freely suspended from its eiuh, each segment of the cot dhcvng vertical. 
Shew that W will remain at restptoi ided 


[ C. U . 1939, '42 ] 


1^1 4 

P Q \V 

Let /be the accolmation with which P 
descends. As W remains at rest, the 
string slipping under it, (& will ascend 
with tho same acceleration. Let T be tfie 
tension of the siring, which is evidently the 
same throughout its longth. 

Then, considering the motions of P 
and Q , 


[ Pig and Qlg being the masses of the weights P and Q 1 
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From these, eliminating/, we ultimately get 

27,(3 . 

1 P+Q 


Now, since W remains at rest, its weight is supported by the 
upward tensions of tho two parts of the string on two sides of it and 
thus 


W=2T=. 


4 PQ . 
P+Q ’ 


. 4 _ P+0 _ 11 

■ • tr "i'Q i j (j m 


Examples on Chapter VIII 

[ Tn the following examples, unless otherwise staled, the strings ate 
to he considered as weightless and inextcnsible, and the pullers as shioolh 
and of negligible mass, ] 

^ i.^Two masses 3 and 7 lbs sue connected by a light 
string passing over a smooth pulley, and hang freely. 
Motion is allowed to ensue In nn rest. In what tune \\ ill 
tho heavier mass descend 10 feet. ? find also tho distance 
described during tho noxt 1± seconds. 

/ 

Two scale-pans of mass 100 gins, each, hang freely* 
Vroni the two ends of a string passing over a smooth pullov. 
On these are placed two weights, 398 and 383 gms. 
respectively, and the system is allowed to start with 
tho pans in the same horizontal level, find the velocity 
of tho system when the distance between tho pans is 
60 cms. 


3.nN Two scale-pans, each of mass 2 ozs., are suspended 
by a light string over a smooth pulley ; a mass of 14 ozs. is 
placed on one and G ozs. on tho other, find the tension of 
the string, and tho pressures ou the scale-pans. 


4\/ If two masses each £qual to 6 lbs., connected by a 
string hang over a pulley, and a mass of 4 lhs. bo added to 
one of them, find by how much the pressure on tho pulley 
is increased. 

. 5. Two unequal masses connectod by a string hang over 

a pulley. Shew that the pressure on the pulley is less 
than .the sum of the weights. 
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Ci.' Two unequal masses connected by a string bang 
over a pulley ; if the sum of the masses ho constant, shew 
that the greater the acceleration, the less is the tension in 
the string. 

7.» Tf two unequal weights be contained in scale-pans 
connected by a string passing over a smooth pulley, prove 
that if the weights of the pans be negligible, the pressure 
between each pan and the contained weight is equal to the 
tension of the string. 

0^.8, i/A flexible heavy chain of length 2 1, is moving over a 
smooth lixod pulley, the two unequal portions of it hanging 
vertically. Prove that at the instant when its middle point 
is at a distance x below the pulley, the acceleration with 

which it is moving is ^ g . 

jr 

^9.*" A stone of rnaRs 1 kilogram breaks into U\o pieces. 
Those are placed, one on each of two equal scale-pans of 
mass 45 gms , suspended from the two extremities of a 
string passing over a smooth pulley, and it is observed that 
the Hvstom moves through 10 cms. in $ sec. Find the mass 
of the heavier piece. 

^10. Two bodies of masses 14 lbs. and 18 lbs. connected 
by a string hang over a pulley, and motion is allowed to 
start from rest After 3 secs, the string is cut. What 
time after this will the lighter body come to its starting 
position ? 

11. V^woight of 300 lbs. is to bo raised through a certain 
height by a chord passing over a fixed smooth pulley . It is 
found that a constant force P # pulling the cord at its other 
end for three-fourths of its ascent communicates sufficient 
velocity to enable it to ' reach the required height. 
Find P. 


12. Two masses P and Q (P > Q) connected by a string 
hang over a pulley. After 1 sec. from start, P is suddenly 
stopped, and instantly let go. Find the time that elapses 
before the string becomes tight again. 
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13. Two equal masses hang at rest over a smooth 
pulley ; one is projected upwards with a volocity of 96 ft, 
per soc. ; in what time will tho string become tight 
again ? 

14. A ma&s of 10 lbs. descending vei tically, draws up a 
lighter mass, by moans of a thin string passing over a 
smooth pulley ; at the end of 2 secs, the string breaks ; if 
the lighter body rises 4 ft. higher, iind its mass. 

15. A mass of 9 lbs is attached to one end of a string 
and masses of 7 and 4 lbs. to tho other end, and tho whole 
is hung up over a pulley. The system is allowed to move 
for 15 secs., when the 4 lbs. weight is cut away. How Jong 
will it be before the system comes instantaneously to rest ? 

[ U. P. 1939 ] 

*<16; Two light inoxtensibln strings pass over a small 
smooth pulley. On ono side they are attached t.o masses 
3 and 4 lbs. respectively, and cm the other to ono of 5 lbs. 
Find the acceleration of tho systora/and the tensions of the 
strings.^ F U '. P. J94(T] 

17. A light string carrying two unequal weights and 
passing over a smooth pulley can only just boar a tension 
equal to of the sum of tho weights , provo that the least 
acceleration possible ol tho system is ig f and that tho 
lighter mass cannot exceed * of tho t otal mass. 


18. A mass of 12 lbs, lying on a smooth horizontal table 
9 ft. from the edge is drawn along the table by a mass 
of 4 lbs. banging Ircely by moans of a light ostensible 
string passing over a smooth pulley at the edge. How long 
does it take to reach the edge, and what is tho pressure 
on the pulley ? 


19. Two masses 5 lbs. and 3 lbs. aro connected by a 
light string passing over a smooth table 2i ft. wide, at right 
angles to its edges, the smaller mass starting at a point 4 ft. 
below the edge. Find tho time taken by the larger mass 
to fall through 6 ft., supposing tho smaller mass to pass 
on to tho table without loss of volocity. 


on to tho table 
light 


string passing across a smooth table at right v 
angles to two opposite edges has attached to it at the two 



MOTION OF CONNECTED SYSTEMS 


135 


onds masses m Xl m 2 (m t > m 2 ) which hang vorUv ally, A 
particle of mass m is attached to the portion of tno string 
lying on the table. Show that the acceleration of the 
s\stom when loft to itself is 

B mi - vi 2 

/ mi + m 8 + m?' 

**51. A smooth inclined piano whose hoight. is one-half of 
its Jength has a small smooth pulley at the top, over which 
a string passes. To ono end of the string is attached a 
mass of 22 lbs. which rests on the plane, while from tho 
other end which hangs vertically, is suspended a mass of 
14 lhs., and tho masses aro free to move. Find tho 
acceleration, and the distance tiavcrsed by either mass in 
2 seconds. Find also the pressure on tho pulley. # 

[ 0. U. 1041 ] 


22. Masses G and 2 lhs. rest on two inclined pianos, 
each of elevation 30°, and are connected hy a string passing 
over tho common vertex ; find tho acceloi ation, and the 
tension of the string 

23. Two bodies P and Q having masses 0 and G lbs. 
respectively aio connected hv a string passing over the top 
of ail inclined planes of inclination 30° to the horizon. One 
body rests on the plane and the other bangs vertically. 
Show that P hanging vertically will drag Q up tho whole 
length of tho plane in half tho time that Q hanging vertically 
will take to drag P up tho plane. 

i t 

24. V/A mass M is drawn up a smooth inoJiyed plane of 
height h and length l by means of a string passing over tho 
vertex of tho plane, from the other end of which hangs a 
mass m. Show that in order that M may just reach the 
top of the plane, m must lie detached after M has moved 
through a distance 


ilf-Mn. hi 
m h-£l 

^ 25/J^Pwo weights W and W" are connected by a light 
string passing over a smooth pulley. If .the pulley •moves 
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vertically upwards with an acceleration equal to that of 
gravity, show that the tension of tho string is 
4 WJAT 

\V+W [C.u.1044] 

26, >|i?f^ in the above case tbo acceleration of the pulley 
vertically upwards be f, find the acceleration of each weight 
and the tension of tho string. 

27. A light rope bangs over a smooth pulley. A monkey 
of weight 5 stone climbs down the portion of the rope on 
one side with an acceleration of 2 ft. /sec 2 . Find with what 
acceleration another monkey of weight 4 stono will climb 
up the portion of tho rope on tho other side, so that tho 
rope may remain at rest. 

% 28. On one side of a light string passing over a smooth 
pulley, a weight 17 hangs. A boy takes hold of the other 
end, and begins to climb up tho rope with a uniform acceler- 
ation, rising 16 ft. in 2 secs. If 17 remains at rest, show 
that the weight of tho boy is J 17. 

29. One end of a string is fixed ; it then passes under 
a movable pulley to which a weight T7 is attached. 
The string then passes over a fixed pulley, and a weight P 
is attached to its other end, all the three sections of tho 
striug being vertical. Show that neglecting the masses of 
the pulleys, the acceleration with which 17 ascends is 

9 \P- W 

W + iP‘ g ' 

Find also the tension of tho string. _ [ C. (J. 1937 ] 

30. A small pulley carrying a total load 17 hangs in a 
loop of a cord which passes over two fixed pulleys, and has 
unequal weights P and Q freely suspended from its ends, 
each segment of tho cord being vertical. Show that W will 
ascend with acceleration 

4 PQ-_W(P±Q) 

4p‘Q+17(P+Q) ff ’ 

31. Two particles, of masses w&i and Wg, lie together on 
a smooth horizontal table. A string which joins them 
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hang? ovor the edge in tho form of a loop, and mpportn 
a smooth heavy pul lev of mass M ; show that tho pulley 
descends with an acceleration 

Jlffm, + m 2 ) _ 

4f»i?n2 + Mlvtx + m a ) 


Answers 


1. 

1 J secs ; 30 it. 

2. 

30 cms/sec. 



3. 

§ lbs. wt. ; 

i T a lbs. wt. 

; 1 

lbs. wt. 

4. 

3 lbs. wt. 

9. 

GOO gms. 


10. 

l£ secs. 

11. 

400 lbH. wt. 

12. 

P-Q 

P+Q 8eC8 ‘ 


13. 

3 secs. 

14. 

6 lbs. 

15. 

12 secs. 


16. 

5J it./see* ; 2fc i 

&nd 3\ lbs. wt. 

18. 

1£ BOOS. , a 

1 <s/2 lbs. wt. 



19. 

11 BOOS. 

21. 

2* ft./aoc^ 

5J ft. ; 


lb i. wt. 



22. 

8 ft./sec*. 

; 1J lbs. wt 





26. 

211" 

fl= W+\V b+A-'l 

and 

✓ I 

/ i * u r + ^ 

“17. 

both measured 

upwards , jF= 

2WM” ( 
1K+1K'\ 1 + 


27. 6^ ft./scc tt . 

20. 

3TT/* 

Tr+4Z'’ 
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WORK, POWER. AND ENERGY 

^'1. Work. 

Work done by a force acting at a point of a body for any 
time is the pioduct of the force* and the displacement of the 
point of application of the force m its own direction . 


* 


*X B A 

Pig. ( 1 ) Rig. (ii) 



Lot a force P bo acting on a body at A in tbe direction 
AX for any time, and lot A move to 13 during the intorval. 
If AD bo in tho direction AX* a s in tlic liist figure, the work 
donc = P.AB l and is positive. If tho displacement AB of A 
is in a direction opposite to the direction of P, as in the 
second figmo, tho displacement measured m the direction of 
P is — AB, and tho work done by the force hero is — P.AB, 
which is negative . 


I 


9 

A 


tho displacement AB bo m a direction different from 
the direction of the force, say 
making an angle 0 with AX as in 
the third figure, the displacement 
measured in the direction of P is 
X AN=*AB cos 0, and in this case wo 
get more generally, 


l 

i 

I 

Fig. (iii) 


Work done by- P** P. AB cos ©“AB. P cos 0 

■* Force x component of displacement of its 
point of application along the line of action 
of the force 

■= Total displacement x component of the acting 
force along the direction of displacement . 
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Note. Kvidontly tlie work done is positive if $ bo *ntc, and 
negative ii 0 be obtuse. In particular, if 0 — 90°, tho work done is zero, 
£. 0 . no work is done by a force if tho resultant displacement of, its point 
of application la perpendicular to the line of action of thoftreo. 

If thq displacement or its component is m a direction opposite to 
that of tho acting force, work is said to be done against tho force. 

9’2. Units for measurement of Work. 

When a force of one poundal acting on a body displaces 
the point of application through one foot in its own direction , 
the amount of work done is defined to be a Foot-poundal. 
This is tho ButirJi absolute unit of work. 

When a force equal to the weight of one pound displaces 
its point of application through one foot in its own direction , 
the work done ts defined to be one Foot-pound. For instance, 
when a man raises a mass of one pound vertically upwards 
through one foot ho does woik of one foot-pound against tho 
forco of giavity, whereas tho work done by tho weight of 
tho body in this caso is nagativo, and = — 1 ft.-lh. 

As 1 lb. wt. =*7 poundals, it is clear 
that 1 ffc-lh. — r/ foofc-poundals. 

When a force of one dyne acting on a body displaces its 
point of application though one centimetre in its own direc- 
tion, the amount of work done is called an erg. This is tho 
•c. g. s. absoluto unit of work. 

As this is very small, a bigger unit of 0 . g. s. system is 

one Joule'- 10 7 ergs. 

As one poundal — 13800 dynes roughly, 
and one foot — 30’48 ems,, it follows that 
T foot-poundal — 30*48 * 13800 ergs 

— 420624 ergs approximately, 

and 1 ft-lb.* 3 ^ x 4^0^24 1-345 Joules nearly. 
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9*3. Power. 

' When an agent (say a man, or a machine or an engino) 
is doing nmrk continuously , the rate at which it does work 
per unit of time is defined to be its power. 

British unit — When an agent is doing work at the rate 
of 550 foot-pounds per fecond , it is said to have one Horse- 
power (briefly 1 H. P.), 

C. G. 8. UNIT — When an agent does work at the rate of 
1 Joule (10 7 erqs) per second its power is said to be one Watt. 

We can show easily that 

1 H. P. = 746 Watts nearly. 

9‘4. Energy. 

N Energy of a body is its capacity for doing work . 

There are two kinds of energy that a body may possess, 
namely, Kinetic and Potential. 

A moving body, bv vivtuo of its motion, possesses a 
certain capacity for doing work For, if a forct* ho applied 
to stop it, it does not stop immediately, hnt moves a certain 
distance against the force before it stops. Consequently it 
does a certain amount of work against the force before coming 
to rest, and hence at the initial moving stato it had in it 
a capacity for doing this amount of work, i e . it possessed 
an energy. If the opposing force bo greater or less, the 
distance moved by the body before coming to rest will he 
loss or greater, and it will he soon below that the amount 
of work which the body will perform is definite. 

Again, for a body acted on by a given system of forces 
we may contemplate a suitable position as the standard 
position. If the body he displaced from this position to 
snrno other position, in general a certain amount of work 
will ha vo to he done against the acting forces. If the body 
be allowed to go hack to the former standard position, 
the acting forces will do in tlioir turn the above amount of 
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work. The capacity for doing this amount of v,.*rk then 
was stored up iu the body m its displaced position, which 
becomes manifest as the body is allowed to go back to its 
standard position. Thus a body ma\ possess onorgy duo to 
its position. Wo then fouually define the two kinds of 
energy p.s follows . 

$ Kinetic Energy is the capacity for doing work , winch a 
moving body possesses by virtue oj itsmohon , and(is measwed^ 
by tht work which the body can do again st _auf/ J&i'ce upjphiiil 
to stop it, before its velocity is destroyed^) 

/ Potential energy of a body is the capacity fordoing 
work , which it 2 >os nesses by vutuc of its position or configura- 
tion, and is meant) ed by the amount of woih which the 
system of forces ad mg on the body can do in hnnqmg the 
body from Us present jwsition to some standard position . 

9'5. The kinetic cneigy of a body of mass m moving 
ivitlia velocity v ts bnv* (in absolute units). 

Imagine a foroo P to bo applied against the direction of 
motion of the body ol mass ?n 
moving with a velocity v. Let 
x bo the distance advanced by 
the body before its velocity is 
destroyed. Then, since- the 
opposing acceleration pro- 
duced by the force is Vim, we have 

0*=v* -2(P/w)a?, whence, Px=bnv 2 . 

Thus the work done by the body against the force before 
it comes to rest is JwitP, and this is, by dolmition, tho 
measure of the kinetic energy of the body. 

It may be noted that the K. E. ultimately depends on m 
and v. but not on P. """"" 

*-*T l 

Note 1. It iB seen from above that the unit of energy ia tho same as 
that of work in absolute units (for which P*w»/ holds), and Is 
therefore usuallyVn foot-poundals or ergs, 1 
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Note 2. The term Via Viva iu used to denote twice the kinetic 
Eneigy of a body, bo that Vis Viva=w»u I . 

% 9*6.^The Principle of Energy. 

The change in the kinetic energy of a body is equal to 
the work done by the acting force . 

Let a force P act on a body of mass m for any timo, and 
let u bo tho initial velocity and v tho velocity at the end of 
the interval, along the lino of action of the force. Let x be 
the displacement of the body in that direction during the 

P 

interval. Tho acceleration produced is ■ and so 

w 

+ 2 P .X. 

m 

. Henco Jmv 2 - Jmu 2 — Px. 

Now imv 2 and \mu 8 are respectively tho final and initial 
kinetic onorgy of tho body and Px represents the work dono 
by the acting force. Henco the required result is proved. 

Note. The above result may also bo put in the form 
x — ' 

which may be expressed as follows. 

^ The change in kinetic energy per unit space is equal to the acting 
force. 

9 7. The potential energy of a body of mass m at a 
height hflbove the earth’s surface is mgh , gravity being the 
ouly acting force, and earth’s surface being taken as the 
standard position. 

For hore tho force acting on the body is its weight mg 
vertically downwards, and in bringing the body from its 
position at a height h to the standard position, namely the 
earth's surface, the downward vortical displacement is h , 
and so the work done by the force acting on the body, 
which by definition, measures tho potential energy of the 
body at the height ft, is mgh . 
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^4'8. Theorem I. 

A particle of mass m is allowed to fall from rest at any 
height h above the ground ; to show that throughout its 
motion , the sum of %ts kinetic and potential energies is 
constant. 

Loli v 1)0 the velocity acquired by the particle at any 
instant, when it has fallen through a vortical 
distance x from its starting position. Since 
the initial velocity is zero, and the 
acceleration due to giavity is g , we liavo 

v 2 ■= 2 gx. 

Hogco the kinetic energy of tho particle 
«= fanv 1 =■ lm.2gx = mgx . 

Also at this point, the vertical height 
above tho ground being h — x , 

the potential energy of the particle 
= mg[h-~x). 

K.E. + P.E. “ mgx + mg(h -)0 
= myh, 

a constant independent of x t and so tho samo throughout 
the motion of the particle, j 

It may be noted that at start tho K.E. is zero and tho 
energy is wholly potential and « mgh . Again, when it is 
just on the point of meeting tho ground, tho height being 
zero above the earth's surface, the P.E. is zero, and the 
energy is wholly kinetic. During the motion of tho particle 
there has been a gradual transformation of energy from 
potontial to kinetic, but the sum total has remained constant. 

Theorem II. A particle is allowed to slide down a 
smooth inclined iilanc \ to show that the sum of its 
kinetic and potential energies is always constant throughout 
its motion . 
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J Lot a particlo of mass m bo allowed to slide down a 

smooth inclined piano of 
inclination a to the horizon, 
starting from rest at a point 
whoso height above the ground 
is h. 

Tho P E. at the point is 
thou wgJi, and tho K.P1. is zero, 
so that tiio total energy at stmt 
is mqh. 

Let v bo tho velocity 
acquired at any instant whon 
the p.uticlo has dosciibed a distance x along tho piano. 
Since tho acceleration down the piano is q sin a, 
v 2 = 2g sin a.z 
I£.Pj. = $wiu a = mqx sin a. 



Now a: sin a being evidently tho vortical hoiglit descended 
by tho particle, its height ahovo the giound in this position 
is fc- a* sin a, and so 

P PI. = ?ng {h - x sin a). 

K.E. + 1\E. = mgx sin a + mg(h - x sin a) 

« mgh 

which is constant and = tho initial total energy. 

Note. Tho same result holds if tho particle be projected up the 
plane with any velocity. This is loft as an exercise to tho student. 


Theorem III. To prove that for a projectile the sum 
of the kinetic and potential energies is constant throughout 
its motion . 

i 

Lot a particle of mass m bo projected from the ground 
with a velocity u at an angle a to the horizon. 

Its initial K.E. is then hnu 2 and P.E. is zero, so that 
the total energy at start is \mu 2 . 
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Let y be the velocity of the projectile at an angle 0 with 
the horizon, whon it is at any vortical height k, above the 
ground. 



Since thorn in no horizontal acceleration of the projectile, 
its hoiizontal component of velocity remains unchanged 
and so 

v cos 0 ■=* u coh a. (i) 

Again, the acceleration duo to gravity being q downwards, 
cnnsideimg the motion of the projectile in the vertically 
upwind direction, 

v 2 Kjn a 0~M 2 sin a a-2c/7i. — (n) 

Squaring (i) and adding to (ii), 
v* “M 2 - 2qll. 

K.E. * hmv 2 -** im(u 2 — 2gli) — Imu 2 - mgh , 

Also, h being the vertical height above the ground hero, 
P.E.-mpfc. 

. \ K.E. + P.E. - - mgh + mgh = bnu 2 

“the initial total energy of the projectile, 
and is tlius the same at all heights. 

i 

9 9. The principle of Conservation of Energy. 

The results of t-lio above article are only simple oxamplos 
of a fundamental principle in Dynamics known as the 
1 principle of Conservation of Energy, which may be stated as 
follows : • 

10 
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If a body or a system of bodies move under a conservative 
system of forces, the sum of its kinetic and potential energies 
remains constant . 

A force system in Dynamics acting on a body is defined 
to bo conservative when the work done by the forces of the 
system, as the body moves from one position to another, 
depends only on tho initial and final position of the body, 
but not on any intermediate position, or on the path by 
which the motion takes place, nor on the velocity oi the 
direction of motion of the body at any moment. 

For instance, tho Corco of gravitation is a conservative 
force. Electrical or Magnetic forces are also consoi vativo 
forces. *On tho other hand, tho force of friction of a rough 
surface on which a body may slide is not a conservative 
force. Thus a body sliding down a rough inclined plane 
will not have tho sum of kinetic and potential energies 
constant, but this sum will gradually diminish, as can be 
mathematically verified. Again, when two bodies come into 
collision, it will bo seen in a later chapter that tho sum- 
total of tho eneigies of tho two bodies will in genoral 
diminish. The question arises as to what becomes of this 
energy in thoso cases of non- conservative forces. This leads 
to tho formulation of tho more general form of the Principle 
of Conservation of tho Energy in Science. 

Energy has been defined to bo t he capacity for doing 
work. Now in addition to tho energy of motion or eneigy 
of position which we have defined above, a body may 
possess k capacity for doing work on account of its physical 
condition. For example, a gas, vhen in a heated state, 
possesses a capacity for doing work, and can actually be 
made to do mechanical work in cooling down. Similarly, 
and electrified body possesses a capacity for doing woik on 
account of its oloctrifiod condition. A body emitting sound 
is in a vibrating condition, and as such, possesses an 
energy. Light is also another form of ouorgy. Now if we 
take into account all the forms 01 energy recognised by 
Modern Scieneo, wo may state the principle of conservation 
of energy in tho most general form as follows : 
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Energy cannot be created , nor can it be destroyed, but it 
may be transformed from one form to another. The sum - 
total of the energies in this universe is constant. 


9'ip. Illustrative Examples. 

v4x. l|! ^locomotive draws a tram weighing 200 tons along a level 
track at a speed of 40 miles per hoar, the resistance due to friction etc . 
amounting to 10 lbs. per ton . What horse power is it exerting# i Find 
also the hoi se-power necessary to draw the tram at the same speed up an 
incline of 1 m ‘400, the frictional resistance being the same as on level.j 

[ C. U. 1033 ] 


Tho frictional lesistance being 10 lbs. wt. per ton, tho total force 
again?! which the train moves on the level track is 10x200 lbs. wt. 

Now sinco tlic train moves with a uniform velocity, the resultant 
force on the train is zero, and so the force exerted by the locomotive 
is exactly equal to tho resisting force i.c. t equal to 2000 lbs. wt., and 
this force displaces the train at Che rate of 40 miles per hour 
= 1 x 44 ft. per sec. 


Thus work done per sec. by the locomotivo is 2000 X ■ L \"- ft -lbs. As 
1 If. P. produces 550 ffc.-lbs. of work per sec., the horse-power exerted 
by the locomotive is 


200° x 1 ™ 


610 

3 


213J IT.T 3 . 


In the Fecond caso, the component of the weight of tho train 
down the incline- 200 x tons wt =>2240 lbs. wt. Hence tho total 
force including tlio msistauce, against which the trail} moves is 
2240+ 2000 ->4240 lbs. wt., and this is also tho force exerted by the 
locomotive when the train moves uniformly. For tho sumo speed as 
beloro then, the horse-power accessary Is 

4210x-g- * 550 - 452j g H.P. 

Ex, 2 .[/a 20 horse-power motor lorry , weighing 5 tons inoludingt 
'load , moves up a hill with a slope oflin 20. The road resistance is 
1 equivalent to 13 lbs. weight per ton , and may be supposed independent of 
the velocity. Find the maximum steady rate at which the lorry can 
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move up the elope, and the acceleration capable of beiny developed when 
it m moving at G miles per hour . 

The H.P. of the lorry being 20, the work it can do per boo. is 
20x550 ft.-lbs., while using its full power. 

The component of the weight down the elope here is 5 X 22*0 x V,j = 
560 lbs. wt., and the road resistance is 13 X 5 lbs. wt. Hence the total 
force against which tko lorry moves is 560+G5-G25 lbs. wt. 

While moving at a steady rate, the force exerted being equal to this, 

the velocity v ft. per second when the lorry is working at full power is 

given by 

625 x»* 20X550 
88 „ , HR 30 . 

or v= ft./sec.= , x %,e. 12 miles /hr. 

O J 41 

which is thus the maximum steady rate with which the lorry can 
move up the slope. 

Again G miles per hour = G x-J, 1 ,^ 1 - 1 ft. /sec., and when the lorry 
moves with this velocity, the foroo P in lbs. wt. which it cau exert 
by using its full powor is given by 

-Px 4 5 -= 20x 550 or P =1250 lbs. wt. 


The resisting force being G25 lbs. wt. the resultant upward force is 
625 lbs. wt.= 625x32 poundals. Hence the acceleration developed in 
this -case is 




625x32. 
5 X 2240* 


*14 rt, / BC ° 9 


r Ex. 3. Water, originally at rest in a tank, is being pumped out with 
a speed of 96 feet per second, through a pipe of diameter 3J inches. 
Neglecting any work done m changing the level, calculate the horse- 
power of the engine, if the efficiency of the pumping machines ?/ be 75%. 
[A eft. of water weighs G2 5 J&s.] [ U. P. 1941 ] 


By* efficiency of a machine is meant tbe ratio of the useful work 
yielded by a machine to the whole amount of work performed by it 
(a portion of work, which is wasteful work being done against 
frictional resistance etc. between tbe parts of the machinery). 
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Now ar denoting the horse-power of the engine, 550® It.-Uv.. of total 
work is done by it pei second, of which the Ubeful work done in this 
case is 

X 550® ft -lbs. per second. 

Tho area of the section oE the delivery pipe here is rX sq.feet, 

«md as water is issuing through it at 96 ft. per see., tho volume of 
• oj / 7 \ a 

water coming out per soc.= ^ x Ub) xGGc, fk of which tho mass is 


water coming out per soc.= 


x 9G c.f t. of which tho mass is 




96xG2T, Jbs. 


As the velocity of this water is 9G ft. por sec,, its kinetic energy is 
1 f / 7 \ * 1 

l 2 * I 7 x L y ) x ^ Gi iu absolute units. Originally this 

water starting from rest, the K.E. was zero. 

Now by the^i/ mcijde ofcncigy , tho change in K.H. = tho \iork done 
by the engine producing it ; thus tlio useful work done by the engine 
per sec. 

= J x^Q x9G xG2'5x9G a foot-poundah 

1 23 / 7 \ 4 1 

- x x L 1 x 9G x 62'5 x 9G 4 X ^ foot-pounds, and 

this as shown above must be equal to 


■- a x ? * Q 1 x 96 x G2 ' 6 x oe ’ * u x 7 ? x 560 
= 140, which is the H* P. of the engine. 


Examples of Chapter IX , 

^ 1. A man weighing 10 stone walks one mile up an # 
incline of 1 in 7. Find the work done. It lie takes 
20 minutes for tho walk, find the H.P. at which he works. 
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2. A horse pulls a block of stone on a level ground 
through h yds. with a force 545 lbs. wt. by means of a 
string inclined at 60° to the horizon, and does the same 
amount of work as done by a pump in raising 38 kilograms 
of water from a depth of 23 metros. Find h, given 1 foot- 
poundal— 419520 ergs. 

3 f Find the work done by gravity on a stone having 
a mass of i lb. during the tenth second of its fall from vest. 

[ U. P . 1943 ] 


4/ A railway wagon weighing 10 tons is started from 
rest by a horse, which exerts a constant pull of 120 lbs. wt. 
The frictional resistances are 9 lbs. weight per ton. How 
far does the horse move the wagon in one minute, and at 
what H. P. is the horse working at the end of the minute 0 

[ U . P. 1915 ] 




A motor boat of 40 H. P. working at full speed 
moves at the rate of 20 miles per hour. What is the 
resistance of water to its motion ? 

V^6. An engine of 400 H.P. is drawing a train of 200 tons 
mass, up an incline of 1 in 280, at 30 miles per hour. Find 
the road resistance in pounds weight per ton. 

train whoso weight is 100 tons is moving up an 
inclined plane witli a uniform speed of 45 milesjjor hour, 
inclination being 1 m 100. Find the liorso-power of the 
engine, the resistance due to friction etc. being A of the 
weight. [ C. U. 1940 ] 

the resistance and tho friction of the rails be 1 lb. 
wt. per ton, what is tho horse-power of an engine which 
will maintain a speed of 40 m. p. h. in a train of 80 tons on 
a level ? • What additional horso-power would bo required 
to maintain that speed up an incline of 1 in 200 ? 


9. A cyclist can ride down a slope of 1 in 80 without 
any effort at a steady speed of 10 m. p. h. If tho cycle and 
the rider together weigh 200 lbs., find the horse-power 
exerted when the cyclist rides at the same speed uphill 
against the same frictional resistances. 
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If frictional resistances vary as the square of tho speed, 
find what speed the cyclist can attain on the level if the 
sanpe horse-power is exeited as before. 

^0^ A locomotive of mass 20 tons pulls a mass of 
200 tons from rest with a constant force along a horizontal 
track such that a speed of GO m. p. h. is attained in the 
first 5 miles. Prove that at the end of this journey the 
locomotive is working at the rate o f about 361 L H, P. 

* [ All frictional resistances are to lie neglected J. 

Mil. A train of total mass 200 tons is travelling on the 
level at a constant rate of 60 m p. h. f the engine working 
at 400 H. P. If tho resistances apart from air resistances 
are 2000 lbs. wt., find in lbs. wt. tho air-resistance. 

If the air-resistance varios as tho square of tho speed 
and tho engine is drawing tho same train up a gradient of 
1 in 112 at a steady rato of 30 m. p. li., at what horse- 
powor is it working, assuming frictional resistance to bo 
samo as on the level. 


12\yft rifle bullet loses xtftb of its velocity in passing 
through a wooden board. Find through how many such 
uniform hoards it would pass before being stopped, assuming 
tho resistance of tho boards to be uniform. 


. [ Apply t.ho principle of energy. ] 

(yyfc'Tfind the horso-powor of an engine which can project 
10000 lbs. of water per minute with a velocity of 80 ft. per 
second. [ C. U, 1944 ] 


14 . A fire engine raises 1200 gallons of*wator per 
mmiito through a height of 6 feet, and discharges with a 
velocity of 32 feet per second. Find tho horse-power of 
the engine, given that one gallon of water weighs 10 lbs. 

L U. P. 1940 ] 

15. Show that tho horse-power required to pump 
1000 gallons of water per minute from a depth of SO feet, 
and deliver it, through a pipe of cross-section 6 squares inches, 
is about 34%. [Assume 1 cubic ft. of water - 61 gallons, 9 
and that 1 gallon of water weighs 10 lbs. ] 
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16 . The watersupply of a hill station is provided with 
pumps of 6000 H. P. which rase the water a distance of 
4200 ft. (vertical). The efficiency of tho pump is 92*4 per 
cent. Assuming that*the pumps operate continuously* find 
how many gallons per day are provided for consumption. 
(A gallon of water weighs 10 lbs.) 

17. labourer has to supply bricks to a bricklayer 
vertically above him, at a height 12 ft. He throws them 
up so that thoy roach the bricklayer with a velocity of 1*5 ft. 
per sec. What proportion of his work could he save if ho 
threw them so that they might just reach tho bricklayer > 

[ U . P. l'.)M ] 

18 . An engino draws a train along a level lino starting 
from rost. If tho pull of the engino he constant till steam 
is shut off, and the resistance F lie constant throughout tho 
journoy, then tho greatest rate of working is 

2 LF 2 t 
Ft* - 2 Ml 

whore M is tho mass of tho train, l tho length of tho 
journey and i the tune occupied by it. 

19 . A train, whoso mass including that of tho engine is 
if, is moving along a level track. When the speed of the 
train is Vi, its acceleration is f\ and the lesistanco to 
motion is JBi. When tho speed of tho train is r 2 . its 
acceleration is / 2 and the resistance to motion is 22 2 » H 
the engino works at a constant rate 17, prove that 

Ufa -t?i)“ s ViUa(B 1 - J2«)+ MvxVzifi-fz)* 

20. An engine of weight W tons can oxert a maximum 
tractive effort of P tons weight, and develop at most 
H horso-power. The resistances to motion are constant 
and equal to B tons weight. Show that starting from rest, 
tho engino will first devolop its full horse - power h cn 

its velocity is .ft./soc. after at least 22iPg\P-B) 

seconds. What is the greatest velocity which the engine 
can attain ? 
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Answers 


1. 105600 ft.-lbs. ; -1GH. P. 

3. 152 ft. -lbs. 

*5. 760 lbs. wt. 6. 17. 

< 

8. 8tj H. P. ; 95,* i H. P. 
11. 500 lbs. wt>. ; 400 H. P. 
14* 8 n. P. 

23. 5b llim.lt ft. /sec. 


2. 7{J. 

4. 77,* foot ; HI II. 1\ 

*9. 8001 H. P. 

9. V’j n. P. ; 10V3 m. p. h. 
12. 8," r . 18. 30',': H.P. 

16. 5227200. 17. T \. 



CHAPTER X 
IMPULSIVE FORCES 


10’1. Impulse. 

The impulse of a force act mg on a body for any time is 
the product of the force and the time during which it acts . 

Let P be the force acting on a particle of mass m for 
any time t . 

Then by definition, impulse of the force is 

I = Pt. 

Now let n bo the initial velocity of the particle in 
the direction of the lorce, and v the velocity at the end of 
the time t in tho same direction. Since the acceleiation 

P 

produced by tho force in the mass is - * wo got 

m 

. P * 
v = u+ -• t. 
m 

Thus l?t — m{v - u) = mu - mu, 

i.e. 1 = mv — mu. 

Hence, 

Impulse = change of momentum • 

Note. If the force which acts on a body for any time t bo variable, 
we should divldo the whole time £into infinitely small portions, each 
80 small that during that small, interval the measure of the acting 
force may be considered as constant, and thon find the impulse daring 
eaoh'of these small intervals, and finally add them up to get the total 
impulse. It is evident that during each small interval the Impulse is 
equal to the change of momentum produced in the body, and adding 
up, the total impulse =* the total change of momentum produced. 
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10*2. Impulsive forces. 

Let a force act on a body of given mush m for any time 
4. Suppose wo know the initial position and motion of the 
body at the instant when the force begins to act. Tho 
•effect of the force acting for timo t will be in general, to 
produce a definite displacement, as also to produce a definite 
change of momentum, and those two homg known, we know 
tho final position and motion of tho body completely. Now 
it has been shown that the change of momentum produced 
by tho force is known if we know the impulse of the force 
for the timo. Thus the whole effect of a forco acting on a 
bohy for any given tune will ho known if we know tho 
impulse of the forco during tho interval, and tho displace- 
ment of the body produced during the interval. 

Now there is a particular type of forces, which are 
sudden forces of the nature of blows, of extiemoly short 
duration, hut sufficiently large so as to produce in a body a 
finite change of motion, t.e. a finite change of momentum, 
though during that short interval for which the force acts, 
the body has not time enough to have any appreciable 
displacement. As an example, when a cricket bat hits a 
ball, the duration oT action of t.ho force on tho ball is the 
■time for which the ball actually remains in contact with 
tho hat, and this is extremely small. But during that 
small interval, practically the twinkling of an eve, tho 
motion of the ball is definitely altered. Tho hall meets the 
bat and immediately separates from it, and during tho 
period of actual contact tho displacement of the ball is 
negligible. The effect of tho hit therefore is to produce a 
sudden change of motion of the ball practically at 1 the same 
spot whore tho bat meets the ball. With this newly 
acquired velocity the ball moves on, but that motion is a 
subsequent affair when the hit jms already done its effect, 
and is no longer acting. As in the case of such sudden 
forces the timo of action is infinitely small, and the dis- 
placement of the body negligible, the acceleration produced 
•by tho force cannot be determined 'in general, and lienee the 
magnitude of the force in ordinary units cannot bo deter- 
mined, nor is required for any purpose. To know the 
whole effect of tho forco in such a case it will be sufficient 
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to know the change of momentum produced by it, for that 
would give us the newly acquired velocity of the body from 
which the subsequent positions and motion 1 of the body can: 
be studied. The force in tin’s case is very large, but the 
duration is very small, and the product of these two, t.e. the 
impulse of the force is finite, as is evidenced by the change 
of momentum produced, which oquais this impulse. The 
effect of such forces depending solely on their impulse, the 
measure of such forces are also expressed by the impulse as 
determined by the change of momentum produced. Hence 
such sudden forces are termed impulsive forces. We give 
the formal definition as follows * 

An Impulsive force is a very large force of an extremely 
short duration , such that the impulse of the force, that is, the 
change of momentum produced by it in a body , is finite , but 
the displacement of the body during the short interval is 
negligible . The measure of such a force is given by its 
impulse only , ivhich aha gives the whole effect of such a 
Jorce . 

10'3. Principle of Conservation of linear momentum. 

When t mo (or anq number of) bodies move under their 
mutual actiou and reactions only (whether finite or 
impulsive), and no external forces act on the system, the sum- 
total of theiq momenta along any direction is constant. 

For it A and D bo two bodios moving under no external 
forces but thoir mutual action and reaction, by Newton's 
third law of motion, the action of A on B is at every instant 
equal and opposite to the reaction of B on A ; again, so 
long as there is action, there is also the reaction, and thus 
the time for which the two forces (action and reaction) act 
is the same for both. Hence the impulse of the two forces 
aro equal and opposite, and as the impulse of a force is 
known to be equal to tlio change of momentum produced by 
it, it follows that the change of momentum produced in A is 
equal and opposite to the change of momentum produced i 
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in B. Hence taken together, the total change of momenta 
of A and B is zero, or in other words, the sum-total of the 
momenta of A and B along any direction is unchanged. 

The result then can ho extended to tho case of any 
nuni be}' of bodies moving under mutual actions and reactions 
only. 

Note. If on a ^yatom there be exernal forces acting, of which 
the algebraic sum of the resolved parts in a particular direction is zoio, 
then the suinrtotal of tlio uiomont.ii of tho system is constant in that 
direction only. 

Two well-knowii p examples of tho above principle in 
ease of impulsive action and reaction botweon two bodies 
are given below : 

(A) Collision of two bodies. 

When two moving bodies A and B ooino into collision, 
the time for which they remain in cont.ict is extiomely 
small, hut within that small time 
tho velocities of tho bodies are 
definitely alteiod by tho mutual 
action and reaction between tho 
two bodies These forces of action 
and inaction are them foie of the 
nature of impulsive foices, equal 
and opposite to 0110 another. Tlio 
lino of action of these forces in 
case of smooth bodies is clearly 
along tho common normal at their point of contact, and this 
lino is known as tlio line of impact. 

Lot m and m bo tho inassos'of tho two bodies, u and u 
their velocities along tho lino of impact immediately before 
collision, v anti v their velocities measured in the same 
direction immediately after collision. Then by tho principle 
’of conservation of momentum proved above, wo get in this 
ease 



mv+mV - mu+ra'u, 
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This gives us one equation between the two unknowns 
v and v . A second equation of this case will be obtained 
in the next chapter. 

Cor. If the two bodies after collision do not separate, but coalesce 
to form one body, % e. t if tho bodies be inelastic (tor instance, in 
case of two clay balls coming into colli sionl the common velocity V of 
this sing In body, wb use mass is evidently m+m\ is found from the 
principle of conservation of momentum, by the equation 
(m ftn')7 a nm+mV, 

(B) Motion of a Shot and a Gun. 

When a gun is fired, the gunpowder is suddenly con- 
verted into gas by explosion, and this gas in trying to 
expand, forces the shot forward*. An oqual and opposite 
reaction is exerted oil the gun. The duration of this 
expansive force is extremely small, only so long as the shot 
moves within the muzzle. Hence the force is impulsive 
m nature. Ah tlio shot, moves within tho muzzle, tho 
volume of tho enclosed gas gradually expands and so the 
expansive foLce is variable, but at evoiy instant tho 
forco on the shot and the reaction on the gun avo equal 
and opposite. The time being common for both, the total 
impulse of the force on the shot and on tho gun are equal 
and opposite. The total changes of momentum of tho 
shot and the gun arc therefore equal and opposite. 

Initially, both the shot and tho gun were at rest. 
Hence, when tho shot emerges out of the muzzle of the 
gun, tho momentum of tho shot forwards is equal to tho 
momentum generated in the gun backwards. 

Thus if m and 3/ bo tbo masses of the shot and the gun, 
v being the muzzle velocity y with which the shot emerges 
from the gun, tho gun will recoil witli a velocity V given by, 

10*4. Illustrative Examples. 

Ex. 1. A marble whose mass is 2 ounces is dropped on a horizontal 
floor from a height of 25 feet and rebounds to a hzight of 16 fact. Find 
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the impulse, and the average force between the marble and the fmo? if the 
time during which they are in contact be of a second . 

On hitting the floor the velocity of the marble 

— J2gx*b = ^2.32.25 = 8 X5=10 ft./sc(!., 
and on ‘leaving it the velocity 

«= v ^2jyxl6= v /2".32.1C-8x 4 = 32 ft./seo. 

The mass of the ball — — J, lbs. 

Inipluse = change of moment am , 

= ‘ {32 - ( - 40)} - ‘ X 72 - 9 units. 

If P be the average force between the marble and the floor, tho 
resultant force upwards (taking into account the weight of tho bori>) 
producing tho change of momentum is P— J.32. 

(P-i.32)x i l cl = ‘J i or, P-4 = 180. 

P — 184 poundals. 

Ex. 2. IIoio far must a tonight of 6 cwt. Jail freely to dm c a pile 
weighing G10 lbs., 3 inches into tho ground against an average resistance 
of 5 fens, assuming the weight moves on with the pile, T O . U . 19J-t J 

Let h ft. be the height through which the body of mass b cwt. 
( = 5x112 lbs.) falls freely before it hits the pile. 

Its velocity then immediately before impact is given by 
v 2 - 2gh or v = J'lqk = ^2 x 32 x h = 8 Jh ft./boo. 

If v ' be the velocity of the weight and the pile combined after 
impact, then from the principle of conservation of moinoritiun, we get 

(5GO+G40)i/=560u, 
or v = i 7 , x 8 Jh ft./beo. 

The average resistance of tho ground is 

5 tons wt. = 5 X 2240 lbs. wt. upwards, 

whereas the downward weight of the system 

= 560 + 010 = 1200 lbs. wt. 

* 

Hence the resultant force acting on the system after impact = 
6 x 2210-1200 = 10000 lbs. wt. upwards, and against this the bjitem 
moves 3 inches i ft. before coming to rest. * 
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Henoo the work dono by the acting force 

» - (10000 x 32 x i) ft. pouudale, 


which (being in absolute units) ** the change in the kinetic energy 
of the system. 

Thus, 0- 1 X 1200 X ( x 8 >Jh) % « - (10000 X 32 xj). 


Hence 


__ 10000 X 8 X 15* 1873 111 

600x7* xS a 196 “ 0 iy6 


Ex. 3. A shell , lying m a straight smooth horizontal tube , suddenly 
explodes and breaks into portions of masses m and m\ If d is the 
distance apart of the masses after a time t, show that the work done by 
the explosion is 

1 mm' * d* 

2 m+m' /.* 


Lot v and v r bo the velocities after explosion of the portions 
m and m respectively (m opposite directions) along the tube. Then, 
by tbo principle of conservation of momentum, 

rau-?nV = 0 l or, wu = mV. (i) 


Also, the distance apart between tho portions after t secs, is, 
(v+v')t = d. — — (n) 


by (i) & (ii), ” t , 


v _ v+v[ 
m m+tn 


d 


(Hi) 


Now the work dono by the explosion 

— the kinetic energy generated by it 

" a +’»'«•*]* Ww)}" U ' v <™ )] 

2 m+m 1 t* 


Ex. 4. A mass in after falling ficcly Huough a feet begins to taise 
a mass Af gt eater than itself and connected xnth it by means of an 
incxtensible string passing over a fixed pulley . Show that M will have 
returned to its onginal position at the ciul of tune 

JAih_ /‘2rt p 

Af— w\ g m 

Find also what ft action of the visible energy of m is destroyed at the 
instant when M is jerked into motion ' 
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The velocity acquired by m in falling freely through a distance 
a is given by 

v* = 2qa or v**- Jtiga. 

v' denoting the velocity of the system when M is jerked into motion, 
by the principle of conservation of momentum, 

(3/ + m)v' ■■ mv « m J2ga t 

or v = "(U+wI) w ^ ich represents tho velocity 

"with fthicli the heavier mass M begins to move upwards. 

For the subsequent finite motion, the 'acceleration of tho hoavier 

mass 3/ downwards is J Y ,- . ~.o. 

M+m " 


lienee V will at first rise and subsequently fall, aud como back to 
its original positiou after a time t given by 
m 


rib . . 1 ili-w 

(.)/+«,) V 2 ^-' 2 M + m 3 ' t =0 - 


or 


t> 


2m J2a t 
M—m\ Q 


Again tho K. E. of the system immediately before M is jerked into 
motion is ^mv* = \m.2ga = mga, and immediately after, it is 

i(iir + Ml)®'* = i{M + m) i .2 ga 


{M+m ) 1 


m 

* M + m 


qa. 


Hcnco the fraction of tho vfsihle energy destroyed 
“ ( X ~ M+m\ ~M+ m 


Ex. 5. A shot whose mass is impenetrates a thickness sofa fixed 
plate of mass M . If M were free to move, shiw that the thickness 
penetrated would be 

■ _ . *A»3)- 

Let u denote the initial velocity of the shot, and P denote the 
forco of resistance to penetration. In the first case when the plate 
11 
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is fixed} 8 denoting the distance moved over by m into the plate 
before it comes to rest, we have, by the principle of energy, 

O-Jthu* «= -Ps or bmn***Pa ... (i) 



X 


In the second case, when the plate is free to move, as the shot 
penetrates the plate, its velocity diminishes due to the resisting 
force P, and the velocity of the plate increases from zero duo to the 
equal and opposite reaction acting on it. So long as the velocity of 
the shot remains greater than that of the plate, penetration continues, 
until when both acquire a common velocity v(say), there will be no 
further penetration, and thus P ceases to act. Let x donote the 
distance moved over by the plate up to this instant, and s' the thickness 
penetrated by the shot in this oase. Then applying the principle of 
energy in this case, we get, 

J(Af+m)u a — -Pfas + s'J + Pa;* -Pa'. ... (li) 


Also from the principle of conservation of momentum, 

Ur+»n)u*=mu. 

Hence from (ii), 

2 ~~ Pa ’ 


or 

lfrom (i) and (iii), 


or 


i»»i 4° ---Pfi'. 

A JI/ + m 


s' 


sit 
M + 111 


M 

M fw‘ 



(m) 


Ex. 6. A continuous jet of water which is issued from a circular pipe 
of inches diameter strike* a wall at light angles with a velocity of 
38'4 ft. per sec. and then drops straight down. Find the pressure on 
the wall . 


[ 1 cub. ft . of water weighs 63} lbs. ] 


IMPULSIVE FORCES 
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Here we are dealing with a succession of impaots 01 impulsive 
forces. The amount of momentum destroyed per second due to the 
reaction of the wall on the jet gives the average forco or thrust on 
the surafee (which is equal aud opposite to the reaction). 

Area of the cross-soction of the pipe'-r.^ B 9* 

the mass of water reaching the wall per Bee. 

’*'( 4 x 111 )* *88^X621 lbs. 

an 1 Its velocity is 38/,, ft. per sec. v which is reduced to zero after 
striking the wall. 


the momentum destroyed per sec. 


_22 7* 192 125 192 
“7 4 V X12* 5 2 5 

*22x7x8x5 units. 


units (absolute) 


pressure on the wall 

*22x7x8x5 poundals 


22x7x8x5 


32 

= 192*5 lbs. wt. 


lbs. wt. 


Ex. 7. FwuL the average pressure per square foot on the ground duo 
(0 a rainfall of 1} inches m 5 hdurs, assuming that rain falls fteely from 
a height of 900 ft. 

[ A cubic foot of water weighs 62} lbs . ] 

The velocity of rain on striking the ground 
- V2tfX900*= *7:1x32x900 
*>8x30 ft. per teo. * 

The volume of rain that falls on a square foot in 5 hours 
-1 *x!|Xt** cub. ft. 

■*i\y cub. ft. 

' the mass of rain that falls on a square foot in 5 hours 
-*x-$ B lbs. 
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»*• momentum destroyed per sec. due to reaction of the ground 
on the rain drops 


10 2 5 X 60 x GO 


pressure on the ground per sq. foot (being equal and opposite to 
the reaction of the ground) 

125 X 8 x 20 

“ 10 X 2 x 5 x 60 x 60“ P oundalfl 
*= iV pouudals. 


Examples on Chapter X 

1. A tenuis ball of weight 2 oz. Is dropped from a 
height of 9 ft, on to a racket which is held still in a hori- 
zontal position, and rebounds vertically to a height of 4 ft. 
Find the impulse on the racket and the average force on the 
ball if the impact lasted jVth of a second, 

2. A 4 oz. cricket ball moving horizontally at 80 ft. 
per sec. was hit straight back with a speed of 48 ft. per sec. 
If the contact lasted second, find the average force 
exerted by the bat. 

8. A body of mass 5 lbs. moving witli a velocity of 
12 ft. per sec. impinges directly on a mass of 10 lbs. moving 
with a velocity of 6 ft. per soc. in the same direction and 
adheres to it. Find the velocity of the compound body. 

a 

If they wore moving in opposite directions before 
impact, show that after impact they are brought to rest. 

4. A railway truck „of weight 10 tons moving wdth a 
velocity of 8 ft. per sec. impinges on another truck of weight 
4 tons at rest, and travels after impact with a velocity 
of 5 ft. per see. Find the velocity of the second truck 
and also the loss of K: E. in ft.-lbs. due to the impact. 

5. A boy of mass M standing on perfectly smooth ice 
picks up a stone of mass m as it is sliding towards him 
with velocity v. At what rate will the boy begin to slide ? 
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6. A shell, moving horizontally with a velocity of 
1600 ft. per sec., is split into two parts by an internal 
explosion. The velocity of one part is reduced to 1100 ft. 
por sec in the same line. Find the velocity with which 
the other part moves if its mass is 1 of tho whole. 

7. A hammer weighing 1 lb., striking a nail weighing 
1 oz. with a horizontal velocity of 34 ft. por sec., drives the 
nail 1 inch into a fixod block of wood. Find the rosistanco 
M the? wood, assuming that the hammer moves with tho 
nail after tho blow. 

8. An inelastic mass of 6 cwt. falls froolv from a height 
of 9 ft upon a pile of mass 12 cwt., and drives it into 
the ground. If tho average rosistanco of the ground to 
penetration by tho pile he equal to 2 tV tons wt , lind the 
distance through winch the pile is driven by tho blow. 

9. A shot of mass 14 lbs. is fired horizontally with a 
velocity of 1230 It. per sec. from a gun of mass half-a-ton. 
If tho recoil of the gun be resisted by a constant force of 
one ton wnight, find tho distance through which the gun 
moves back and tho time it takes before coming to rest. 

10. A gun of mass 1500 lbs. fires a shot of 15 lbs. and 
recoils 12 J ft. up a smooth inclined plane of 1 in 8. Find 
the muzzle velocity of the shot. 

V\ OT. Masses m and 2mjire connected by a string which 
passes over a smooth pulley. Tho ascending body picks up 
a mass m at tho end of 3 seconds. Find tho resulting 
motion. [ C. U?1943 ] 

12. Two bodies each of mass 2 lbs. at rest are connected 
by a string passing over a small smooth fixed pulley ; a lump 
of putty whose mass is 1 lb. falls on one with a velocity of 
10 ft. per sec. and sticks to it# Find the velocity of the 
system & a second after the impact. 

.13. A body of mass 6 lbs. after" falling freely through 
4 ft. lifts a body of mass 10 lbs. from rest vertically up- 
wards by means of a light inelastic string passing over a 
smooth fixed pulley. How far will tho 10 lbs. mass risd ? 
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What is tho impulsive tension of the string when the body 
is lifted ? 

14 . Two particles of masses 10 lbs. and 4 lbs. connected 
by a light inextensible string passing over a smooth fixed 
pulley are left free. If the heavier particle reaches tho ground 
(assumed inelastic) after descending a distance of 21 feet, 
find how many seconds later it will he jerked off the ground 
and the height to which it will rise subsequently. 

[The portions of the string on either side of tho pulley are 
assumed suflioiontly long. ] 

15 . Assuming that rain falls freely from a height of 729 ft. 
find the pressure per square foot duo to a fall of * inches 
in 2 hours. (A cubic foot of water weighs 1000 ozs.) 

16 . Water Hows at a velocity of 4 It. per roc. from the 
lower end of a vortical pipe 2'4 inches in diameter and after 
falling freely 21 ft. strikes a horizontal plane without re- 
bounding. Find the impulsive pressure on thoplano in lbs. wt. 

17 . A continuous jet of water is thrown by a live-engine 
so as to strike a wall at right angles with a velocity of 72 ft. 
I>ersee. If the section of tho hose ho 4 squaio iuchos and 
the water rebound with a velocity of 24 ft. per sec., find the 
pressure on tho wall. 

18 . An inelastic ball of mass 40 lbs. is dropped from a 
height of 96 ft. above the ground and at tho same time a 
second ball of mass 20 lbs. is thrown vertically upwards to 
meet tho former. In order that immediately after collision 
the halls may he at rest, show that the second ball must be 
projected with a velocity of 96 ft. per sec. 

19 . Two masses and mi moving along tho same 
straight line collide and form one body. If a force applied 
to stop tho masses individually before collision would biiug 
them to rest in distances and Xz respectively, find the 
distance in which t.ho joint body after collision would he 
brought to rest by tho same force. 

20 . A shell is dropping vertically, and when its velocity 
is u and height 7i, it bursts into two fragments of masses m\ 
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and ot 8 , which, after describing parabolic orbits, roach the 
ground in and t a seconds. Show that 

mi = t igt a 1 2 - h) 


21. A shell fired from a gun explodes into two equal 
parts when at the highost point of its path. If one of the 
parts falls vertically from rest, show that the other will 
describe a parabola of which the latus-roctum will be four 
th ugs that of the original parabola. 


A gun is mounted on a gun carriage movable on a 
smooth hoLizontal ground, and the gun is elevated at an 
angle a to the horizon ; a shot is fired and leaves the gun 
m a direction inclined at an angle 0 to the horizon ; if 
the mass of the gun and its carnage he n times that of the 
shot, show that 


Lan 0 = | L + ^ J tan u. 

23. A shot of mass m is fired with a velocity u relative 
to a gun mounted on a carriage which is free to move on 
a smooth horizontal ground, the gun being elevated at an 
angle a to the horizon. If the mass of the gun and 
carnage be M t find the range of the shot on the 
ground. 

(24^ A gun of mass .A/ fires a shell of mass m horizontally 
ancTtho energy of explosion is such as would be sufiiciont t.o 
project the shell vertically to a height fc. Show that the 
velocity of rocoil of the gun is 

f 2 \m*qh 1* 

\mm + M)l 

25. A bullet of mass m, moving with velocity u , strikes 
a block of mass ftf, which is free to mnvo in the direction of 
tho motion of the bullet u nd is ombodded in it. Show that 
the loss of kinetic energy is 

1 mM 2 

2 m + M U 
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26. A body moving along a straight line, splits into two 
parts of masses m± and m 2 by an internal explosion which 
generates kinetic energy E. Show that if after oxplosion 
the parts move in the same lino as before, their relative 
speed is 

vW 1 + J) 

v \m x m 2 l 

27 . A bullet of mass m is fired with a velocity u at a , 
body of mass M t which is recoding from it with velocity V ; 
the bullet perforates the body and emerges with a velocity u. 
Show that the subsequent velocity of the body is 

v .m(u-v)' 

M 

28. If two inelastic spheres have a direct impact, show 
that the K.E. lost by the impact is that of a body whose 
mass is half the harmonic mean between the masses of the 
two impinging spheres, and whoso velocity is equal to their 
relative velocity before impact. 

29. A shell of mass m is elected from a gun of mass M 
by an explosion wliich generates kinetic energy E. Prove 
that the initial velocity of the shell is 

J 2 ME 
* {M + m)m 

30. A smooth wedge of mass M and angle a is free to 
move on a smooth horizontal plane in a direction perpendi- 
cular to its edge. A particle of mass m is promoted directly 
jip the face of the wedgo with velocity V. Prove that it 
returns to the point on the wedge from wliich it was 
projected after a time 

2 y (3f + m_ sin 2 q) 

(w» + M) q sin a 

. Answers 

1. 6 units ; 2 lbs. wt. 2. 20 lbs. wt. 3. 8 ft. por soa. 

4. 74 ft. per sec. ; 5776 ft.- lbs. 5. mu/(m+M), 
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6. 3600 ft. pec doc. 7. 204 lbs. wt. 8. 9 laches. 

9. 9 ft. ; i see. 19. 1000 ft. per see. 

11. The raassoB move with a velocity of 21 ft./ see. 

12. 5‘2 ft./eeo. 13. 21 ft. ; 60 units of momentum. 

14. | see. ; V ft- 15- »i,- lbs. wt. 16. 9*05 lbs. wt. nearly. 
17. 376 lbs. wt. 

i9 .{Jm7x~_+Jfn,x t ) a . 23 V «* B , n da . 

Trti+wi fl M+m g 



CHAPTER XI 


COLLISION OF ELASTIC BOOTES 

11' 1. A solid body has a definite shape. If a force 
is applied at any point of it trying to change its sliapo, 
in geueral all solids ■which we meet with m nature yield 
slightly and got more or less deformod near tho point. 
Immediately, internal forces came into plav tending to 
rostoio the body to its ouginal form, and as soon as tho 
distributing force is removal, provided it is not too large, 
the body regains its original form. This property of a solid 
is referred to as its elasticity of shape. 

If a ball bo dropped Irani any height upon a hard floor, 
it is observed, after sti iking the floor, to rebound to a 
certain height (which is m general less than tho height 
from which it is dropped). Tho reason for this is the 
elastic property of the solid referred to above. When 
tho ball strikes tho floor, it does not meet the floor at a 
single point. The impulsive action of tho floor rapidly 
stops tho downwind velocity of the ball, and at tho same 
time causes a temporary compression near the point of 
contact, and tho ball actually meets the lloor in a small 
circle, as can bo verified by laying a thin layer of coloured 
powder on the floor. Now on account of the elastic 
property" of the solid it tends t,o regain its 01 iginal form 
quickly, apd in so doing, presses tho floor and receives an 
equal and opposito impulsive leaction from it, and thereby 
gams tho upward velocity" with which it rebounds. 

Now different substances have got their elastic proper- 
ties different. If balls of different material be dropped 
from tho same height upon a Moor, (or if tho same hall he 
dropped from tho same height upon floors of different 
constitution), tho heights to which they rebound 'after 
striking tho floor will ho observed to ho different. 

Again if tho sumo hall ho dropped on the same floor 
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from different heights, the height o( rebound v ill also 
vary, being greater when the ball is dropped from a 
greater height. Now the height from which tho ball 
is dropped gives us the velocity with which tho ball 
meets the floor immediately before collision. Also the 
height to which the ball rebounds gives us the velocity 
with which the ball started immediately after striking the 
Hoor. A remarkable thing may bo noticed. It will be 
found that tho ratio of tho velocity with which the ball 
separates from the floor immediately after collision, to 
the velocity with which it approaches the floor immediately 
before striking it, is a constant so long as the ball and 
tho floor arc the same, whatever tho height from which 
tho hall is dropped, and this constant differs for different 
sets of ball and floor. Newton's experiments on the 
collision ol two bodies (not simply of a ball on a floor, hut 
between two ballH both moving differently) load to a 
similar result* which is formally enunciated m tho next 
article. 

11*2. Direct and oblique impact ; Newton s law. 

When two bodies come into collision, tho common 
normal at their point of contact (to their touching surfaces) 
is known as tho line of impact. 

In case of two impinging spheres, clearly tho line of 
centres is the lino of impact. 

When two impinging bodies have got thqir velocities 
immediately before collision, both along the lino of .impact, 
it is said to bo a case of direct impact. 

When either of tho colliding bodies has got its velocity 
immediately before collision in a diioction different from the 
line of impact, the case is one of oblique impact. 

Newton’s Experimental law on Collision : 

• 

When two bodies impinge on one another , the relative 
velocity of separation of the two bodies immediately after 
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impact , measured along the line of impact , bean a constant 
ratio to their relative velocity of approach along the same 
direction immediately before impact. 

The constant ratio (usually denoted by e) for a particular 
paii of colliding bodies is referred to as their coefficient 
(or modulus) of elasticity, (or restitution, or resilience). 

Mathematically speaking, if U\, «2 be the components 
of velocity of two colliding bodies along their line ol 
impact before collision, and v\, their component 

velocities after collision along the same line, all measured 
in tho same sense , and e bo the coefficient of restitution, 
then 

l2 . ~l . Yi ^ e 01 . Va-V!* -e(u 2 -u,) 

Ui"U 2 


Thus tho greater the relative velocity with which two 
bodies strike each other, the greater is tho relative velocity 
with which they separate. 

When ono or both tho bodies aro altered, e becomes 
different, but so long as both the bodies remain the same 
e is constant. 

The quantity e, which is a xiositive number, is never 
greater than uni t\. When for a pair of colliding bodies 
c — l, that is when the relative velocity of separation of 
two bodies jailer collision is equal to their relative velocity 
of approach immediately before the impact, tho bodies are 
said to bo perfectly elastic. 

When for a pair of colliding bodies e- 0, that is when 
two bodies after collision do not separate, they are said 

to bo inelastic. 

• Perfectly elastic bodies aro never met with in nature. 
A very good approach is a pair of glass balls for which 
e-"94.. 
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U'3. Direct impact ot a sphere on a fixed plane. 

A ball is dropped from a height on a horizontal floor. 
The coefficient of elasticity between the ball and the floor 
being e t to find the height to which the ball rebounds. 


The velocity n acquiro«l by the ball in 
failing fioely under gravity tluough a 
lioighb h is given by 

w 2 =2r//i or u**j2gh. 



"I 


This is Mien tho velocity of approach 
immediately beloro collision with which 
tiie ball sci ikes the floor. 

Let v bo the upwaid velocity with 
which the bull separates from the floor 
limned lately after collision. Both u and 
v , being voitiral, are along tho common normal at tho 
point of contact of the ball with tho floor, and so the impact 
is direct. 


2a 


By Newton’s experimental law of impact, 

v^eu^e *J%gh. % 

Hence H being tho height to which tho hall rebounds, 


or, 


„ v 2 e 2 . c 2qli 2 , 
U- ■ - 0 ■ »e a h. 


2g 2j7 


Note t. Tho above indicates a rough method of determining e for 
bodies of any two materials. A thick plate of one is » fixed on the 
floor, while a ball Is made of the other ; h and // are observed against 
the graduations on a neighbouring vortical wall, when e= Jjl/h , 

Note 2 . Impulse of tho blow=f change of the momontnm of the 
ball upwards «=»n{eM— (— tt)} ,s3 7ni*(l+e) where m is the mass of the ball. 


11/4. Oblique impact of a smooth sphere on a fixed 


plane. 

■ 

A smooth sphere impinges obliquely on a fixed plane with 
a velocity u at an angle a with the line of impact , e being the 



174 


INTERMEDIATE DYNAMICS 


coefficient of restitution between the sphere and the plane ; to 
find the velocity immediately after impact . 

Lot v be tho volocity 
of tho sphere immediately 
after the impact, in a direc- 
tion making an angle 0 with 
the line of impact. 

Tho component of velo- 
city along the line of impact 
immediately before the 
impact is u cos a towards 
tho floor, which is thus the 
velocity of approach along the lino of impact. Similarly the 
velocity of separation from tho floor measured along tho 
same lino after impact is given by v cos 0. 

Hence by Now ton’s experimental law of impact, 

v cos 0*=eu cos a (i) 

Again, since tho sphere is smooth, the impulsive reaction 
of the floor on tho hall is along tho common normal, that is r 
along the line of impact, and tho change of velocity of tho 
ball will he produced in this direction only. Perpendicular 
to the lino of impact, (that is, parallel to the floor) there 
being no force component, tho component volocity in that 
direction will remain unchanged, and so 

v sin Q**u sin a - (ii) 

Prom (i) and (ii), we get 



Cor. Iie = l 9 then v—u and 0-a. 

Hence a perfectly elastic ball impinging obliquely on a fixed plane 
rebounds with the same velocity, making the same angle with the 
normal to the plane as the angle of Incidence. 

Note. Here, impulse of the blow — change of momentum of the ball 
along the line of lmpact-3?n{o cos 0 — (— u cos a)}»m(l +e) u cos a from 
(i), m being the mass of the ball. 

Again, from (i) and (ii), (sin a o+e 9 00B 9 a). Henco the loss of 

K,E. by the impact -=bmu* -imv* “l(l-e 9 ) ww* 9 cos® a. 
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^15 ^ Direct impact of two smooth spheres. 

'Two smooth spheres of masses m± and m% mooing along 
their line of centres with velocities U\ and u 2 (measured in 
the same sense) impinge directly. To find their velocities 
immediately after impact , e being the coefficient of restitution 
between them . 


•Let Vx and v 2 ho the velocities 
of the two sphered immediately — u 2 
after impact measured along their 
lino of centres 111 the same direction 
in which u x and u 2 are measured. 

As the spheres are smooth, the 
impulsive action and reaction 
between them will bo along tho __ 

common normal at tho point of v] * 

contact i.e. t along their line of 

centres, and so perpendicular to this lino there will bo 
no velocity generated in tho spheres. 



From the principle of conservation of momentum, 

m x v\ +m^v 2 ^miUx + m2U 2 ••• (i) 

Also from Newton’s experimental law of impact of two 
bodies, e donoting the coefficient of restitution between the 
spheres, 

v 2 - v± =e (wi - u 2 ) ■■■ (ii) 

Multiplying (ii) by m2 and subtracting from (i), 

+ -(»*i -em 2 )ux +w a wa(L + e) (iii) 

Similarly, multiplying (ii) by vii and adding to (1), 

(t»i +m a )v2 +’e) + (m 2 - mjtfa (iv) 

(iii) and (iv) givo v\ and v 2 respectively. 

Cor. If and e"l, we get and t? a 

Hence two equal perfectly elastic spheres after direct impact 
interchange their velocities. 
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/ IxoA Oblique impact of two smooth spheres. 

r TJBnwo smooth spheres of masses and ms, moving 
with volociLios Ux and u 2 at angles u \ and a 2 with their 
lino of centres, come iuto collision, as indicated in the 
figure. 



Lot V\ and y 2 be then velocities immediately after 
impact in directions making angles 0 x and 0 2 respectively 
with their line of centres. 

As the bodies are smooth, the impulsive Action and 
reaction between them will bo along their lino of centres, 
and so porpcnchcular to this direction there will bo no 
change in the component velocities. Hence 

v ± sm 0 X =Ux sm ai ( 1 ) 

Vq sin 02=742 sm a 2 ■■ (h) 

Again, by the principle of conservation of momentum, 
the sum-total of the momenta of the two bodies along the 
line of m/pact will be unchanged. Hence 

TMiVi cos 0i +m 2 r 2 cos 0 a 

= mi?4i cos a- + wz 2 742 cos a 2 (iii) 

Lastly, by Newton’s experimental law of impact, 
z? 3 cos 0 a -i?i cos 0i = c(?4i cos a 1 — 7£j cos a 2 ) (iv) 


( the relat. velocity of 
separation along the 
line of impact ) 


( the lelat. velocity of 
approach along the 
lino of impact ) 
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(v) 

(vi) 


From (iii) and (iv), we get 

a (mi - em s )u f eos a t + (1 + e)m.M 2 oos a 2 
*ieo»«i= — --- 

T 971s 

* (1 + e)m x u X GO$ a-i +(w 2 — mi) Un nos a 2 

Va cos 0 2 “ — M , 

m ± + mz 

From (i) and (v), we get v% and 0 a f and similarly 
from (li) and (vi), r a and 0 a are obtained. 

’ 'f 

(ir7y Loss of Energy due to collision. 

(A) Direct impact 


Lot two smooth spheres of masses m \ and ra 2 moving 
with velocities U\ and u 2 along their lino of centres come 
into direct collision, and let Vi and 7)2 be their velocities 
i m mod lately after impact measured along tho same direc- 
tion. The spheres being smooth, tho impulsive action and 
reaction between them will bo along the lino of centres, and 
so perpendicular to that line tlioro will bo no volocity 
generated in the sphoros. Let c be tho coefficient of 
restitution between tho spheres. 


Then by tho principle of conservation of momentum, 

miVi + higVg +m 2 u 2 ••• (i) 


Also, by Newton’s experimental law of impact, 

v 2 -v x = e{ui-u 2 ) ... (ii) 

From (i) and (ii), w T o got 

(i»i + w*)i>i -wniti + - emi(«i - Hi) .1. (iii) 

Now the loss of the total kinetic energy of tho sphoros 
= (4«ii?ti 2 + bn 2 m 2 2 ) - {\m,\V\* + tm 2 Va 2 ) 
a hm x {u\ 2 - 0i 2 ) + 4w 2 (w 2 2 - t; 2 2 ) 

*=\m x {u x -t?i)(?4i + Vi) + i??& 2 (f/ a -Vz)(uq +t> 9 ) 

-= im x (ui - + v 1) - (tt a + v 2 )\ [ from (1) ] 

=* im x (u L - - Ug) - (ug “ Vt)} 

**\m x {u\-Vi){u\ -W2)U - e) 

12 


[ from {ii) ] 
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o T' 1 -■ (l-e)(ui -tt 2 )f(wi +m a )«i -(wij + w 2 )t>i& 
Si Wi + tw 2 


1 9tl 

a - * -(l—fl)(tti- “ Witti-I»2«3 

J Wj + 7/2-2 

+ e7» 2 («i — «*a)i [ from (hi) ) 


■*■ o m ”+7)1 «»)(! + «) 




As e < 1 generally, tbe above expression is essentially 
positive, and thus there is actually a loss of total K.E. l>y a 
collision. Only in tho case e^l , i e. m case of a collision 
of perfectly elastic bodies, tho abovo expression is zero, and 
hence the total K.E. is unchanged by impact. 


N (B) Oblique impact. 

* Let two smooth spheres impinge obliquely on one 
another, and lot tho notations bo as m Art. H‘6. 

Tho loss of the total K.E. of tho spheres by tho impact 
— KwxWx 8 + m^u? 2 ) - +m 2 v 3 3 ) 

= ='4WiMi 2 (cos 2 a 1 + sin 3 ai) + W 2 M 2 2 (cos 2 a a +sin 2 a 2 )} 
-’5{wiiVt 2 (cos 2 0 1 + sin 2 Ox) +?w 2 i 1 o 2 (cos a 0 2 + sin a 02 )} 
83 cos’^aj +m 2 M 2 Z cos 2 a ? J 

“ilwiUi 2 COS 2 0 1 +?»2V2 3 COS a 0 2 )} 

(by equations 0) and (») of Art . 1T6). 

Now with the help of equations (m) and (iv) of Art. 1T6, 
proceeding exactly as in tho above case (A) of direct impact, 
(noting that u tl « 2| v\ 9 v 2 of the case of direct impact are 
only replaced by U\ cos ax, u% cos a 2t v t cos 0i, v? cos 0 ? 
in this case) tho expression for the less of total K.E. by 
impact becomes 

2 mi + *»,^ ~ e *)( Ml 008 0,1 ~ Ul 009 °*^ a ’ 
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which is essentially positive, sinco e < 1. Hero -Iso, for 
«= 1, t.ff. for oblique impact of two perfectly elastic smooth 
spheres, there is no alteration in the total kinotic energy. 


tl a 8. Impulsive action (nr loaetion) between two 
colliding spheres. 

(A) When there is a direct impact. 

£jot m x and m* bo the masses of two smooth spheres 
coming into a direct collision, and m being their 
lcspoctivo velocities immediately before, and and r 2 their 
velocities immediately after the impact along tlio lmo of 
centres, all measured in the same sense. 

Then, from the principle of conservation of momentum, 
mi*ei +vi 2 Vn *= nixUi +m a w a ... (i) 

Also, from Nowton’s experimental law of impact, 

v 2 ^cUi - U 2 ) ... (ii) 

From these, 

(wi +m 2 )v 2 “witM! + m 2 uz +ew 1 (?/t-7* 2 ) (hi) 


Now the impulsive blow on wj 2 » measured by its impulso, 
being equal to the change of momentum produced* is 

I-* m a (u 2 ~ u 2 ) 


m 2 
mi+m s 


— miWi + Wi 2 w 2 +em x (u x -?< a ) 

77l a L 

wi+vl fflif “ 1 ~ ***) + mi ^ /i ~ «*)] 


[ using [Hi) ] 


771 1 + m 2 


(l + e)(tti-tt 2 ). • 


The impulsive blow on m\ is equal and opposite to it. 


a (B) When there zs an oblique impact . 

The impulse of the blow, being measured by the 
change of momentum produced along the line of impact. 
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we are to take into consideration only the component of the 
initial and final velocities of the spheres along this line, 
and proceeding exactly as in the above case, we get the 
measure of the required impulsive blow in this case given 
by 

cos 0 2 - M 2 cos ci J 

=» (l + c)(tti cosai-tt 2 cos a 2 ). 

mi + mi 2, 


ll’fl. Illustrative. Examples. 

Ex. 1. A ball overtakes another ball of in times its mass , ivhich is 

movtnq with th of its velocity m the same direction. If the impact 

reduces the first ball to ?est, prove that the coefficient of restitution is 
m+ft 
mn—m 


and that m must not be less than n « 

ft-i 

Let M be the mass and V the velocity before impact oi the first 
y 

ball ; then mM and - are the corresponding quantities for the 
n 

second. Let v be the velocity after impact of the second ball, the 
first ball being roducod to rest. 

Now e being the coefficient of restitution, we get, from Newton’s 
experimental law, 


— ( 7 -D' 


■eV< 


n-1 


(!) 


Also, from the principle of conservation of momentum 


mMv^MV+mM' » 
« 


or, 

Hence from (i), 


e- y +?-F.-” + - n - 
m n nm 


m ■* n 


w+n 


«n-l T .w+n 

eV- . a /. , or — - - 

n mn m[n— 1) mn—m 


Again, as e is never greater than unity, mn-m < w+n 

i»e, m(n-2) < n ; in other words, m is not less than 11 « 

• n — 2 
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Ey. 2. A ball is thrown from a point on a smooth horisorta ’ ground 
with a velocity V at an angle a to the horizon • Assuming e to be the 
coefficient of restitution of the ball with the ground , show that the total 

time Jor which the ball rebounds on the ground is and that its 


distance from the starting point when it ceases to rebound 


. V* sin 2a 
M Id-eT' 

[ C. U . 194$ ] 



Wo know that the projected ball, after describing a parabolic orbit, 
will strike tho ground with the same velocity F, at the name angle o 

2 V sui a 

with the horizon, a? at start. The time of flight T= ^ and tho 
2V 2 

range 7i*=- sin a oqs a. 


Now suppose that immediately after the first rebound, the velocity 
of the ball is V x at angle a x to the horizon. Then, by Newton's law 
of impact, considering motion along the lino of impact, t.e., in the 
vertic.il direction, 

V x sin *=e.V sin a 

and as perpendicular to tho line of impact there is no change of 
velocity, 

‘ V x oos a x » V cos a. * 

For the parabolic orbit after the first rebound till the second 
rebound, 

the time of flight r, = 2 -^? — = e J’ 

9 m g 

and the range if , ^ 

9 • 9 

Similarly, from the second to tho third rebound, 

T % =eT x =*e*T t and B^eB x «*VR 

and so on. 
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Hence the total time for which the ball rebounds 
- T+eT+e'T+ - ad »»/*= T - - 

and the total distance moved over by the ball before it ceases to 
rebound 

-R+eR+e'R+-ad - K - - 


Ex 3. A ball impinges directly upon another ball at rest , and is 
itself reduced to rest by the impact ; if half of the initial lunette energy 
is destroyed in the collision , find the coefficient of restitution. 

[ U. P. 1941 ] 


Let m be the mass of the first ball, u its velocity immediately 
before impact, M the maRS of the seoond ball, and V its velocity 
immediately after impact. Then from the principle of conservation 
of momentum and by Newton’s law of impact, we get respectively, 
MV=*mit and V=eu ••• (i) 


Now by the given condition, energy lost — half the initial energy 
or \mu 2 - JAf V* — 


or 


1 - 


m r* 

m u* 


1 > 


i.e., using (i), 

1-0 = 4 or 0 = 4 . 


Ex. 4. ' A smooth circular hoop lies on a smooth horizontal table , and 
is held fixed. A particle is projected outlie table from a pomt on the 
inner circumference of the hoop. Prove that if the particle return to the 
position of projection on the hoop after two impacts , its original direction 
of projection must make with the radius thi ouqh the point , an angle 

tan" l {o 8 /(J + 0 +c*)}^» 

0 being the coefficient of restitution. 

Prove that the same remit is true even $f the lioop is free to move on 
the table . 
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Let u be the velocity with which the particle is projected from A in 
a direction AB at an angle 0 to 
the radius OA . 

After its first impact at B 
let 26 ' bey its velocity along BC 
at an angle 0' with OB . After 
its second impact at C, the 
«p&rtjgla moves along CA to 
return to its starting position 
A. Lot 0" bo the angle OCA. 

Then for tho first impact 
at B, since OB is the line of 
impact, by the Newton’s law, 

u cos fl' — c. u cos 0 (i) 

and perpendicular to the lino of impact, there being no change of 
velocity, 

u' sin 0 '— u sin 0 ••• (ii) 

From (i) and (n), tan 0'«* a ” 

Similarly, for tho socond impact, 

. tan O' tan 0 

tan 0 ■= « - - . 

e e* 

Now from Geometry, since OA = OB*»OC, from the triangle ABC, 

20+20'*20" = ir or 0'+0"= £ -0. 

2 • 

tan(0'+0") = cot0 or ^'^^,-ooi 0, 

*.e. tan 0 (tan 0'+tan 0")=- 1-tan 6* tan 0 ", 

. - /tan 0 .tan 0\ - tan®0 

or tan 0I---+ -1-1 » 

\ e e % / e % 

m 

. 01 tan ’ 9 ( » + e' + e’ ) = 1 Rivln8 ian ' 9 = i*e+e'' 



whence, 
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If the hoop is free to move on Ithe table, we assume uf to be 
the velocity of the particle relative to the hoop after impact at 
B t and BG at an angle O' to OB % the relative direction of motion. 
The equations (i)and (ii) are then unaltered. Again, after the second 
impact with the hoop at the point C of the hoop, the relative direction 
of motion of the particle with reBpoot to the hoop is CA t in order that 
it may come to the same position A on the hoop (though not the same 
position in space) as at start. As Newton’s law relates to relative 
velocities of approach and separation between the two bodies, 
the equations of impact are unaltered. /Thus the final result iB the 
eamo. 


Ex. 5. Two equal elastic balls are projected towards each other at 
the samjM, instant in the same vertical piano from two points m the same 
horizontal plane, v bevng the velocity and a. the elevation m each case . 
Show that after impact they will return to the points ofpiojcction if 

ga(l + e) = ev’ 1 sm 2a 

e being the coefficient of .restitution , and 2 a the distance between the 
points of projection. 



Let the balls projected from A and B come to collision at C, which 
by symmetry is vertically above the mid-point 0 of AB t at a height h ' 
say. Let V be the velocity of either ac an angle 0 to the horizon 
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immediately before impact;, and Y at an anglo B 1 to the horizon, that 
immediately after. Let t bo the timo from A to C, and t* the tune in 
the subsequent parabolic path from C to A of one of the balls. 1 he 
line of impact is clearly horizontal, and considering the motiou along 
and porpeudicular to the line of impact, 

2 Y cos O' - 4,2 V cos 9 and Y sin O' - V Bin 0 . (i) 

Now for the initial parabolic path from A to C 

Voos oob a, 1 ... ... (ii) 

V sin 9 — v sin a - gt J 

and 0=0 cos a. t (iii) 

h=v ain a. t — bgt* — — (iv) 

-Also for the subsequent parabolic path from C to A, 

a=*V cos 9\ t r =e. V cos 9. cos a.t r — (v) 

-h~Y sin 9\ t'-igt'* = V Bin 0 . i'-Jgt' 9 
= (« sin z-gl)t'-igt' 2 

From (iii) and (v), 

(t+t‘) = — - -(].+ -*)• ••• 

' v cos a\ 0 / 

Also from (iv) and (vi), adding, 

0 = u sin a (t+t') — bg[t + t')* 

whonco 2o>.iiia=j(i+«') = wo 7 0 0 Ba ' 1 ^' 5 f by (trti) ]. 

ga\X+e)^ c lev x sin a cos a = 0 V 9 sin 2a. 

Note. It may bo noted that by the impact at C, the vertical 
component of velocity is nob altered. Hence considering the conti- 
nuous motion from A to C and back from C to A, so far as the vortical 
motion is concerned, wo seo that in timo t+t f , the vertical distance 
described by the ball is zero, pence we can at once write down 
equation (viii), instead of writing the equations (iv) and (vi) and thence 
deducing (viii) with the help of (iii) and (v). 

Examples on Chapter XI 

1. A particle falls from a cortain height upon a fixed 
horizontal plane and rebounds, and takes 1 second to .reach 


(vi) 

(vii) 


(viii) 
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tho plane again. If the coefficient of restitution be 1, find 
the height from which it fell. 

2. A glass marble projected along the smooth floor 
of a room hits directly tho opposite wall and returns to 
tho point of projection again. If it takes thrice as long 
in returning as it took in going, find tho coefficient of 
elasticity. 


3. A ball projected vertically upwards with a velocity 
of 32 ft. per socond from the ground meets with an obstacle 
at a height of 4 ft. and returns to tho ground again. If tho 
coefficient of restitution between the ball and tho obstacle 


bo 


J 3' 


and that between the ball and the 


ground be - j ^ 


show that tho ball after robcunding from the ground will 
again just reach tho height of the obstacle. 


4. A ball is dropped on a horizontal floor. If tho time 
takon by tho ball to rise to tho greatest height fiom tho floor 
after tho second impact ho half of that taken by the hall to 
drop down to tho floor before the first impact, show that 
a = n/4- 

5. A ball falls from a height of 36 feet upon an clastic 
hoftaqmtal plane. If tho coefficient of elasticity he 
find the total space described before the ball ceases 
rebounding. 


6. A particle falls from a height h upon a fixed hori- 
zontal plane. If e be the coefficient of restitution, show 
that the whole distance described before the partiolo has 
finished rebounding is 


1 + e a 
1 -e 2 


h. 


and that the whole timo taken is 




2 hl+* m 
g 1 - e 


7. A ball of mass 5 oz. moving with a velocity of 48 ft. 
per sec., impinges on a fixed smooth plane in a direction 
making an angle of 60° with tho piano. If tho coefficient 
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of resibution bo J,find the velocity and direction o: motion 
of the hall after tho impact. 

Find also the impulsive action on the piano. 

8. A ball falls from a height of 25 feet upon an inclined 

plane of elevation 45°. 1 f bho coelhcient of restitution be 4, 

find the magnitude and direction of tho velocity after impact. 

9. A ball slides from rest from tho top of a smooth 
ifltlmod plane of height h and elevation 45°. If tho co- 
efficient of restitution bo 4, show that tho range on tho 
horizontal piano after rebound is h. 

10. A perfectly elastic ball dropped on an inclined plane 
strikes the plane ' again after rebounding. Show that tho 
intei val between the times of tho two impacts is independent 
of the inclination of the plane. 

11. A particle is dropped from a height of LG feet on a 
plane of elevation of 30’. How far down tho piano is its 
next point of impact, if tho coefficient of institution he \ ? 

A sphere of mass 5 lbs. moving with a velocity of 
6 ft. per sec. overtakes a sphere of mass 4 lbs. moving with 
a velocity of 4 Jb. per sec. in the same direction ; if tho 
impact bo direct aud tho coefficient of restitution be 4, find 
the velocities of the spheres, after impact. Find also tho 
impulse of tho blow. 

18. A hall moving with a velocity of 8 ft. per sec. 
impinges directly on an equal hall moving m tho same line 
with a velocity of 4 ft. per sec. in the opposite direction , if 
the coefficient of restitution be 4, show that after impact tho 
first is reduced to rest and the second turns back in the 
opposite direction with tho velocity it had bofoie impact. 

14. Two equal sphores whose elasticity is 4 moving in 
opposite directions with velocities 8 ctns. and 4cms. xior sec. 
respectively, impinge directly upon cacli other. Find tho 
distance apart between the sphores 10 secs, after tho impact. 

15. Two balls impinge directly and the impact inter- 

changes their velocities ; prove that they arc perfectly 
elastic and of equal masses. « 
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16. A ball A directly strikes a ball B which is at rest, 
and after collision their velocities arc equal and opposite ; 
find tho coefficient of elasticity, supposing tho mass of B to 
be k times the mass of A. 

Is there any restriction on the value of k ? 

17. A sphere impinges directly on an equal sphere at 
rest ; if tho coefficient of restitution he s, show that their 
velocities after the impact are as 1 - e l 1 + e. 

18 . An elastic pile weighing w lbs. is driven vertically 
by a hamraor weighing W lbs., the hammer having a fall of 
x feet. If tho resistance to penetration bo P lbs. wt., and 
e tho coefficient of elasticitVi find tho distance penetrated 
by the pile into tho ground. 

19. A ball is dropped from a height of 48 ft., and at the 
samo instant an equal ball is projected vertically upwards 
from the ground with a velocity of 96 ft. por sec. The two 
balls collide with one another. If the coefficient of rostitu- 
tion be 4, find the times taken by the balls to reach tho 
gro^KKl after the impact. 

(20J An clastic hall of mass m falls Irom a height h on a 
fixccfhorizontal piano and rebounds. Show that the loss 
of K. E. by tho impact is mgh{ 1 - e 2 ). [ C. U. 1930 , ’49] 

21. Two balls of masses 2 lbs. and 3 lbs. are moving 
with velocities 6 ft. per sec. and 3 ft. per sec. respectively in 
tho same direction along tho samo straight line and collide 
with one another. Find the K. E. lost by impact if the 
coefficient of restitution be §• 

22. Two equal balls are moving in the same direction 
along the samo straight lino with velocities, one double of 
the other. They collide and lose by impact xith of their 
kinetic energy. Find tho coefficient of restitution. 

( 23 J If two unequal spherical balls moving with equal 
vetemties v in opposite directions impinge directly, prove 
that the resulting loss of K.E. is (l - e 2 )f*v 2 t where ft is tho 
harmonic mean between tho masses of the balls. 

24 . Two perfectly inolastic bodies of masses and W 2 
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moving with velocities U\ and u 2 in the same ducction 
impinge directly. Show that tlie los* o£ K. h. duo to 
impact is 

l STl (“!-»*)’• [c.u.msn] 

A ni\ + WI2 

25. A sphore of mass 16 lbs. moving with velocity 8 ft. 
per sec. impinges on a fixed plane, m a diiection making an 
angle of 3(r with the plane. If the coefficient of restitution 
W 1. find the loss of kinetic energy. 

26. Three perfectly elastic balls A t B, G of masses 
1, 2, 3 lbs. are moving 111 the same straight lino with veloci- 
ties 8, 2, lit. per sec. respectively. A impinges upon B , 
and then B upon G, Show that after impact A and B 
are reduced to rest and G moves on with a velocity of 
0 ft. per see. 

27. There are n perfectly elastic equal balls at rest in a 
straight line , the first impinges directly on the second with 
velocity v , the second on the third, and so on. Show that 
the ?ith ball moves ofT with velocity »\ What happens d 
the balls are imperfoctly elastic, the eoofliciont of elasticity 
being e ? 

28. A ball of mass 4 lbs. moving with a volucity of 10 ft. 
per sec. strikes a ball of equal mass lying at rest. The 
impinging ball moves at an angle of 30° with the lino of 
enntros at tho instant ol impact, and the eoofliciont of 
olabtioity is 5-. Find the velocity of tho second ball after 
impact. 

Find also the loss of K. E. by impact. 

29. A ball ol mass 2 grammes, moving with a* velocity of 
8 cms. per sec impinges on a ball of mass 4 grammes 
moving with a velocity of 2 cms. per sec. If their velocities 
before impact be in like parallel directions and inclined at an 
angle of 30° to the lino of centres at the instant of impact, 
find their velocities after impact tho coefficient of restitution 
being 

Find also tho impulsivo action between tho two bodies. • 

30 . Two perfectly elastic equal balls impinge ; show 
that if tlieir directions of motion before impact bo at right 
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angles to each other, thon their directions of motion after 
impact are also at sight angles to each other. 

31. A sphere of mass m\ impinges obliquely on a 
sphoro of mass ma which is at rest. If m x *= r,i7/. 2l show that 
their directions of motion after impact sue at right angles. 

32. Tf two equal and perfectly elastic spheres impinge 
obliquely, they interchange then 1 velocities in the direction 
of Lhfiir lino of centres. 

33. Two equal balls of elasticity ■£ start at the same 
instil nt with equal velocities fioin the opposite corners of 
a squiue along two contiguous sides, and collide. Show 
that after collision their directions of motion are inclined 
at an angle 

tan~ l 1. 

34. A ball whoso coefficient of elasticity is e, is 
proiected with a velocity u at angle a to the horizon from 
a point in a horizontal piano. It strikes a fixed vertical 
wall situated at a distance of h feet and returns to the 
point of projection. Show that 

-. . 1 M 9 sin 2 a 
1 + = , ---■ 

e gh 

35. There are two parallel walls, the distance between 
winch is equal to their height ; from the top of one of them 
a perfectly clastic ball is thrown honzontallv, so as 
to fall at the foot of the same wall, after rebounding from 
the other. Show' that tho focus of the first path is at the 
foot of the, first wall. 

36. Hailstones are observed to strike tho surface of a 

frozou lake in a diieciion making an angle of 30° with the 

vertical, and to rebound at an*, angle of 60°. Assuming tho 
contact to be smooth, find the coefficient of elasticity. 

If the hailstones rise after impact to a height of 2 foot, 
find tho velocity with wjnch they originally struck the 
* ground. 

37. Two equal balls P and Q lie in contact in a horizon- 
tal circular groove. They are projected along the groove, and 
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come into collision after a time t. Show that the second 
imprest takes place after a furthov interval of i. (, whore 
c is tlio coefficient of elasticity. 

38. A ball whose mass is 4 onneos impinges directly 
on a fixed piano witli a velocity of 30 ft. per roc. If t»ho 
coefficient of restitution bo » and tho time of contact is 
asiifch oi a second, find tho avorngo pressuio between tlio 
ball and tho plane in lbs. wt. 

39. Two spheres of masses vii ond via travelling with 
velocities u.\ and u 2 in tho same duoction, collide directly, 
and rebound. H tho velocities nltoi impact are Vi and 
v > , and if e bo the coefficient of restitution, show that each 
spheie loses tho sumo amount of energy il 

«i + h* + Vi + -y 2 *=0. 

40. A sones of poifecstly elastics balls aro arranged in 
the same straight lino ; ono of tlioni impinges directly on 
tlio next and so on Provo tint if their masses form a 
geometrical progression of which tlio common ratio is r, 
their velocities after impact will form a geometrical pro- 

gression of winch the common ratio is ^ m 

Answers 

1. 61 ft. 2. 1. 5. 45 ft. 

7. lGis/ii ft. por soo. at an angle 30° with tho piano ; 17‘3 units 
nearly. 8. JO^To ft. por soo. ; at tan -l i with tho piano. 

11. 10 ft. 12. 4 | and 5 \ ft. per bog. , units. 

14. HO cma. 16. 2/(7— l) ; 7;<3. 18. ^ J* -(l+e)^. 

19. 4‘10 bbes. ; 1'9U bees. 21. \ il.-lhs. 22. V 

2 ) ,U# 

28. 3^3 ft. per seo. along the line of contros ; 2\ fl.-lbs. 

29. 3 a G2 cms. per sec. at G0° to tho line of centres ; 4*16 cms. per 

W j g _ 

t»ec. at tan" 1 to tho lino of centres ; . .j ij 3 units. 

36. i ; 16 ft. per seo. 88. 100 lbs. wt. 
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ANGULAR VELOCITY 

12*1. Angular velocity. 

The angular velocity of a point moving on a plane , 

• about any assumed point on that plane, ts the rate *of 
change of the angle made by the line joining the point to 
the moving point with any straight line th awn m a jixed 
dilection in that plane . 

If, for instance, P bo a moving point on , a piano and 
O be any point m that plane about winch the angular 

velocity is required, then 
Ox being a lixod straight 
line through O , the rate 
at which the angle x OP 
(=*0) changes, as P traces 
out its path on the 
piano, is defined to be the 
angular velocity of P 
about O. 

Wo may also define the angular velocity of P about 0 
as the rate at which the straight line OP turns about 0 with 
the motion of P. 

Uniform angular velocity. 

The angular velocity of a moving point P about a given 
point 0 is said to be uniform when the straight line OP 
turns m the same plane through equal auglcs about 0 in 
equal times, however small the time intervals may be taken . 

In case of uniform angular velocity, it may be measured 
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by considering tho total angle through which tne lino OP 
turns about 0 in any fcmio and dividing it by tho time. 

In case the angular velocity is not uniform, the angular 
volocity of P about O at any instant is measured by 

0 r 

t.ho limiting value of the ratio ,» where 0 f is the angle 

t 

POP* described by OP m an infinitely small interval, t ' 
•frum the instant in question. 


12*2. Uniform circular motion. 

/ 

If a point move in a circle of radius r with a uniform 
speed u, ils anjnlar velocity about the centre is uniform , 

and equal to ” • Z) & /A*. / i / 

Lot the moving point. P describe a circle with centre 
O and radius r, with a uniform speed v . As tJio speed is 
uniform, tho point traces out 
equal arcs of its path in equal 
times, and as equal ai cs of a 
circle subtend equal angles at 
t.Le centre, it follows that tho 
angles turned over by OP 
about 0 are equal in equal 
times, and tins is true' how- 
over small these oqual 
intervals oE time may bo 
taken. Hf'nco tho angular 
volocity of P about 0 is uniform. Again, in time t tho arc 
traced over by P is vt, and the angle 0 subtended by it 

vt * 

at the ceutro 0 is - ia circular measure. Hence, <u 

denoting tho uniform angular velocity of P about 0 (in 
radians per second), 

0 vt / . V 

" V 



13 
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Conversoly, under the above circumstances if oj be givon, 
we can got v from v -■ or. 

Cor. Ah equal arcs o£ a circle subtond eqaal angles at any point 
on tho circumference, which arc half the corresponding angles at 
the centre, it follows that for a moi mg point P describing a circle 
of radius r with a uniform speed v, the angular velocity about any 

point O' on the circumference is uniform, and equal to 

. » i 

About any other point on the place, the angular velocity of the 
moving point in this case is clearly non-uniform/ 


12 8. A rolling wheel. 

Let a wheel ol radius a be rolling along a straight lino 
on a rough ground without slipping, advancing with a 
uniform speed v. 

As there is no slipping in this case, in tho tinio that 
the wheel makes one revolution about its centre, the 

distance advanced by tho 
wheel or its contie, is 
equal to the circumforenco 
of tho wlieol. hi any 
time the distance AB 
anvanced by the wheel 
is equal to tho arc BA 
described by any point 
/I oil its circumference 
round • its centre, Tho motion of tho rolling whool 
therefore can be regarded as a combination of a forward 
motion as a whole with a speed v us iu case of slipping, 
together witli a rotation of the wheel about its centre at the 

rate of ono revolution in the time in which the wheel 

v 

moves forward through a distance equal to its circumference. 
The angular velocity of the wheel about its centre is 

thus « " 2 n 
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Thus for a rolling wheel, any point P on the ciroun.fr ronco 
at an angular distance 0 from its topmost point C at any 
instant has a twofold 
motion in space, one v 
in tho forward horizon- 
tal direction PX in 
common with t.ho 
centre, and tho other 
v 

csiv'r* * a i.e v along 

the tangential direction 
PT duo to the rotation 
round tho contro. Tho space velocity of the point P at the 
tmtant, boing a resultant of those two, is equal to 

2v cos g in a direction bisecting the angle XPT . 



Cor. The imtantaneous velocity of the topmost point C of the wheol 
(for which 0 = 0) is 2 o in the forward horizontal direction. 

Tho lowest pnuit FI of the wheel whioh at any instant is in contact 
with the ground (for which 0 = **) has instantaneous velocity zero, i.e. 
it io instantaneously at rest. This point at any Instant is defined as tho 
instantaneous centre of rotation of the wheel. It may be noted that 
the motion oi any point P of tho wheel at any instant is tho same as 

if it is rotating about R with an angular velocity * , so that the whole 

wheel as it wore rotates instantaneously about If with the same 
augulir velocity. 


12 4. Illustrative Examples. 

Kr. 1. A particle at the point X hits a velocity v in a directum 
malting an angle a with L the line OX. Show that the angular velocity of 

the particle at the instant about the point 0 ts 

. Let Y denote tho position of tho particle after an infinitely small 
time t' from the instant when it was at X. Then XY = vt\ • 
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-Li 


In this time, the angle through which OX turns about 0 is 

XOY=6' say. 

V Then Fjy being perpendicular 
on OX, YN = XY sin a 
- Y - «*' Bin a. Also YN— OY sin 0\ 

q 1 ® ^ - ThuB, vf' sin a=OFsin 0 1 

A N = OF. 0 # ultimately. 

[ Since, by Trigonometry, 0' being infinitely small, bin 0'»0' ] 

Now by definition, the angular velocity of the particle aboilC 6 is 
0 1 » 

the ultimate value of , whon t f is infinitely small, 
t 

, v sin a _ v sin n_ component of v perp. to OX 

f or “ ox ~ av 

for ultimately, whon t' is infinitely small, OF comes into coincidence 
with OX. y 

Ex. 3 .Y^Drnps of water are thrown tangentially off the horizontal rim 
of a rotating wet umbrella . The rim is 3 ft. in diameter and ts held 4 ft. 
above the ground, and makes 14 revolutions vn 33 secs. Show that the 
drops of water will meet the ground on a circle of 6 ft. in diameter . 

O is the centre of the horizontal circular rim of the uiktoella, O' 
the point on the ground vertically below 0, so that 00' — 4 ft. 7 

Ab the umbrella makes 
14 revolutions, t.e. describes 
14 x 2 t radians in 33 sees., 
the angular velocity of any 

point of the rim is 

oo 


and 
itt., the 


the radius being 
linear velocity is 
28r 3 28 22 3 , 

33 *2 “93* 7' x a"- 4f W S0C ’ 

i 

The drop from a point -4 
of the rim is then thrown oil 
with a horizontal velocity 
4 ft./seo, in a vertical plane 
perpendicular to OA, and 
describing a parabolio orbit, falls on the ground at B. 
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Now t denoting the time from A to B, 

i qt* =tho vortical dopth descended = 4. 
i a ss 8 /< 7 — ^ or f = 4 sec. 

Also, the horizontal distance NB , (whore -427 is vortical) described 
by the particle =4^ 4 x J - 2 ft. 

Thus since OA or O'N is perpendicular to the vertical plane of 
motion ANB t 

, C'o- JO'N* +iVii> = Jo A* ~+Nb* - -sAi ) 1 + ii J ft. 

Now 0 being a fixed point, tho locus of B is a circle of radius \ ft. 
i.c. diameter 6 ft. 


Examples on Chapter XII 

1. If tho velocity of tlio extremity of tho minute hand 
of a clock is 20 times that of the extremity of the hour hand, 
which is 3 inches long, find tho length of tho minute hand. 

2. Find tho velocity of any observer on the equator, 
taking tlie radius of tho oartli to bo 4000 miles. 

hoy is riding a tri-cycle along a road, the hind 
whocls of tho cyclo hoing equal and of diameter If ft. 
If thoir angular velocity about their respective contres 1)0 
An radians per sec., find the velocity of tho cycle. 

If tho front wheel ho of diameter 1 ft., find its angular 
velocity about the contro. 

4. A body runs at tho rate of 5 miles per hour on tho 
circumference of a horizontal wheel rotating about the 
vertical axis through its contro, and keeps the same position 
in space. Fmd tho angular velocity of tho whool about its 
centre, assuming its radius to be 3$ ft. 

5. A wheel with its plane vertical is rolling on tho 
ground, making 14 revolutions ]?er minute. If tho diameter 
of the wheel be 4 ft., find the space velocity of the points of 
the wheel at a height of 3 ft. above* tho ground. 

6. Show that the velocity of tho highest point of a 
wheel rolling on the ground is twice that of a pointy on 
the rim whose distance from the ground is half tho radius. 
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7. A' wheel rolls uniformly on the ground without 
sliding, its centre describing a straight line. Show that its 
angular velocity about the point of contact of the wheel 
with the ground is equal to tho angular velocity of the wheel 
about its centre. 


8.yT\vo points dosciibo tho name circle in such a 
manner that tho lino joining them always passes through a 
fixed point. Show that at any instant their velocities are 
proportional to their distances from the point. 




two points P and Q are moving with velocities w, v 
mating angles a, 0 respectively with the lino PQ , then 


n sin a — v sin 0 


PQ 

is tho angular velocity of P relative to Q. 


10. vff two points describe the same circle of radius a in 
the same direction with tho same speed u t show that at any 
instant their relative angular velocity about the centre 
is ula. 

11. A point moves uniformly along a straight line ; 
show that its angular velocity about any point varies in- 
versely as the squaro of its distance from that point. 


12. Two small marbles P and Q are moving in a 
clockwise direction in concentric circular grooves of 3 inches 
and 4 inches radii respectively, on a smooth horizontal 
table, their respective velocities being 6 inches per sec. and 
16 inches per see. If at any given instant they are 1 inch 
apart, find what time will elapse when they are 7 inches 
apart. 

13. Two points describe concentric circles in tho same 
sense, with velocities varying inversely as the square roots 
of the radii of tho circles. Find the angle subtended nt 
the common contre by ‘•the line joining them when the. 
relative angular velocity about the centre vanishes. 

14. If a point moves so that its angular velocity about 
two fixed points is the same, prove that it describes a circle. 
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15. rod OA is rotating about tho oxticrmty 0 with 
angular velocity «, and carries a rod AB which is rotating 
about A with angular velocity a/. Show that tho magnitude 
of the absolute velocity of tho point B at any moment is 

(a 2 a ) 2 - 2 abo>a/ cos 0 + b 2 a>' 2 )^ 
where OA = a, AB = b and A-OAB^Q, [ C. U. 1942 ] 

16. A point P describes a circle of radius a, conlro 0, 
11 with uniform angular velocity m ; show that a point Q 

which dosciihes a diameter A OB of the circle so that PQ is 
always perpendicular to A OB, moves from tho mid-point 
of OA to tho mid-point of OB in time n/3<o. [ U. U . 1940 ] 

n. 7!V/Pwo points arc describing concentric circles of radii 
a ftrra a with angular velocities ® and o/ respectively. 
Provo that the angular velocity of tho lino joining thorn whon 
its length is r is 

{(r 2 + a 3 - a*)a) + (r 2 + a ' 54 - a 2 )<o'\/2r 2 

18. y/i wet open umbiella is bold upright with its rim of 
radius a at a height h above tho ground, as is lotated 
about tho handle with uniform angular velocity w. Show 
that tho diops oi w r ator which lly off from tho rim, will, on 
i caching the ground, boon a circle of radius 



Answers 


1. 5 inches. 2. 1047 m. p. h. 

3. 71 m. p. h. ; 7* radians por sec. 

4. 2 radians/nec. 5. 2 n/ 3 m. p. h. at ± 30° to the horizon. 


12, lj sec. 

U. oos-*( aJ -^ + - 6 ). 


where a and & are the radii of the ciroles. 



CHAPTER XXII 


NORMAL ACCELERATION 

A particle describes a circle of radius r with 
a uniform speed v ; to show that at any instant its 
acceleration is directed towards the centre , and is of 



magnitude 


fs, 


^ Lot a particle bo moving along a circle of centre O 

and radius r with a uniform 
speed v. 

At any point P of its path, 
its velocity is v along the 
tangent PTA . After an 
iniimtely small time r, the 
position of the particle being 
Q , its velocity is v along the 
tangent TQB at Q. 

Now /LPOQ being 0, 
Z.QTA is also 0. 

(V 0, P, 1\ Q are concyclio) 
and so the velocity at Q may be broken up into components 
v cos 0 along PT q,rid v sin 0 perpendicular to it, i,e. % 
'"parallel to J?0. 



But r being infinitely small, 0 is also infinitely small, 
and therefore, (as we know from Trigonometry), cos 0 — 1, 
and sin 0 ■» 0 ultimately (in circular moasure). 


Hence the velocity at Q is ultimately equivalent to 
components^ along PT aiid vd parallel to PO. 

Thus in an infinitely small time t from P, the change 
of velocity is zero along PT and vO parallel to PO. Hence 
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there is no acceleration along PT, and the only acceleration 

170 

of the particle at P is Lt along PO. 


Now 0 (in circular measure) 


arc PQ ^ vr % 
r r 


Therefore the resultant acceleration of the particle at P, 
which is directed atom/ the normal PO is t 

i; ur v 2 * \ 

X r t l ('• f £■( rt f, { - r ' 
Cor. If « bo tbo angular velocity about the centre, of a particle- 


moving uniformly in a circle of radius r, the linear Bpecd being i 

w » r » 

v=wr t its normal acceleration is - r = «*r. 


13'2. Centripetal and Centrifugal Forces. 

We have soon above, that whon a body (of mass m say) 
moves in a circle of radius r with a speed v % it has an 
acceleration - which at any instat is directed towards 
the ^centre. Necessarily therefore, ^there must he a force j 
m v - towards the centre acting on the body tn order that it v 
may move m a circle . This force is known as Centripetal i 

For oxamplo, wo can make a stone move in a circle 
by attaching it to one end of a string, and whirling it 
round with the hand by the other end. In this case, the 
tension T of the string is tlio necessary centripetal force on 

the stone, and wo must have T=*m -» where m is the 

r 

mass of the stone, 17 its speed, and r the length of the 
string. 



In this case again, there is an equal and opposite reaction 
or a counterpull on the hand, and thero is a fooling as if the 
stone pulls the hand with a force, trying to fly away from the 
centre along the length of the string. (This outward force 
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which a body moving in a circle appoai-s to oxert at tho 
centre, and which is really a force equal and opposite to 
the centripetal force t is biown as the Centri?ugal force. 

It may however he noted that tho body really does 
not tend to fly away from the centre along 'tlio radius, lor 
if tho string bo cut, it flies off along tho tangent lino. 

Several otlior examples of normal acceleration and. 
centripetal force are appended below. 


13'3. The Conical Pendulum. 



If a heavy particle A bo tied to one extremity of a string 
and the other extremity be attached to a fixed point 0, 
and the system bo rotated uniformly about a vertical line 
OB through 0, a steady state of motion will bo reached 
with the string making a definite angle to the vortical, 
and describing a cone. 4 Tho particle accordingly will 
describe a horizontal circle wHh centre O' as shown in the 
figure. Tho system constitutes what is called a Conical 
Pendulum. 

We can easily deduce a relation between the angular 
velocity co with which the string or tho particlo rotates, 
and the inclination 0 of tho string to tho vertical. For, 
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if l bo the length of tho string, tho radius of too circlo 
described by A is l sin 0. Ilenco tho normal acceleration 
of A is o> 2 Z sin 0 along AO'. If m 1)0 tho mass of the 
particle, the centripetal force required to mako tho particle 
move in the above circlo is into* l sin 0, and this is supplied 
by the component of tho tension T of tho string along tho 
radial line AO\ 


Thus T sin 0=mco 2 J sin 0 (i) 

whence T—mtaPl ■■■ (ii) 

(in absolute units, if m bo in radians per soc.) 


Again, since there" is no vertical motion of tho particle, 
the forces in tho vertical direction must balance. 


Hence T cos 0 » mg. 

„ mq q 
.. °os0= T 

Lastly, sinco u>=- 


or 


-i Q 

■cos J - a . 
v> v f 


n 

l cos e " V oo" 

revolution of tho particle A is evidently 

oj 'V fj 


j 

mtl 

2 i.e., « JOO\ 

v a 


(hi) 

(iv) 

tlio period of 


Note. If oi’Z < q or to < J i tho value of 0 given by (iv) is 
Impossible. In this caso, from (i), sin 0«O or 0-0 and from (iii), 
T=mq. The string accordingly will remain vertical, though the 

system may ho rotating, bo long as w < ^ ^ ■ For greater angular 

speed, the particle will fly off and the string becomes inclined to the 

* 

vortical. 


t^l3*4. Motion of a railway carriage on a curved 
portion of a railway line. 

In order that a railway carriage moving on the rails 
may not slip off the rails, the wheels of tho carriage have 
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got flanges on one side (usually on the inner side of both 
pair of wheels) so as not to allow the wheels to move side- 
ways, one way or the other. When the carriage is taking 
a bend, if both the rails he at the same level, the centrifugal 
tendency for the carriage to fly off the rails outwards is pre- 
vented by the flanges of the wheels pressing against the rails, 
the reaction supplying the necessary force towards the centre 
of the bend for the motion on the curved path. This would 
produce a hugo amount of friction between the flanges and- 
the rails, sufficient to wear out the flanges quickly. In 
order to avoid this, the outei rail of the bend is generally 
raised a little, so that the floor of the carriage moving on 
the rails is not horizontal but inclined. The inclination is 
calculated so as to reduce the friction between the flanges 
and the rails to nil, and deponds on the amount of curvature 
of the path, as also on the average speed with which the 
trains would move at the bend. 

Tlio necessary inclination may be calculated as follows : 
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Let It and S bo the reactions of the exerted 

normally on the wheels, which as i a apparent from tho 
figure, are upwards at an inclination 0 to the vertical. Wo 
assume that there is no sideways reaction between tho 
flanges of the wheels and tho rails. 


The vertical components of B and S balance tho weight 
of the carnage, and the hoiizontal components produce tho 

r 2 

necessary normal acceleration - towards tho centre of the 

r 

curvature for tho motion of tho carnage along the curved 
path. 


Hence, M being the mass of the carriage, 
(B + 8) cos 0 — Mg 


(R,+ S) sin 0 “ j!7 
-.2 


giving, 


tan 0 • 


<jr 


» or 0* 


r 

tan" 1 


y ~ i 

fir I 


Tf d bo tho distance between the rails, the excess of (he 
height of the outoi rail over the inner one, at the bend, is 

x=-d tan 0 «- • I 

(jr I 

Note. In case a train tuna with a quicker or a stowor speed than 
that for which the elcvaLiou is calculated at a bond, sideways presumes, 
one wav or the other, -will be produced between tho ilanges and the 
rails, in addition tf) the normal reactions II und S , aud Dm components 
of thoso should alsj bo taken into accouut m writing tho equations 
given there. 


h 


135. Motion of a bicycle rider. 

A man is riding a cycle with uniform speed v round a 
curved path of radius r ; to* find the angle at which the 
cycle must bo inclined to tho vertical. 

Let m he tho mass of the man and the cycle. Since the, 
cycle is moving along a circular path, there is a force mv 2 lr 
towards the centre of the circle and honco the thrust on the 
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ground is not vertical but is inclined to the vortical- 
Consequently the rider inclinos his body and the cycle 
inwards towards the centre of the circular path. 

^^jet 0 be the inclination of the cycle to the vertical, and 
H the reaction of tho ground, which must also be inclined 
at tho same angle 6 to the vertical. 

Now tho horizontal component of tho reaction supplies 
tho forco necessary to produce tho acceleration towards the 
centre. 

- 2 

/. B sin 0 - • •• (l) 

r 

Also the vortical component of the reaction balances the 
weight of the man and tho cycle. 

Til cos 0 =* mg. — (2) 

From (l) and (ii), by division, wo get tan Q^v'^lrg. 

the cycle must bo inclined to tho vortical at an 
angle tan^'foVfg). 

Note. It is a familiar fact that wlicn a cyclist moving very rapidly 
on a level path rounds a corner, he often leans inwards. 

13'6. Hodograph. 

If P be tho position of a particle moving in any manner, 
and if from a fixed origin 0, a lino 0<J is drawn to represent 
in magnitude, direction, and sense, the voJocitv of P, the 
locus ol a Q is called the hodoyraph ol tho path of P. 

0 is called the pole of tho hodogvaph. 

Supposo P, P lf P 9 , L * a , ...are consecutive positions of the particle 
in Its path, v, v lt v a , v M ...aro tho velocities at those points, and if from 
• fixed point O, linos Oy, OQ lt OQ M , 3Q,...'aro drawn to represent the 
respective velocities in magnitude, direction and sense, then Q, Q lt 
Q a ... will lie on a curve which is called the hodograph of the path of P 

It should bo noted that OQ , OQi, 0Q 2 , OQa,... are 
parallel to the tangents at P, P t , P 8 , Pa,... 
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The points Q, Q lt Q 2t Q a ... are said to correspond to the 
points P, P Xl P 2 , P 3 ..- 

Theorem. If the hodograph of the path of a moving 
particle P be drawn , then at any instant , the velocity of the 
corresponding point Q in the hodograph represents m 
magnitude , direction and sense , the acceleration of the point 
P m its path . 



Let P, Pi be any two consecutive positions of tho 
moving pm tide on its path, and lot Q t Q , ho tho corres- 
ponding points on tho hodograph with respect to 0 as polo 

Now, OQ % OQi represent in magnitude* direction and 
sense, the velocities of tho particle at P x respectively. 

Suppose the particle moves from P to Pi In a vory 
small intot va 1 of timo t, 

K 

Since liv tho triangle of velocities, 

velo. OQ t - volo. <5Q + volo. Q<J Jf 

/. the change of \ulo. of P in time t is QQi. 
the acceleration of I the particle P 

" when t is made infinitely small. (l) 
t 
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Also, during tho same time, Q moves to Q 1 on tho 
hodograph. 

velo. of Q is equal to 

arc VPi. w | lon ^ - g maf i Q infinitely small. (2) 
t 

Since, when t is infinitely small, the arc QQi is 
ultimately equal to tho chord QQu it follows from (1) and 
(2) that tho acceleration of tho particle P is equal to the 
velocity of Q on tho liodograph. 

13'7. If a particle is describing a circle of radius r with 

v 2 

a uniform speed v, its acceleration at anv moment, is - 
directed towards tho centre. Alternative Proof) 



Let P, Pi bo two consecutive positions of the particle, 
and Q t Q± be the corresponding points on tho hodograph. 

Since' Oy — v — a constant, therefore tlio locus of Q, ix. 
tho liodograph of the path ol tlio particle P is a circle. 

Suppose tho arc PPi is described in an indefinitely 
small interval of time l. 

Since OQ t OQi are parallel to the tangents at P, Pi, 
Z.Q0yi “angle between tangents at P and Pi 
-L PGP X . 

. arc QQx arc PP\ 

OQ "CP 
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arq_Q£i OQ aruPPi 
t " CP t 

velo. o£ Q on the hodograph — v - -v • - ■ 

f T 

Since the velocity of Q is along QQi, which is ultimately 
the tangent at Q, and hence perp. to OQ, «\e. perp. to PT, 
and so parallel to PC , and since the sense from Q to Q t 
corresponds to the sense from P to C , and as we know that 
the acceleration of P on the circle is equal to the velocity 
of Q in magnitude, direction and sense, 

the accel. of P on the circle - directed towards 

r 

the centre. 


1S'8. .Illustrative Examples. 

Ex. lJpS 'wo masse * P and Q arc joined by a light inextensiblo string . 
The mass P describes a circle of radius 15 ft. on a smooth horizontal 
table with a uniform speed t while Q is suspended vertically m equili- 
brium by the string which passes through a small hole vn the table at the 
centre of the circle described by P. If the masses of P and Q are 96 and 
125 lbs. respectively , find the speed of P. ( g = 32 ft./ sec* ) [C. O. 1V34] 


Let v denote the speed of P, so that its acceleration towards the 
r « 

centre of the circle is and honoe T being tension of the string, 


considering the motion of P, 

r “ 96x S- SJ f* (i) 

Again, Q remaining fixed in 
space, its weight is balanced 
by the tension of the string, 
so that 

125p= 125 X 32 ... (ii) 
From (i) and (ii), 

-185x89, or »• >686. 
o 



t)—25 ft./seo. 
14 
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Ex. 2. The maximum weight a w string can support is 121 lbs. 
A mass of 48 tbs. is suspended from one end of it, and the other extremity 
is attached to the top of a vertical rod . The rod is mads to rotate about 
itself. If the length of the string is 6 ft., find the maxuwwn number of 
revolutions the rod can make per minute without breaking the string , a/nd 
the maximum inclination of the string to the vertical. 

Let n denote the number of revolutions per minute and 0 
tlic inolination of the string to the vortical when the motion is 
steady, T the tension in the string. The angular velocity of the 

Bystem is then radians per second. 

Now, with the figure of § 13‘3 ( since m«48 lbs. and OA» 6 ft. ), 
we get 

T sin 0««-48^ n -*Q x6 sin 0 ... (i) 

T oos 0 = 4.8 g (n) 

From (i), 

n — ®9 r~T 

5brV 6x48 

and since the maximum possible value of 121 lbs. wt. = 121 x 32 
poundals, the greatest value of n is 

30 x 7 >12 lV 32 15 X 7 11 

22 V 0X48 -ii a 


« 35 revolutions per minute. 
For this ease, from (ii) R the least value of 
48g 


OOS ( 


1210 


48 

‘m* 


48 

i.e. the greatest value of 0 =■ oos -1 ■ 

y idl 


K. 3 ,y/on 


Ex. 3 VOn a ditch of breadth 18 ft. there ts a bridge in the form of 
a circular are, the middle point of which is at a height 3 ft. from either 
extremity. Find the greatest speed with which a cyclist can pass over 
the bridge With safety if the height of the combined centre of gravity of 
the man and the cycle is 8 ft. above the point of contact of the wheels with ' 
the ground. 
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AB\ the breadth of the ditoh, la 18\ and the middle pouii M jf the 
circular bridge ia at a height 
8' above AJi , so that MN- 3' 
where N is the middle point 
of AB. 

Thus AN= 9', and 0 being 
the centre of the oncular 
bridge, if r bo its radius, from 
the triangle OAN , 

r tt *=(r— 3)*+9* 
whenco r=15 ft. 

As the cyclist is moving 
over the bridge, tUo C. (>., 
being at a height 3 ft. above 
the point of contact, doRcribea 
a circle of radius 18 ft. Hence 
v being the speed of the C}do, m the combined mass moving, the 

centrifugal force is m whorcas the downward weight ih 
mg -> 32m. 



Thus if > 32m i.e. v* > 18x32 

lo 

or u > 24 ft./scc., the cyolo will tend to Hy away and lose its contact 
with the ground, for the weight downwards (i.s., towards the centre) ia 
insufficient to supply the necessary centripetal force for the circular 
motion. 

Thus the greatest speed with whioh the cyclist can pass over tbo 
bridge with safety is * 

on 4 

24 ft. /sec. *24 x^ or 16^ miles per hour. 




Examples on Chapter XIII 


A particle .of muss 15 lbs. connoctod with a fixed 
point on a smooth horizontal piano by a string of length 
‘9 ft. moves uniformly in a circle ontho plane with a velocity 
of 6 ft. per sec. Find the tension of the string. 

[C.U. 1938 ] 
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2. If the Moon revolves about the Earth in a circle 
whose radius is 240,000 miles, performing one revolution 
in SO days, find its acceleration in foot-second units. 

8. A Btone of mass 2 lbs. is attached at one end of a 
string 5 ft. long, the other end of which is fixed, and the 
stone moves in a horizontal circle. If the string can just 
bear a weight of 605 lbs., find the greatest number of 
revolutions per second that can be made without breaking 
the string. 

4. A stone, held by a string of length 6 ft., deseribos 
a circle on a smooth horizontal table whoso centre is'Jhe 
fixed end of the sLring If the tension of the string ne 
jhree times the weight of the stone, find the time of 
revolution^ 

5. \J5sT point X moves in a circle with uniform angular 
velocity <*>. If C be the centre of the circle, and M the foot 
of the perpendicular from X on a fixed diameter, show that 
the acceleration of M is to*. MC towards C. 

6. Two equal masses which are attached by inextensiblo 
strings to two fixed points are describing circles round them. 
If the times of revolution are the same, show that the 
tensions af the strings are pioportional to their lengths. 

7. The attraction exerted by the sun on any of its 
planets varies directly as the mass of the planet, and 
inversely as the square of the distance of the planet from 
the sun. Show that the square of the times of revolution 
of the planets vary as the cubes of the radii of the orbits 
(which are all supposed circular). 

8. A string OABC , where OA — A B — BO, with masses 
each equal to m fastened at A, B t C rotates about O, on a 
smooth horizontal table with the string always remaining 
straight. Show that the tensions of the portions are as 
6:6:3. 

1/ 6. particle of mass m on a smooth horizontal table 
is fastened to one end of a fine string which passes through' 
a small hole in the table, and supports at its other end a 
particle of mass 2m, the particle m being held at a distance 
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a from the hole. Find tho velocity with which m must be 
projected horizontally so as to describe a circle of radius a. 

[ C. U. 1940 ] 

10. Two equtl particles arc connected by a string 
passing through a hole in a smooth horizontal table, one 
particlo being on the table, the other hanging vertically. 
How many revolutions per minute would the particle on 
the table have to perform in a circle of radius 6 inches in 
order to keep the other particle at rest ? 

oCfftjpA string whoso length is l passos through a heavy 
''sm&Jjth ring and has its ends attached to two points distant 
a apart, m the same vortical line. Show that when the 
ring rotates in a horizontal circle, tho portion of the .string 
betwoon tho ring and the lower point of the support will bo 
horizontal if the angular velocity <o is givon by 

l 2 

' 2ff 'aU* -"a T )' [ 0. U. 1944, ] 

12. A mass of 5 lbs. rotates as a conical pendulum at 
the end of a string 5 ft. long, which can ]ust sustain a weight 
of 20 lbs. Find tho greatest number of complete revolutions 
that can be made by the string in one minute without 
breaking.^, 

the velocity of the bob of a conical pendulum is 
v , and the length l , showjihat 0, the inclination of the string 
to the vertical is given by 

0i(l“~cos a 0)-tJ 2 cos 0 — 0. t 

14. A mass of 8 lbs. is connected by a string of length 
5 feet to a point 4 ft. above a smooth horizontal table. If 
the particle revolves with a velocity 3 ft. per sec. on tho 

table, find the pressure on the table. 

• 

15. A heavy particle fastened by a light inoxtensible 

string to & fixed point 0 is moving in a horizontal circle at 
the rate of n revolutions per sec. “Prove that the point 0 
is at a distance gl4n*n 2 vertically above the centre of the 
circle. , 

16. A merry-go-round consists of a horizontal circle of 
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raditas 3 ft. revolving ahout a vertical axis through its centre 
at the rate of 7 revolutions in 22 secs. A hoy of weight 
66 lbs. is seated on a light wooden horse suspended by a 
string from tho revolving circle. If the inclination of the 


string to the vertical be 
string and also its tension. 


tan" 1 ^, find the length of the 


strmg 

''JG0K A train is travelling at the rate of 40 miles an hour 
on a curve of radius 800 ft. on a narrow-gauge railway. 
If the gauge of tho lino is 3 ft., find how many inches the 
outer rail must be raised above the inner so that thero may 
be no lateral pressuio on tho rails. 


18. A train running at n. speed of 30 miles per hour is 
rounding a curve of radius 484 ft. Find what horizontal 
force will keep vertical tho string by which a body of mass 
8 lbs.-hangs from tho roof of a carriage rounding the curve. 


what angle mast a cyclist incline his machine to 
"tho vertical so that he inav keep himself on to a circular 
path of radius 121 ft. when runmug at a uniform speed of 
7’5 miles per hour ? ( Take y - 32 ft/sec 2 ll)$2 ] 

20. A curve on a railway line is banked (SMS.V 
lateial thrust on the inner rail due to a truck moving with 
speed U\ is equal to tho thrust on the outer rail when thr 
truck is moving with speed Uz (ttz > Mi ). Show that there 
will he no lateral tin list on either rail when the truck is 
moving with speed i>, where 

v z "4Ui“ +«*2 2 ). 


Answers 

1. 60 poundals. 2. '0074 ft./soc*. 8. 7. 4. If secs. 

». 10. 76*. 12. 48. 14. 7 lbs. wt. 

16. 6 ft., 70 lbs. wt. 17. 4*8 inches. 18. 1 lb. wt. 19. tan" 1 * 1 *. 
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MOTION ON A SMOOTH CURVE UNDER GRAVITY 

14*1. Wo know from the principle of onorgy ( § 9'6 ) 
that whim a body moves under any forces, the chan go in its 
kinetic energy in any time is equal 
to the work done by the acting 
forces. Now when a particle of 
mass m slides on a smooth curve 
under gravity, at any point P of 
its path, the only forces acting cm 
it are it.s weight my vertically 
dowmvaids, and the reaction R of 
the smooth curve which is along 
the linimal to the curve at the 
point P. As the point moves through an infinitesimal 
distance PQ along the curve, since tins displacement is 
ultimately perpendicular to the direction of P.thc work done 
by R is zero. As tins is true at every point throughout the 
path of the particle, the sum total of the work done by the 
normal reaction is zero thioughout. ITonoe when tlio 
particle moves from a point A to a point B of its path, the 
only work done bv the acting forces is the work done by the 
weight mg which is constant in magnitude und direction, 
and if h be the vertical depth of B holow A, this v^irk done 
is mgh. 

Thus, if n and v ho the velocities of the particle at A 
and B respectively, ^ • 

imv* - imu 2 *= mgh , 

or, v 2 - u 2 — 2//7* f i.e. v u — u a + 2gh. 

If the particle be sliding up, and B be above A, we get 
similarly 



v 2 ~« a -2 gh. 



216 


INTERMEDIATE DYNAMICS 


14'2. Motion in a vertical circle. 

A. A particle slides down the outside of the arc of a 
smooth vertical circle , starting from rest at the highest 
point ; to investigate its motion . 

Let 0 be the centre, 

A the highest point and 
r the radius of the circle. 

Let P be the position 
of the particle on the 
circle at any instant, and 
v be its velocity there. 

Let m be the mass ol the 
particle. 

Draw PN perp. to 
OA and let AN—h and 
Z.AOP-0. 

The forces acting on 
the particle are 

(i) the reaction B acting along the normal OP outwards 

(ii) its weight mg vertically downwards, 

the total force along PO**mg cos 0 - B. 

Since the particle is describing a circle, the resultant 
force must be mv*lr along PO [ Art. 13'2] 

mg cos 0 ~ B — (1) 

Again, since the body slides under the action of gravity 
on a smdoth curve, wo have by the Principle of Enetgy, 

imv 2 —mg. AN—mgh [ Art. 14’1 ] 

"-mg (OA - ON) — mgr (1 - cos 0). 
v* mm 2gh ua 2gr (l-cos 0) — , (2) 

/. from (l) and (2), we get 

mg cos 0 - B ■ m:^ Q — — ^ - 2mg (l - cos 0). 
r 

B^mg (3 cos 0-2) 

- a) ^ ^'(r - 3h) — (3) 
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From (3), it in clear that as h increases, B decreases, and 
when h^ir, B vanishes. When h > ir , B becomes 
negative, which is impossible, since for the particle sliding 
outside the circumference of a circle the normal reaction 
can never be inwards. 

Hence the necessary condition for the motion of the 
particle along the outside of the circumference of the circle 
« h > ir. 

As soon as h just exceeds the particle leaves the 
curve , which is the implication of B here being negative. 

Note 1. When the partiole leaves the ourve, v***^gr i.e. s/lgr 
and gob 9™*. 

Note 2. After leaving the oirole at P, (where Z.40P* oos" 1 1) 
the subsequent motion of the particle will be the same as that of a 
particle projected with velocity v= J'^gr in the downward direction of 
the tangent to the circle at P. In other words, on leaving the circle , 
the particle will describe a parabolic path, 

B. A particle is projected from the lowest point of a 
smooth vertical circle and moves along the inside of the 
circular arc ; to investigate its motion . 

Lei r be the radius of 
the circle, 0 its contro, 

AOB the vertical diameter 
and u the velocity of 
projection of the particle 
at the lowest point A . 

Lot v be the velocity of 
the particle at any point P 
on its path, and B be the 
reaction of the curve there. 

Draw PN perp. to AO 
and let AN~h and let 
LAOP-S. 

Then by the principle 
. of energy, 

-imu z - 
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v*~u 2 -2qh 

**n 2 -2 gr (l-cos 0) 

2flfr + 2 gr cos 0 (i) 

The forces acting on the particle at P .are 

(i) the weight mg 

(ii) tho reaction B of the smooth arc acting along the 
normal PO. 

Since the particle is moving in a circle, the resultant 
force along tho normal PO is mv 2 Ir. 

resolving the forces along tho normal PO, wo have 
B — mg cos 0 *= m?> a /r. 

B*=mq cos 0 + m \n 2 - 2flrr(l - cos 0)}. 
r 

— ^ \u 2 -2gr + 3gr cos 0} — (ii) 

T 

Equation (i) gives tho velocity, and (ii) gives the reaction 
of the curve on the particle .at any height. 

As 0 increases, cos 0 diminishes, and so v and B both 
diminish, their least possible values being given, when 
0 = 180°, (i,e, at tho highest point B) by, 

t v 2 *■ u 2 - igr 
and B^ m - ( n * - 5 gr). 

T 

Case L It u 2 < 5gr, 

both v and B remain positive, even at the highest point B , 
so that neither the motion of the particle stops, nor does 
it leave the circle anywhere. 

The particle therefore makes complete revolutions along 
the circle , 



MOTION ON A SMOOTH CURVE UNDER GRAVl^V 219 


Case II. If u 2 > 2 gr t 

from (i), 0 — 0 when cos 0“^^ giving an acute- 

angled value for 0, arid (ii) shows that b| “m (7 cos 0 + j 

is positive still. Thus the particle conies to rest, without 
leaving its contant with the circle, at some point P holow 
the horizontal diameter OC. It then slides clown and 
retraces its stops, and passing through A nsos on tho 
other side through an equal height. 

Thus tho particle in this case oscillates in an arc less 
than a semicircle on either side of the lowest point A. 

If u 2 = 2(/r, the arc of oscillation is a semicncle. 


Case III. II u 2 > 2{/r but < 5r/?’ f 


irom (i) and (iij, both v and E remain positive till 0 = 9 0°. 
After this 0 being obtuse, cos 0 is negative, and as 
Syr cos 0 is then less than 2 <jr cos 0, 11 vanishes before v 2 t 
at a point Q given by 


cos 0 = 


u a _;~ J2<vr , 

3gr 


which, since tho fraction is numerically bss than unity 
(for < 5 c/r), gives a real obtuse-angled value for 0. 


The particle leaves the circle here (at some point Q 
between C and 7?, before reaching the highest point), and 
as its velocity, given from (i) by v* — - 2<yr- §<w a - 2gr) 

— — 20 r), is still positive, with this initial velocity 

along the tangent to tho circlo at Q t tho paiticle describes 
a free parabolic path. • 

• 

Note 1. If a particle is hanging ftmn a fixed point bp a light 
i nextensible string and is projected with a certain horizontal velocity 
u, the motion is exactly the same as that of a particle moving inside, 
a smooth vertical circle [case B]. We have only to substitute the 
tension T for the pressure JEt and the length of the string l for r 
the radius of the circle in the discussion of the oase (B) above. Thus, 
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(i) If u < fj&gl, the particle makes complete revolutions 

(ii) if u < J*gU the particle oscillates on either side of the 

lowest point 

(ill) if u > fjigl hut < tjbgl, tension vanishes somewhere in 
the upper half of the circle, the string becomes slack and 
the particle describes a parabola freely so long as the string 
does not become tight again. 

Note 2 . In the case of the motion of a bead on a smooth vertical 
circular wire, or that of a particle moving inside a Smooth vertical 
circular tube, the bead or the particle keeps to the circular path, 
and no question of its leaving the oiroular path arises. In the oase 
when u > J%gr but < Jbgr, the pressure vanishes Borne where in 
the upper half of the circle and it changes sign, so that the bead, 
instead of pressing the wire outwardB, begins to press it inwards 
above that point. 


Examples on Chapter XIV 

1. A ball of mass 4 lbs. connected with a fixed point 
by moans of an inleastic string of length 8 feet hangs 
vertically. If it is projected horizontally with a velocity 
of 32 ft. per sec., find the tension of the string when the 
ball has risen through a vertical distance of 12 ft. 

2. A particle is projected along the inside of a 
smooth vertical circular ring of radius r from the lowest 
point with a velocity u . If the particle leaves the ring at 
an angular distance of 60° from the top, show that 
« '-far. 

3. A boy of weight 20 lbs. is placed on a light cradle 
which is supported by two parallel ropes each 6 ft. long, 
and which is swinging through an angle of 60° on each 
side of the vertical. Find the tension in each rope when 
the cradle is (i) at its highest, and (ii) at its lowest point. 

4 . A heavy particle of weight TV, attached to a fixed 
point by a light inextensible string, describes a circle 
in a vertical plane. The tension of the string has the 
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values mW and nW respectively when the particle is* at the 
highest and lowest point in its path. Show that 

n — ?tt+6. 

5. A bead elides down a smooth vortical circular wire 
from rest at the highest point. Show that its volocity at 
any point varies as the chord of the arc of descent. 

6. A particle connected by an inelastic string to a 
fixed point moves m a vortical circle. Show that the sum 
of the tensions of the string whnn the particle is at the 
opposite ends of a diameter is constant. 

7. A ball of mass 8 lbs. oscillates through 180* on the 
inside of a smooth circular hoop of radius 6 ft. fixed in a 
vortical piano. If v be the speed at any point, prove that 
the pressure on 'the hoop at that point is 2v 2 . 

8. The roadway of a bridge ovov a canal is in the 
form of a circular arc of radius 00 ft. What is the greatest 
speed (in miles per hour) at which a motor cycle can cross 
the bridge without leaving the gtound at the highest 
point ? 

9. A particle suspended vertically from a fixed point 
by a light string 4 ft. long is projected horizontally with 
such a volocity that the string slackens when the particle 
is 6 ft. above its lowest point. Find how much higher 
it will rise. 

10 . A heavy particle is allowed to slide down a smooth 
vortical circle of radius 27a from rest at the highest point. 
Show that on leaving the circle it moves in a* parabola 
whose latus rectum is 16a. 

11 . A particle is projected along the inside of a smooth 
vertical circular hoop from its, lowest point with such a 
velocity that it leaves the hoop and returns to the point 
of projection again. Find the velocity of projection and 
determine where the particle leaves the hoop, if a be the 
radius of the hoop. 

12 . Two particles and *» 2 begin simultaneously to 
slide down a smooth circular tube whose plane is vertical, 
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starting from the extremities of a horizontal diameter, 
so that they collide at the lowest point. If h l9 ha are the 
vertical heights to which they rise after impact, show that 

ht B J(2p + l)m a - wm! 2 , 
hi {(2e + ljmi -waj 2 ’ 

where t is the coefficient of restitution between the masses. 
Answers 

1. 2 lbs. wt. 3. (]) filba. vt. (n) 20 lbs. wt. 8 27, 

9. 9 inches. 11. Jlga, at an angulai distance of 120° from 

the lowest point. 
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MOTION ON A ROUGH PLANE 

15*1. When a body in contact with a rough surface has 
a sliding motion on tho surface, it experiences a resisting 
force at its point oi contact tending to oppose its motion, 
which is known as the force of friction, 

Tho laws which this forco of dynamical friction satisfies 
aro 

( 1 ) the direction of friction is, at every mutant , just 
opposite to the direction in which the point of contact slides 
on the surface 

(n) the magnitude of the force of dynamical friction bears 
a constant ratio to the normal reaction of the swface on the 
body at the point of contact , this constant ratio bemq known 
as the coefficient of friction (dynamical). Thus if // ho 
the coefficient of friction, and It the normal reaction on the 
body, the forco of friction F at the point of contact is 
given by 

Tho angle A, such that tan is known as (ho angle 

of friction. 

Mote. Wlien the point of contact doe? nob blip on the rough 
surfaoe, the force of frition is just sufficient to prevent the slipping 
motion, and is always less than pll, * 

15*2. A heavy particle eliding on a rough inclined 
plane. 

When a particle of mass m slides down a rough inolined 
plane of inolination a to the horizon, along the line of 
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greatest slope, if B be the normal reaction of the plane 
p y and ft be the coefficient of 

V pB friction between the particle 

and the plane, then the force 
of friction F^pB is upwards. 
X * Also the weight mg of the 

/ mg % particle (whose mass is 

X assumed to be m) acts vertically 

X downwards. 

a Hence, since the particle 

has no motion perpendicular to 

the plane, the resultant force perpendicular to the plane is 
zero. B =*mg cos a. 

Now the resultant force down the plane 

— mg sin a — F^mQ sin a — B 

— mg (sin a- fi cos a). 

Hence the acceleration of the particle down the plane is 
ff(sin a - P cos a) 

When the particle moves upwards on the plane along the 
line of greatest slope, for instance, when it is projected 
upwards with any volocity, the force of friction, which is, 
as before, pmg cos a in magnitude, acts down the plane. 
Thus the resultant force down the piano is now 

mg sin a + pmg cos a —Tnp'sin a + P cos a). 

Hence in this case, the acceleration of the particle down 
the plane is 

* g(sin a + fi cob a). 

We thus see that for a particle moving on a rough 
inclined plane, the accelerations in the two cases when it 
rises up, and when it moves downwards, are different. 
Thus the times of ascent and, descent of a particle projected 
up a rough inclined plane will be different ; also the velocity 
of the particle on coming back to the point of projection 
will be different from the starting velocity. Moreover, in . 
this case, the sumtotal of tbe kmetio and potental energies 
will not remain constant. 
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15'6. The rough inclined planes of inclinations a and 
0 to the horizon and of equal height are placed back to 
back. Two particles of masses m and m are placed one on 
each plane , and are connected by a light mcxtensible string 
passing over a small smooth pulley placed at the common 
vertex of the planes , fi and (f being the respective coefficients 
of friction of the two planes , to determine the common 
acceleration of the system , assuming that m x placed on the 
first plane , descends. 

Let R and R' denote the normal reactions of the planes, 
T the tension of the string, and / denote the common 
acceleration of the system. 

As there is no motion 
of m perpendicular to 
the piano, M£-/ 

R°*mg cos a — ( 1 ) R T / 

Since m descends, 
the frictional force pR . *>• 

acts upwards on it. j 

mg 

Now considering the 
total force on m down 
the plane, 

mg sin a - T- t*R =* mf, 
or, using (i), 

wpCsin a - fi cos a) - T— mf. (ii) 

In a similar manner, noting that m asconds on the 
second plane, and so the frictional force on m is rfR* 
downwards, wo ultimately get 

T - m'g (sin 0 + §f cos 0) = mf. • • ■ (iii) 

. From (ii) and (iii), adding, 

(m + m')/“ g Wain a - is cos a) - to '( sin 0 + ii cos 0)} 
giving the required acceleration of the system. 

15 
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Note. In order that / may be positive, in other words, m may 
actually have a downward motion, ve mutt have, 

m (sin a-/* cos a) > m' (ein |3 +/a' cgj j9), 
m _ sin j3+ cos 0 

Ii6i 7 x - — - — ■ 

w sin a — ju. cos a 

In a similar way, in! will descend, or m will ascend, if 
m' sin a+M cos a * 

K in ^ sin p-/* 7 cos p* 

w - sin /3 — //.' cos /3 
or , < 

m sin a+fi. cos a 

sin p^/A 1 oos p ^ m ^ sin P + m' cos 
sina+MCosa m! Bin a-M coho , 1 

there will be no motion of tho system. 

Examples on Chapter XV 

1. A ball in projected along a rough horizontal plane 
with a velocity oi 16 ft. i>or see. If tho coefficient of 
friction ho 1, find how fai tho ball will go before coming to 
rest. 


2. A mass of 8 lbs hanging freely over the edge of a 
rough horizontal table diaws by means of a string a mass of 
A lbs. along the table through a distance of 20 J't. m 14 secs. 
Find the coefficient of friction of tho table. 

3. A body of 20 lbs. is sliding down a rough inclined 
plane whoso coefficient of friction is \ and whose elevation 
is sin" 1 * with a velocity of 16 ft. per sec. What force will 
stop it ir 80 feet 0 

4. A particle slides down a rough inclined plane whose 
elevation is 45° and coefficient of friction $. Show that 
the time it takes to travel any distance down tho plane 
is twice what it would have taken if the plane were 
smooth. 

5. A ball is projected with a velocity of 64 ft. per sec. a 
up a rough plane of inclination 60° and angle of friction 30°. 
Find the velocity and tho time when it reaches the point of 
promotion again. 
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6. Two rough piano* of elovation 30° and 6*V and of 

tho same height are placed. hack to back. A mass of B lbs. 
is placed on the first piano and that of 24 lb*, on the 
second piling, and tho two arc connectod by a light string 
passing ovr a smooth pulley at the top of tho pianos. If 
the coefficient of friction is 1 J for either piano, find tho 

resulting acceleration. 

7. A rough plane is 100 foot long and 60 foot high/ tho 
coefficient of friction being 4 If a particle projected up 
the plane from tho bottom iust reaches tho top, find its 
initial velocity. 

8. A heavy slab of uniform thickness, of mass M t whoso 
under surface is rough hut tho upper smooth, slides down a 
given inclined piano of olevation a. Kind tho acceleration 
with which a particle of mass m laid on its upper surface 
will move along tho slab, if (i be tho coefficient of friction. 

9. Two bodies of in asses 10 lbs. and ft lbs. aro connected 
by a light mextensihlo string , the first is placed on a rough 
horizontal table of coefficient of friction A, and tho string 
after passing over a light smooth pulley at tho odgo of the 
table supports the second body, which hangs vertically. 
Find the acceleration of the bodies and tho tension of tho 
string. 

10. A hall is projected up a lougli inclined piano of 
olevation J*, with velocity w, and returns to its starting point 
with velocity v. If 1 1 , t% are tho times of ascent and descent, 
and /* the coefficient of friction, show that 

" - m“+V t 8 a +'ii a 


11. A particle id projected with velocity u up a rough 
piano of elevation a, which passes through the point of 
projection. If tho angle of friction A be < a, and if the 
particle roaches the point of projection again with velocity 
'v f then 


//sin (a - A)\ 

V “ tt visin(a + A)f 
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12. A ball is thrown with velocity u up a rough plane of 
elevation 0. If A( < 0) bo the angle of friction, show that 
the ball again has the velocity u\ when it is at a distance 
n\ sin2AcosJJ 
g cos 2A - cos 20 
from the point of x>ro]ection. 

i?. Two particles are projected with equal velocities, 
one straight up and the other straight down a rough plane 
of elevation a and angle of friction A (> a). If Si and 
sire the distances travelled by the two bodies, then 

•^1 * b'5_(_A ” a) a 
5 a sin (A + a) 

14. If PL he the vortical chord through any point P on 
a vertical circle and if the times of sliding down all those 
chords of the circle through P which are on the sido of PL 
remote from the centre bo equal, then show that the chords 
aro equally rough. 

15. A body of 20 lbs. wfc. slides from rest through a 
distanco of 100 ft. down a rough plane whose elevation is 
tan" 1 i r -4 and coefficient of friction J. Find the work dono 
on tho mass by the forces acting on it. 

16. A cur takes a hanked corner of a racing track at a 
speed v% the lateral gradient a being designed to leduco tho 
tendency to side-slip to zero for a lower speed n. Show 
that the coefficient of friction nocessury to prevent side-slip 
for the greator speed v must be at loast 

(v 2 — tt a ) sin a_cos a 
v 2 sin 2 a + w^coa^a 


Answers 

1. 16 ft. 2. 1. , 

5. 32 ft./sec., ^3(1+^2)860. 

7. 80 ft./seo. 

0. 3*84 ft./seo® ; 140*8 poundals. 


8. 9 lbs. wt. 

6- 8(ij3-l) ft./soo®. 

8. aoB a. . 

15. 80 ft.-lbB. 
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SIMPLE HARMONIC MOTION AND SIMPLE PENDULUM 

16“ 1. Simple Harmonic Motion (or, S. H. M) 

If a point rnoce uniformly in a circle, and tf a second 
point move in a fired diameter of the circle so as always 
to he at the font of the perpendicular from the first point on 
the diameter, then the motion of the second point is known 
as a simple harmonic motion . 

Let a point P movo with a uniform angular velocity 
w in :i ciiele of radius a with centre 0, and let the point 
Q ho always at the 
foot of the pmpendi- 
cular PQ on a fixed 
diamotor AOB. Then 
as P starts from *4, Q 
also stm Ss from A. 

When P moves along 
.4 CP and comes to TJ, 

Q moves along A OB 
and reaches B . As P 
continues its motion 
along BOA, Q tarns 
back and traces the 
path BOA, reaching A 
with P, The motion 
of Q along AOB is thus oscillatory. This motion is defined 
as a simple harmonic motion. B 

O is clearly the centre of oscillation , and the maximum 
distance OA or OB ■= a to which % Q moves on either side 
of 0 is called the amplitude . 

2n 

As P evidently takes the time - to complotc # the 




INTERMEDIATE DYNAMICS 


230 

circle, Q also takes the same time to complete one 
oscillation, *.<?., to move from one extreme position to the 

other, and back. This interval ^ is called the periodic 

time. 

Velocity and acceleration of Q. 

•At any instant t , let x be the distanco of Q From 0, and 
angle POQ ■» 0 say. 

After an infinitely short time, P going to P\ Q comes 
to Q\ and it is evident that the displacements of P and 
Q parallel to AB are equal, since P (J is always peipondi- 
cular to A B . 

Thus the velocity (rate ol displacement) of Q along 
AB at any instant is exactly equal to the component of 
tho velocity of P parallel to AB. 

But the velocity of P is a>a along the circumference 
BP 9 t.e. t perpendicular to OP, and its component parallel 
to AB is Q>a cos (9O°-0)“wa sin 0 -to.PQ = co Ja * -® 2 . 

Hence the velocity of Q at a distance x from 0 
— o>\/a 2 -® 2 . 

Velocity at tho distance a is thus zero. 

Again since at every instant the component velocity of 
P along AB is equal to that of Q , the aocoletation (rate of 
change of veloe.) of Q along AB is equal to the component 
of acceleration of P parallel to AB. But the acceleration 
of P at any instant is 0)2 a along PO, of which the com- 
ponent parallel to AB is a> a a cos 0 =*a) a jB. 

Hence the acceleration^ of Q at a distance x from 
0 = g) 2 cc directed towards 0.. 

This leads to a formal definition of simple harmonic 
motion as follows : 

If a point move along a straight line A OB in such a 
manner that its acceleration is always directed towards a 
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"fixed point 0 on ?f, and is at any instant proportional to 
its distance from 0, then the motion of the point % * defined 
to be a simple harmonic motion . 

If at a dislanco x From 0 the acceleration of a point 
Q moving along a straight lino AOB bo fix towards 0, 
then comparing with the above result, wo may imagine 
an auxiliary point P to move in a circle with uniform 
angular velocity Jp t such that Q will always remain 
at the foot of the perpendicular from V on tlio line. 
Hence at a distance x from 0, 

veloc. of (J v— — where a is the amplitude, 

t. 0 . 9 the extreme distance fiom 0 from which Q starts from 
rest . 

Period and is independent of the amplitude. 

If time ho measured from the instant whon the 
pat tide is at its extreme position ;1, then at any instant. i t 
0 = /_AOP = dpt, and the position of Q is given by 

x = a cos J pt. 

1 f on the other hand the time be measured from any 
instant, foi instance when Q is at Qo or P is at P 0 whore 
/_AOPu*=i, then at any time t, Z.Po OP = Jpt, and so 
/_AOP=Jpl + t. 


Then the position of Q is given by 

x ** a cos ( j,nt+ i ). 

The angle > is culloil the epoch, ami tho timo 

f 

i + ^y^from the extreme position A to any instant 


(usually expressed as a fraction of tho poriodic time) is 
defined as the phase at that ihstant. 


As two important illustrations of simplo harmonic 
motion we shall discuss : 


(i) The motion of a simple pendulum oscillating* 
through a small angle. 
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(ii) Oscillatory motion of a particle attached at the 
extremity of an elastic string (or light spring) 
stretched along its length. 

16'2. Simple Pendulum. 

A heavy particle hanging from a fixed point by a 
light flexible and inextensiblu string, and made to oscillate 
in a vertical plane, constitutes a simple pendulum. 

Let Q be a particle of mass m hanging from tho point 
C by the string CQ of length Z. If tho string bo drawn 


C 



aside to tho position CA at a small angle (say a) to tho 
vertical CO, and then let go, tho particle Q will describe an 
arc of a vertical circle with centre C . Now if 0 be the 
angle QCO at any instant, tho forces acting on the 
particle are the tension T along the string QO , and the 
weight mg vertically downwards. As there is no motion 
of Q along CQ, the forces along this direction balance. The 
only force left on Q is the component mg sin 0 along 
the tangent at Q to the arc* QO. 

Thus the acceleration of Q is g sin 0 along the tangent 
to the arc QO towards 0. 



SIMPLE PENDULUM 


233 


Now if a, and so 0, be small , we may bake sin 0 — 0 * * 

where x is the length of the are OQ. Also in this case 
the small arc AQOB may he taken to ho practically 
a straight lino, on which the motion of Q is with an 

x 

acceleration towards a fixed point 0, of magnitude g ^ at a 

distance x from 0, that is proportional to tho distanoo 
from 0. 

Tho motion of tho particle Q is therefore a simple har- 
monic oscillation about 0 and the periodic time or tho time 
of oscillation of tho pendulum, is given by 

T-S*/-/?- 2 **/ 

where /, the length of string CQ, is known as tho length 
of the pendulum . 

Note 1. Tho time of oscillation of a pendulum oscillating at a 
small angle with tho vertical, dopends, as is seen above, cm tho length 
of the pendulum, but is independent of the amplitude of oscillation ; 
in other words, it does not depend on tho angle from which the pendulum 
starts to swing, provided this angle is small. 

Note 2. A pendulum which swings from one extreme position ol 
rest to tho other in one second, that is which makes a complete oscilla- 
tion in two sooondn, is called a Seconds Pendulum. 

For such a pendulum, tho length 1 b given by i2 — 

a 0I ’ 

1 = and taking the value of 0 = 32 ft/sec 4 or 981 cms/sec*, we get 

approximately 2=39 inohns or 99 4 oms. 

A swiug from one extreme position to the other, i.e. half a complete 
oscillation is callcd.a beat. A seconds pendulum then beats seconds. 

Note 3. The above formula for T enables us to compare the values 
of "g '* at two places on the earth by observing the periods of oscilla- 
tion of a simple pendulum of given length l at the two places, for, 
9\l9%™T% % : T x * in this case. 
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16'3. Determination of heights, or depths from the 
earth’s surface, by simple pendulum. 

Newton’s Universal law of Gravitation statos that 

“livery particle of matter in this universe attracts every 
other particle with a force which t& proportional to the 
product of their masses , and vanes inversely as the square 
of the distance between them 

Assuming the earth to ho approximately a homogeneous 
solid sphere, the consequence of the above law is fas lias 
been shown in any treatise on tho theory of attractions) 
that (i) the resultant attraction of the earth per unit mass at 
any external point is inversely proportional to the square of 
its distance from the centre , and (ii) at any internal point 
the attraction is directly proportional to the distance from 
the centre . 

Thus if g bo tho valuo of acceleration duo to gravity on 
the earth’s surface (at sea-lovel), (]\ its value at a height h 
above the surface of tho earth (supposed spherical, of radius 
a), then 

<7, 1 1 _ a 2 _ 

g (a + /i) z a 2 (a + /i)* 

Again, it g 2 ho tho valuo at a depth d below the eaitli’s 
surface at tho bottom of a mine), 

Pa ^ a - d m 
V " a 

Hence if the periods of oscillation of a simple pendulum 
of a given length l at sea-lovol (on the earth’s surface), at 
a height h above the surface of the earth, and at a depth d 
below the surface of the earth, be respectively T, T\ and T 9f 
we get 

Ti : T-1nJ l : 2 nj 1 - J 9 - 

V ffi V g V g x a 
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and similarly, 

T ' ■■ T - J a- 

Thus 1) 

rM. 

~ T**) 

t6'4. Oscillations of a particle attached to an elastic 
string (or a spiral spring). 

When an clastic string is stretched (for instance by keep- 
ing ono extremity fixed and pulling at tho other, or, hanging 
it vertically at.unon\t.rninity ,and suspending a heavy particle 
from tho oilier), tho tension m the string is given from an 
experimental law known as Hooke’s law which stalos that: 

The te.fision in a sit etched elastic stung is proportional 
to its extension per unit length . 

Mathematically, if l ho tho natural (uiisti etched) length 
of tho string, / + & its extended length, T being tho tension 
in tho string in this case, 


‘where A is called tho modulus of elasticity of tho stung. 

The extension or compression of a spiral spring follows 
tho same law, hut in this case by its length \yo mean the 
length of tho axis of tho spiral, and not the actual longth of 
the wire which is twisted to form tho spring. Moreover, 
in this case, when fhe spring is compressed, the extension 
is negative, so that the tension is negative, in othei words, 
it is a thrust whose measuijB is givon by the same law. 

Now, if a particle of mass m be tied at tho extromity<of 
an elastic string (or a spiral spring) tho other extremity 
of which is fixed, and the string ho extended and then let? 
go (tho whole system lying on a smooth horizontal table), 
the particle will oscillate, performing a S. H. M.* ; for in 


aud 


a a| J 
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this case the force on the particle being the tension of tho 

A 

string, its valuo in any position P of tho particle is ^ x 9 

whero®*the total increment in length — OP, 0 denoting 
the position of the particle when the string is just un- 
strotched (and is thus a fixed point). The acceleration of 

A 

tho particle being hero ^ x , and directed towards 0, tho 
motion is a S. EL M., the period of oscillation being 
2* [See § 76'Zj. 

16*5. Illustrative Examples. 

Ex. 1. A particle of mass 4 lbs. executing simple harmonic oscilla- 
tion, has velocities H ft. / sec. and 6 ft. I sec. respectively , when it is at 
distances 3 ft. and 4 ft. from the centre of its path. Ft nd its period and 
amplitude . 

Find also the force acting on the particle when it is at a distance of 
1 foot from the centre. 

Ar tho particle executes S. H. M., assume fix to be its acceleration 
at a distance x from the centre of oscillation. Then a being its 
amplitude, its velocity at tho distance x from the centre is known to 
be given by * 

v=s as*). 

Thus from the given data, 

8« N /A(V 1 -3 a ) ■" (1) 

and 6** Jn[a* — 4*)^ (Si) 

From these, by division, 

- - /> *r 9 
8 V «* — J6’ 

whence ultimately, 25, or a- 5 ft. giving the amplitude. 
Hence from (i), 8= or /is=4. 

Now tho period, 

2t 2t 

T«= = -_=*■ gectmds. 

VM a 
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Again, the acceleration at a distance 1 foot from the centre is 
M.l-ift/seo*. 

Therefore the force hero Acting on the partiole of mass 4 lbs. is 
4 X 4 = 16 pour dais. 


Ex. 2. The lenqth of the pnuluhvm of a clock is 39 inches, and 
the clock gains 10 seconds a day at a place on earth ; hy how much 
must the length of the pendulum he altered in order to correct the clock ? 


An seconds in a clock are indicated by beats of its pendulum, 
in one day i. e. t 24x60x60 = 86100 seconds, the peudulum of a 
correct clock should make as many beats. For our given clock, 
which gains 10 seconds a day, the number of beats in a day is 
86400+10 = 86410, so that tbo period of a complete oscillation is 


86400 

aX 804l6 860OndB - 


Thus, 


80400 

2 *80410 2 


V. f 


, whero 2 = 39 inches. 


(i) 


Also for a corroct clock, the length V of the pendulum is given by 
2 = 2 t^*.\ — — (n) 


it 8641 _1_ 

&6lU 8640' 


or, 


giving, 


! ( 1+ 8 -64o)*“ 


1+ 8640 a PP r03cimatel y> 


l 39 

2'-I» 4 - 3 - 0 « 43d g==‘009 inches approximately. 


Thus, the length of the pendulum should be increased by 
*009 inches. 


Ex. 3. A clock which keeps correct time ’on the surface of the 
earth loses 20 seconds day when taken to the top of a hilU Find the 
height of the hill , assuming the radius of the earth to he 4000 miles . 

Let h miles be the height of the hill, and g and g r the accelerations ■. 
due to gravity on the surface of the earth and the top of the hill 
respectively. * 
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Then, (as in Art. 16*3), 

(f /4000 + A\ a 

g' m \ 4000 '; * 


(i) 


Now, for the correct clock, the tune of a complete oscillation being 
2 B0C6., 


2~2v 



■ ■■ 


(ii) 


Also at the top of the hill, in ouo day i.e. 86400 seconds, the clock 
losing 20 soconds, it snakes 86£90 beats, and so the time of a complete 
oscillation is 


2x 


86400 

86380 


-2* 



m 


From (ii) and (iii), usinR (i), 

8640 = / <1 4000 + h 

8G38 \f q 4000 ’ 


, * = 4000 S- 1 )” 1000 X 8-d38 mn ° B 

= 4890 ieet (nearly). 


Ex. 4. An elastic strvu/ of natural length l and modulus of 
elasticity X hangs vertically from one extremity , and at the other end 
a particle of mass m is suspended. The particle *s held with the string 
just unstretched and then let go. Show that it performs a simple 
harmonic oscillation , and find the period. 


The starting position of the particle being 0, when the string is 
just unstretchod, let x be the depth of the particle below O at any 
moment. Then the tension of the string, by Ifooko’B Law, is clearly 
Xz/Z. Hence the resultant force acting on the particle vertically 
upwards is t 




X 

l 




If we take a point O' at a . depth mgZ/X below O, then O' is also 
a fixed point, and os' denoting the depth of the particle below O' , the 

foroe oi} the particle in this position is ^ 
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Hence the decoloration of tho particle at a dlstamv r' {tom O' 

lS ml x ' ** 0War ^ B **■> proportional to scV This identifies tho 

motion of the particle to In 8. II. M. with O' as centre, and the period 
of oscillation 

t Gf - ArU ] 


Examples on Chapter XVI 

1. A particle moving with S. II. M. lias a velocity of 
8 ft. per sec wlion at a distance oT 3 ft. from the centre 
of its path, and has a velocity of 6 ft. per sec. when at a 
distance 4 ft. Find its maximum velocity and pel iodic 
time. 


2. A particle moving with S. II. M has a maximum 
velocity v. Find the velocity of the paitielo (i) when it is 
hall -way between tho centre anil the extreme position and 
(ii) also when half the timo has elapsed fiom the centre to 
the extionio position. 

3. A particle performing harmonic oscillations in a 
straight line starts at a point 14 ft. from the centre of it-s 
path, and has a maximum velocity of 22 ft. per see. ; find 
its periodic timo. 

4. A horizontal shelf moves vertically with S. H. JW, of 
period 2 secs. Find the greatest amplitude in centimetres 
that it can have so that hooks resting on it may Always bo 
in contact with it. 


5. A particle moving with S. II. M. m a straight lino 
lias velocities v lt v 2 at distances o? 1( x 3 from the centre of 
its path. Show that if T be*tho period of its motion, 

2 


T-2*J X S- X . 

yr Va*-Vi 


6. A particle oscillating harmonically in a straight line 
has velocities -Pi, v 2 and accelerations / 1./2 in two 1 of its 
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positions on the path. If d be the distance between the 
two positions, show that 


d 


7 i+V 


7. A particle is executing S. H. M. between two points 
A and If. IE the period of oscillation bo 2 n, and if v be the 
velocity of the particle at any point P on its path, then 
show that 

v* = AP.BP. 

8. A seconds pendulum gains 18 secs, a day at sea- 
lovel. To what height it must be elevated in order to keep 
true time ? 


9. A clock which gains 10 seconds a day at a place 
on the surface of the earth loses 10 seconds a day when 
taken down at the bottom of a mine. Compare the force of 
gravity at those two places. . 

10. If a seconds pendulum be longthonod by Tcutb 0 f its 
longth, how many seconds will it lose in a day ? 

11. A pendulum, when carried to the top of a mountain, 
is observed to lose in a given time ]ust twice as much as it 
does, when taken to the bottom of a mine in the neighbour- 
hood. Show that the height of the mountain is equal to 
the depth of the mine. 

12. At the end of three successive seconds, the distances 
of a point moving with S. H. M. from its mean position, 
ineasurod in the same direction, are 1, 5 and 5. Show that 
the period a complete oscillation is 

2ji . 
cos' 1 } 

13. A body performing S. H. M. in a straight line OPQ 
has its velocity zero when at points P and Q whoso 
distances from 0 are x and y respectively, and has velocity 
v when half-way between them. Show that the complete 
period is 

nl y-x )^ 


v 
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14. In a S.II.M., tlio distances of a particle i-jiu tho 
middle point of its path at throe consecutive seconds are 
observed to be x, y t z. Show that Lhe time of a complete) 
oscillation is 


2n 



15. In a S. II. M. if / bo tho acceleration and v Miu 
velocity at any time, and T is tho periodic time, then 
fT 2 + ±7t*v* 

is constant. 


16. A pai tide is performing a S.H.M of poriod T about 
a ooii hi o (), .md it passes through a point. P with a velocity 
v in the direction OP. If OP he equal to x, and ii the 
pai tide icturns to P m timo l, Llion 




T 

71 


tan 1 


vT 
2 nx 


17. A spiral spring 2 ft. long is hung up at one end. Us 
length would he doubled by a steady pull ol 15 lbs. \vt A 
\vt. of 3 Ibj is hung tu tlio lower end and lot go. rind 
how tar it hills before first coming to lest, and tho tune 
of a complete oscillation. 

18. Two unequal weights are hanging together at one 
end of an elastic string, and one of thorn tails oil Show 
that the other will porfoim simple harmonic oscillations 
or not according as the one winch falls off is the* lighter or 
the heavier of the two. 

19. If a body of mass m oxocuting S. II. M. make n 
complete oscillations per sec., .show that the difference of 
its KE. when at the centre, g»nd when at a distance x from 
the centre, is given by 

2mn 2 n 9 x 2 . 

4 

20. A smooth airless tunnel is bored through a diameter 
of tho earth. Find the timo taken by a particlo to # slide 
through it, and tho speed at tlio centre. 

16 
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21. A flat plato oscillatoa veitically through a distance 
of 4 inehoH. Vmd tho greatest number of vibiahnns per 
uiinute so that a particlo resting on iL is not jerked oil. 

22. A particle executes S.H M. along tho lino All. If C 
divides Aft in the ratio 3:1, show that the particle takes 
twico as long to describe AC ns to dosetibe C 'ft. 

Answers 

1. 10 ft. per hoc. ; ir seos. 2. $ J3v, J v. 3. 4 secs. 

4. 5)3*3. 8. 4400 ft. 9. 8613 . 803'). 10. 432. 

17. 2 ft. ; * . 20. 42 min. ; 26000 ft, /nee. 

21. WMCjd/r. 
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1. Prove the foimula 

«u 9 + 2/* 

for motion o£ u particle in a Air light linn with uniform acceleration /. 

^ A bullet pa..<tei through a wall 9’6 inches thick and its velocity 
change*, from 1200 to 800 ft, /hoc. thereby. Find the time required 
1>> the bullet to pass thiouglithn wall and the velocity when half the 
wall ib penetrated. 

2. St lie Newton's sc(.oiid Law of Motion, umd prove tho lor mu la 

P-w/. 

A pulley earning a total load W hangs in a loop of a cord which 
pa^se-i nv«»r two lived pullojs, and has unequal weights P and Q freely 
suspended from li.s etuL, each segment of the coid being vertical. 
Show that IP will remain at rest provided 
• 1,1 _ 4 

i + « “ \f 

3. Prove that the path of a projectile in vacuo is a parabola. 

A fort is on the top of a bill of height h above sea-level. Prove 
that the greatest horizontal distance at which a gun tu a alup can hit 
the fort ih 

*Jk(h-h) 

where J l 2gh is the muzzle velocity of the shot. , 

4. A particle describes a circlo with uniform spead. Find its 
acceleration in direction and magmtudo. 

.At what angle must a cyclist incline his machine to the vertical 
so that he may keep himself on to a circular path of radius 121 feet, 
when running at a uniform speed tit 7'5 miles per hour ? 

[ Take 0-32 ft. /sec 9 .] 

5. Define the terms Impulse and Cdefficipit of re&Htutwn. 

An imperfectly elastic particle is projected from a point in a 
horizontal plane with velocity V at an elevation a. If e be the 
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co-efficient of restitution, shew th.it it ceases to rebound from the 
plane at the end of time 

2Fjdn a 

g( l-ef 

6. Define the angular velocity of a moving point about a given 
point. 

A particle is describing a circle of radius r with constant Bpeed v. 
If to bo the angular velocity of the particle about the centre, prove 
that 

v«wr. 

A rod OA is rotating about Us extremity 0 with angular velocity 
w, and carries a rod AB which is rotating about A with angular 
velocity to'. Shew that the magnitude of the absolute velocity oi the 
point B at any moment is 

(a*w* — 2a?;ww' cos 0 + & a w'*)^, 
where OA = a, AB=*b, and /LOAB^B. 

1943 

1. Define the terms volooity, angular velocity, rolative 
velocity. 

A person travels duo east at the ratu of 4 miles per hour and 
observes that the wind seems to blow directly from the north ; lie then 
doubles his speed and the wind appears to come irom the north-east. 
Determine the direction and velocity of the wind. 

2. Show that the distance traversed by a body in the nth second 
of its motion is m+ 4(‘2 a— 1)/, where u denotes its initial velocity and 
/ uniform acceleration per sac*. 

A bullet fired into a target loses half its velocity after pouetrating 
3 inches. I Cow much farther will it penetrate ? 

3. Find the range of a projectile on a horizontal plane and also the 
tvme of Jhglrf. 

A body is projected at an angle a to the horizon, so as just to clear 
two walls of efjual height a, at a distance 2a from each other. Show 

that the range is equal to 2a cot * • 

4. (i) The time that a body takesUo Hliile down any smooth chord 
passing through the highest point of a circle in a vertical plane, is 
constant. Prove this. 

(ii) A man weighing 1/stonc iH descending a lift with accelera- 
tion 8 ft. per second per leoond. Find the thrust of his feet on tho 
floor of the lift. Calculate tho same when he is ascending with the 
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samo acceleration. What would happen to this thruBt if 'who chain of 
tho lift- broke ? 

5. (ff) Two smooth spheres whose coefficient of elasticity is e and 
masses m and m' move in the same direction \wth uniform velocities v 
and v' respectively and mipingo directly. Kind their velocities aftor 
impact and also tho impulse of tho blow. 

(ft) A bill is draped vertically from a height h , tho coefficient 
of restitution between tho ball and the floor is e. Find the total -space 
described by the ball before coming to Tost. 

6 Define tho terms potential energy and kinetic energy. 

A particle of mafM vi falls from a height of h ft. above tho ground. 
Dot“rmino the potential and kinetic energies at. any moment of its 
motion and shew that their sum is constant. 

Masson m and 2 m aio connected by a string which passes over a 
smooth pulley. The ascending bodv picks up a miss m at the end of 
3 seconds. Vmd the resulting motion, 

1944 

1. Prove tho formula 

s—nt + ift* 

for motion of a particle in a straight line with uniform acceleration /. 

A man 'in a lift which is rising with uniform acceleration f, throws 
a ball vertically upw.ii da with a velocity v ft. per -cc. relatively to tho 
lift., and after t seconds he overtakes it. Provo that 



2. A light lncxtcnRihlo string passes over a smooth small light 
pulley and carries at iU extremities two masses m, and m 9 which hung 
freely. If m x > m 9t find the acceleration of the system And tho 
tension of tho string. 

Two weights W and W arc connected by a light string passing 
over a light pulley. II tho pulley moves vertically upwards with an 
acceleration equal to that of gravity, Bbew that the ten- ion of tbo 
string is 

4WW 

W+W‘ 

3. Define Impulse of a force and prove that the change of momen- 

tum of a particle in a given time is equal to tbo impulse of tho iorce 
which produces it. • 

How far muBt a weight of 5 cwt. fall froelv to drive u pile weighing 
G10 lbs. 3 inches into the ground against an average resistance o^6 tons, 
assuming the weight moves on with the pile ? 
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4. A particle is describing a circle of radius r with constant speed 
v, find its angular velocity about the centre. 

A string whose length is 2 passes through a hewy ring and has its 
ends attached to two poipts, distant a apart in the same v^iticil lino. 
Shew that when the ring rotates in a horizontal circle, the portion of 
the string botwoen the ring aud the lower point of support will he 
horizontal if the angular velocity w is given by 


U 


n 


*0 


2 fl 

atf’-a 4 )’ 


6. Provo that the kinetic onrrgv of a particle of mass m moving 
with a velocity vis Jinn*. Shew that in motion of a pnrticle inn 
straight line under a uniform force, the increase of kinetic energy is 
always equal to the work done by the impressed force. 

Find the Horse Power of an engine which can project 10,000 lbs. 
of water per minute with a vrlnoitv of 80 ft. per second. 


6. A particle is projected horizontally from the top of a tower. 
Prove that its path is a parabola. 

A body is projected so that on its upward path it passes through a 
point x ft. horizontally ami y ft. vertically from the point of projection. 
If It ft. is the range on the horizontal piano through the point of 
projection, shew that tho angle of elevation of the projection is 


tan 
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1. Two points P and Q are moving wilh velocities u and v respec- 
tively along two straight lines inclined at :>n angle a Find tho mugm- 
tudo and direction of tho ? elativc velocity of Q with icapeottoFin 
terms of u, v and a. 

A steamer is travelling dun cast at the rate of u miles per hour. 
A second steamer is travelling at miles an hour in a direction 0 
north of east and appears to be travelling north-east to a passenger on 
tho first steamer. Prove that 

0 = 4 sin" 1 ^. 

2. A particle iB moving in a straight lino with uniform accelera- 
tion/. If it starts with an initial velocity it and attains the velocity 
v after travelling a distance s, prove that (i) v a = a fl + 2/s; and 
(ii) average volocity = actual >eloaity c at half time. 

particle starting fiom rest moves in a straight line, first with 
uniform acceleration a, and then with uniform retardation b. If it 
comos to rest in time t measured from the beginning after having 
described a space a, prove that 
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3. State Newton’s !\nwa of Motion anil obtain thr f.»mn ht 

P=*mf. 

Two weights P and aio connected by a string ; V hangs verti- 
cally and drawn Q up a smooth plane inclined to the horizon at an 
angle a. the stung passing over a pulley at the top of the plane. 
Kind the acceleration of V and thu tension o*l the string. 

1. A particle is promoted with velocity u at an angle a with the 
liomon. Calculate the range 2? on tho horizontal plain through the 
point of projection, the tiraonf flight being T , and the maximum height 
II attained by tin* particle. 

Trove that T and IT can he obtained from the equations 
q*T 4 — 47 ,1 «* + 4/f* — 0, 
and 16g71* —$v*H+(/P %Z3t Q 

5. A particlo of mass m describes a circle of radius r with uniform 
speed v. Kind its acceleration. 

A point /* describe.-! a circle of radius a, centin 0, with uniform 
angular velocity w, hIiow that a point Q which desciiheH a diameter 
AO/I of tho circle so that PQ is always perpendicular to AOB f moves 


from the middle point of OA to the middle pouit of (Vi in timo 


6. Two spheres of masses M and m moving with velocity U and 
u respectively in the same direction impinge directly. Kind their 
velocities just, after ynpaot, e being the cooliiciout of restitution. 


Prove that tho loss of Kinetic Qnergy duo to impact is 
1 — Mm /7T .. 

2 M +m (U ~ u) - 


1946 

1. Provo the formula s = m$ + 5 ft * for motion of a point in a 
straight lino with a uniform acceleration /. 

A particle moving in a straight lino with a unifnrra^acceleration is 
observed to be at distances a, 6, c, d from a marked point of the line 
at timo t*0, a seconds, 2n seconds, 3n seconds ro*.poctivoly. Provo 
that 

(a) d-a«3(c-6) ; 

(b) the initial velocity#* 4 - - C ; 

and (c) tho acceleration ^ • 

2. Two masses P and Q, joined by a light mextonsiblo string pass- 
ing over a light smooth fixed pulley, move under gravity. It P > Q, 
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and their acceleration, the tension of the Btring, and the pressure on 
jhe pulley* 


A light string passes over a light fixed pulley ; it carries a mass P 
■t one extremity and a light pulley at the other. Another light string 
passes over thin second pulley, carrying masses It and Q at its extre- 
mities. If the system starts from rest, prove that R always remains 
At rest if 


4 

P 


+ 


1 

Q 


3 

n ' 


f Parts of strings not in contact with pulleys are supposed to be 
vertical ,‘j 


3. A balloon is rising with acceleration /. Provo that the fraction 
jf the weight of the balloon whii h must be emptied out in tho form of 
sanrl in order to double tins acceleration is //(2/t-f/), assuming tho 
upthrust of the air to remain unaltered and neglecting air resistance. 

- A gun of total mass M tons, froo to recoil horizontally, fires a shot 
Df mass m tons. If the gun is fired with tho b*rrol inclined at an 
angle a to tho horizontal, prove that the shot is actually projected at an 
Angle 


q, . ^ tan~ A |^J^ m j tan a j to tho horizontal. 

(fA. Prove that tho equation of the path of a projectile in vacuo may 
>0 written in the form 


y=x tana^l— 

where R is the horizontal ran go. 

The angular elevation of an enemy’s position on a hill s ft. above 
!»he gun position is p. Show that m order to shell it the projectile's 
velocity must not bo loss than 

Jqs( l + ooboo p). 

5. An imperfectly elastic parti clo moving with a velocity u 
impinges on a fixed smooth plane at an angle a with the normal to the 
plane. Calculate the loss of Kinetic Energy due to impact. Show 
that tho impulsq of the blow is 

mn( 1 + e) cos a 

where m^the mass of the particle and e = tho coefficient of restitu- 
tion. 


A sphoro impinges obliquely on another sphere at rest. If the two 
spheres are smooth, perfectly claetio, and equal in mass, prove that 
they move at right angles after impact. * 

6. State the 'Principle of Energy 1 and verify it for a uniformly 
accelerated motion of a partiol^ in tf straight line. 

* A heavy particle of mass m is f roe to move in a fixed smooth vertical 
circular tube of radius a. Tho particle is projected with a velocity V 
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from tlio lowest point A of tho tube and just reaches tho point R. 
Show by applying tho pnnoiplo of energy that 



Show that tho pressure Tif of the tube antf the velocity u of tho 
particle when at a height 3 above A , are given by 

^a)]* ftnd V * 

1947 

1. Provo the formula «* = «* + 2/s for uniformly accelerated 
motion of a particle in a straight line* 

A heavy particle in projected vertically upwards with a velocity u 
from a point O. Find the greatest height above O attained h\ the 
particle, and show that it will bo at half its greatest height after tira^s 
whose ratio is (3 + 2 s/2) 1, tho tunes being moabiuod from tho 

instant of projection. 

2. A particle P possesses siraiiltanoously'two velocities n and v in 
directions wbiob make between them an angle a. Find the magnitude 
and direction of tho resultant volooity of P in terms of u, v and n. 

A north wind is blowing at the rate of 8 miles per hour. To a 
cyclist it appears to he an east wind of 8 miles au hour. Find the 
velocity of the cyclist in direction and magnitude. 

3. State Newton's second law of motion, and deduce tho formula 

P—mf. 

\ particle of mass m is placed on a horizontal table which is 
made to move vertically upwards. Calculate the pressure on the 
table In each of tho following oases : 

(a) the velocity it of the table is uniform ; 
and ( b ) the acceleration f of the table is uniform. 

4. A heavy particle is promoted in vacuo with a velocity u at an 
angle o with the horizon. Find the range on the horizontal piano 
through the point of projection. 

A gun can fire shots with a velocity of magnitude V 111 all 
directions fnm a givon position on a horizontal plane Show that the 
shots will fall on the plane within a oeltain circle, and find the area 
of this circle. • 

5. Define potential energy, kinetic euorgy, work and power. 

. A particle is moving in a straight line .under the action of a 
constant force acting along the line. Show that the increase In 
kinetic energy of the particle is always equal to the work done by tho 
impressed force. • 
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6. A particle in placed on a rough inclined plane of inclination a 
to the horizon. Show th.it the particle will elide down the plane with 
an acceleration f/(sm a — /* cob a), provided tan a > the coefficient of 
friction t* 

A particle on a rough plane inclined at an angle 0 to the horizon is 
just on the point of motion. If the plane wore inclined at angle <f> to 
tho horizon, it is found that, the accolerati.-n down the plane would 
he doubled by making the plane smooth. Prove that tan 0 = 2 tan 0. 

7. A sphere of mass M moving with velocity U impinges directly 
on .mother Bphoie of mAss m moving in the tuune direction with 
velocity n. If the spheres are smooth and a is the coefficient of resti- 
tution, find their velocities ]UBt after impact. 

If the spheres be perfi ctlv o1.ibMc and of equal mass, show that 
they interchange their velocities after impact. 

1948 

1. Prove the formula 

s = ut 4- J/f* 

for motion of a partiilo in a ptraight lino with uniform acceleration f. 

Prove that for such a motion 

? - *)/ 

where s is the space described in t seconds and s' during the next 
t 1 seconds. 

2. Define the velocity of amoving point relative in another moving 
point. If the absolute velocities of two moving points be given, show 
how to find the velocity of one relative to the other. 

To a cyclist travelling at 10 miles per hour duo east, the wind 
appears to come from the north-east ; but when ho travels north-east 
at the same speed it appeals to come from the north. Kind the true 
direction and volocity of the wind. 

3. Prove that tho path of a projectile in vacuo is a parabola. 

A fort 7s at the top of a hill of height li above sea-level. Prove that 
the greatest hoiizontal distance at which a gun in a ship can hit 
the fort is 

ZjK(K-h) 

whore is the rnazzle-velohity ot the shut. 

4. A particle describes a cirdJo with uniform speed. Find its 
acceleration in magnitude and direction. 

At what angle must a cyclist incline his machine to the vertical 
so that ho may keep hirdsolf on to a circular path of radius 12], ft - , 
when running at a uniform speed of 7 5 milus per hour ? 

t 0 = 82 ft. /see 0 J. 
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. 5. A light mextonsible string passes oyer a fixed 'mull smooth 

light pul ley a nd carries at its extremities two mas^on » J , 'tnd »n a 
which hung freely. If fit, > ut ta find the acceleration of the system. 

Two weights ir, TF 1 are connected b\ a light string passing over 
a light pulley. If the pulley moves vertically upwards with .m 
acceleration equal to that of gravity, show that the tension ol the 
string is 

4 \YW 

ir+ w m 

6. Explain the terms ‘Kinetic hiurrgv* and Tuiential ICnurgY 1 - 
A part iclo falls from rest under giavit.y. Show that the sum of its 
kinetic and potential energies is always constant. 

A heavy particle is moving along a smooth fixed vertical eirculir 
tube oi radius r. Appl> the principle of energy to find the velocity 
of the particle in any position if its velocity at the lowest point is V % 


1949 


1. Two points P and Q arc moving with velocities n and v respec- 
tively along two stiaight. lines inclined at an anglo a. Find the 
magnitude and direction of the relative velocity of Q wnh respect to 
V m terms of u, r, o . 

A steamer is travelling due east at the rate of n miles per hour. 
A second steamer is travelling at the rale of 2« miles per hour in a 
direction north of cast and appears to ho travelling not th -east to a 
passongur in the first ^earner. Prove that 

0 = £ sin -1 }. 

2 A heavy particle is pi ejected vertically upwards with a velocity 
u. Find the time wbon it will bo at a height li above the point of 
projection. Give reasons for the double answer. 


A stone falling from rest from the fop of a vertical tower has 
descended a ft. when nnofehor is lot fall from rost from a point x it. 
below the top. If they reach tlio ground together, show that the 
height of the tower is 


(a+ac)* 

4a 


ft. 


3. * State Newton's second law of motion and doduco the formula 

Two particles of masses m/ isuch arc connected by a light 
inextensibio string pat-sing ovej a smooth fixed pulley and hang 
freely. If tn l > m a , iiud the acceleration of the system and tension 
of the string. 

4. Trove that the equation of the path of a projectile in vacuo 

inay be written m the form * 

p = ®tan a(l — * )» 
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whore It is the horizontal range and a is the angle between the direc- 
tion of projection and the horizon. 

From a given point, particles are projected simultaneously with 
velocities of same magnitude V in different directions m the same 
vertical plane. Prove that at time t after projection they will all lie 
on a circle of rad ins Vt. 

5. Define angular velocity. A particle is describing a circle of 
radius r with uniform speed v. Find its angular velocity about the 
centre of the cirole. 

A heavy particle in suspended from a fixed point O by a light 
inextensiblc string and moves uniformly in a fixed horizontal circle 
having its centre at a point O' vertically below 0. If 00'— h % prove 
that the angular velocity of the particle about (/ is Jqih. 

6. State the principle of conservation of energy, and verify it for 
a particle falling from rest under gravity. 

An elastic ball of mass m falls from rest from a height h on a 
smooth fixed horizontal plane and rebounds. Show that the loss of 
Kinetic energy duo to impact is 

mgh (I— e J ), 

e being the oo- efficient of restitution. 
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1. (a) Slate and prove the theorem of the Parallelogram of 
accelerations. 


( b ) Two points move in the same straight line starling at the 
same moment from the same point in it ; the first moves with 
constant velocity u and the second with constant acceleration f. 
During tho time that elapses beforo the second catches the first, 


show that the greatest distance between the particles is at tho 


ond of time 


n 

f 


from the start. 


2. (a) Show that tho time that a body takes to slide clown any 
Binonth chord of a vertical circle, which is drawn to the lowest point of 
tho circle, is constant. 

( b ) A body is projected vertically upwards with velocity u t 
and t seconds afterwards auotlicr body is similarly projected with the 
same velocity. l (1 ind when and where they will meet. 

3. (a) State Newton's Daws of Motion. Provo that P and 
establish the connection between the unit of force and the woight of 
the unit of mass. 

(b) A bullet moving at tho rate of 200 ft. per Hoeoud, is fired 
into a trunk of wood into which it pouctratO'. 0 lmhc*. If a bullet, 
moving with tho same velocity, woie filed into a similar piece of 
wood 5 inches thick, with what velocity would it emerge, supposing the 
resistance to he uniform ? 


.4. (a) Find the range of a projectile on a horizontal pA.no aud the 
time of llight. 

(h) A cannon ball has a range It on a horizontal plane. If 
h and Ji x ate tho greatest heights in the two paths lor which it 
is possible, prove that, I 

S-i/Hi,. 

5. (a) A smooth sphere of mass m impinges directly with 
velocity u on another smooth there, of iij.u*s m f moving in the 
same direction with velocity u. If the coefficient oL restitution be s, 
find their velocities after the collision. . 

(b) Au inelastic ball of mass 13 lbs. moving with a Velocity 
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of &7 feet per second, impinges directly on another inelastic ball 
of mass 16 lbs. at rest. Find tbe loss of kinetic energy in 
foot-pounds. 


1942 (Annual) 

1. (a) Define Velocity, and explain how. the velocity of one 
body relative to another can be determind. 

(5) At a given instant one steamer A is 10 miles west of 
another steamer D. A travels east at the rato of 12 miles per hour, 
and if north at the rate of 16 miles per hour. Find how near 
they approach. 

2. (a) Investigate the motion of a body under gravity down a 
smooth inclined plaqc. 

(b) A piano is of length 288 feet and of height 64 feet. Show 
how to divide it into throe parts, so that a particle at the top of the 
plane may dosenbo the portions in equal times. 

3. (a) Define Energy, and show that for a body falling freely 
under gravity the sum of its kinetic and potential energies is coimtant 
throughout the motion. 

(6) A bullet of mass 2 ounces is fired into a target with a 
velocity of 1280 feet pot second. The mass of the target is 10 lbs. 
and it ih freo to move. Find the loss of kinetic energy by the impact 
in foot-pounds. 

4. Cal Show that with given velocity o^' projection, there are 
for a given horizontal range in general two directions of projection, 
which aro equally inclined to the direction of maximum projection. 

(b) A shot is fired from a gun on the top of a cliff, 400 feet high, 
with a velocity of 768 feet per second, at an elevation ot 30°. Find 
the horizontal distance of the point where tho shot stiikes water 
from the vertical line tli rough the gun. 

5. (a) If a particle describes a circle of radius r with uniform 
speed v, show that its acceleration is r directed towards the centre 

of the circle. f 

(6) A sphere impinges direc .ly on another sphere at rest, the 
coefficient of restitution is e ; ‘ ulu inal velocity of the second sphere 
is equal to the initial velocity of the first. Prove that the masses of 
the spheres are is the ratio 1 : e. 

1943 (Annual) 

1. (a) Explain the idea of relative velocity, and show how in 
the case of two moving particles the velocity ol one relative to another 
is to be found. 
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{ b ) A whip steaming north at tlie rate of la p. b., ■■'nscrves 
a ship due east of itself and distant 10 miles, which is sti..»*4iv g duo 
wot- 1 at the rate of 10 m. p. h. After what time aio thoy closest to 
each other, aud what is the distanoe then ? 

2. (a) Establish from the fundamental ideas the formula 
s~ut + $/£*. for uniformly accelerated motion along a straight line. 
Prove that for suoh a motion 



where s is tho space described in t secs, and s # during the next t' secs. 

3. State tho three laws of motion given by Newton and show tho 
second law gives tho way of measuring foice. 

A shot nf lhO lbs. is discharged from a 1*2 ton gun with a velocity 
of l.'OO It. /sec. Find the constant pressuro which be required 
to stop tho recoil of the gun in G ft, 

4. Find the velocity and direction of promotion of a shot which 
passes in a horizontal direction pint over the top of a wall which is 
60 jds. off and 75 ft. high. 

5. Show that if two , equal perfectly elastic Bphoies 'jnpingc 
dircctl>, then tho* interchange their velocities. 

A ball dropped from a height fc, upon a huri/.nnt.d plane, 
bounce^ up and dnwn.^ If the coefficients of restitution be «, prove 
that the whole distance traversed before it comes to rcsL, is 

h[ l+e*)/(l-e*). 

1944 (Annual) 

1. (a) Prove that the distance described in the t ,h second of its 
motion by a particle moving with a uniform acceleration / is 

m+ f (SM -1), u being the initial velooity. 

(6) A particle falling freoly under gravity describes «0 ft. in 
a certain second. What distance does it describe m tho next second ? 

2, (a) Define kinetic energy, trove that the change m K. E. of n 

particle moving with uniform acclfiQg^ign is equal to tho work done 
on it. T 

(6) A bullet of mass 1 oz. is moving with a velocity of 1200 feet 
per second. Find the uniform force which would stop it in oue 
sepond. . 

• 

8. (a) Two particles of masses m x and m, arc connected by a light 
inex ten Bible string which passes over a small smooth fixed •pulley. If 
m & >m 9l find the resulting acceleration and the tension of the string. 
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(ft) A mass of G lbs., descending vertically, draws up a mass of 
3 lbs. by means of a string passing over a pulley ; at the end of 
6 seconds the string breaks ; find how much higher the smaller 
mass will go. 

4. (a) A particle is projected with a velocity u making an angle a 
with the horizon. Find its velocity after 1 1 ' seconds. 

(6) A stone is thrown horizontally, with velocity J'igti, from the 
top of a tower of height 'A 1 . Find where it will strike the level ground 
through the foot of the tower. 

5. (a) Find the acceleration of a particle describing a oircle of given 
radius with uniform speed. 

(6) A sphere impinges directly on an oqual sphorc at rest ; if tho 
coefficient of restitution bo e, show that their velocities after the impact 
are aB 1— e : 1+e. 


1945 (Annual) 

1. (a) State and prove the parallologram law of accelerations. 

(6) From tho bottom of a cliff 400 ft. high a stone is thrown 
vertically up with a velocity that would carry it jUHt to the top. Afier 
a second another stone is dropped from the top. When and where will 
the two meet ? 

2. (a) Establish the formula P*=mf, 

(b) Find tho constant force necessary to jPIovg a train of mass 
150 tons up an luclmn of 1 in 200 through half a mile in a minute, 
starting from rest, tlio resistance due to friction being 12 lbs weight 
per ton. 

3. (a) A body is falling under gravity. Show that the sum of tho 
K. E and P. E. at any moment is constant. 

(f») A bullet moving with a velocity of 1000 ft/sec. passes 
successively through two planks of unequal thickness, and loses a 
velocity ot 200 ft./sec. in penetrating each plank. Compare the 
thickness ofr the two planks winch offer the same average resistance. . 

4. (a) Explain how to obtain velocities aftor direct impact of two 
elastic spheres moving m tho eamo straight line. 

(b) After a vortical fall on kb horizontal floor a body goes on 
rebounding. Show that the k<a; n ktaHo which it rises in two consecu- 
tive rebounds arc as 1 : e 2 , & being tfte coefficient of restitution. 

5. (a) Aftor what time will a body projected at }nny angle be at a 
given height ? Explain the double answer. 

(b) A body projected with the Earn® velocity at two different 
angles covers the same horizontal range L. If f, t' be the two times 
of flight, prove that R « J g.t ,t'. 
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1- Prove the formula v* —u* + 2/la, for motion of partiole in a 
straight lmo with uniform acceleration. 

A bullet moving 'with a velocity of 1,200 ft. per sec. has its volooity 
reduced to one-lvalf after penetrating one inch into a target. Assuiwwg ». 
the rosirili.ii n co to bo uniform, liow far will it ponotrato before its 
velocity is destroyed ? 

2. (a) A stoue is dropped into a well and reach os the bottom with a 
velocity 00 ft. per see. and tho sound ot the splash on the vvator 
roaches the top of tho well in S/J, sees, after tho stone is released ; And 
the velocity of sound. 

(fc)A heavy pai tide slides down a smooth inclined plane of given 
height ; show that the tune of descent varies as tlio secant of the 
inclination of tho piano to tho vortical, 

3. State Newton's Second Law of Motion, and deduce the formula 


P = mf. 


A pulley carrying a total load IV hangs in a loop oi a ooid winch 
passes over two fixed xmlleys, and has unequal weights l* and freely 
suspended from its ends, each segment of tho oord being vertical. Show 

that IV will remain at wst provided ^ ^ 

4. A particle is projected with a volooity it at angle a with the 
horizontal ; find tho range on tho horizontal piano through the point 
of projection. 

If Li be the horizontal lango and T be tho time of flight, show that 


taji a 


t]T* 

Hi * 


5. Pofmo tho terms ‘Impulse’ and ‘Coefficient of restitution. 1 

A heavy elastic ball is dropped from tho ceiling of yourtdass room, 
and after rebounding twice from the floor it reaches a height equal 
to one half that of the cciliug ; shqw that the coelf of restitution is 


6. Explain what you understand by 'Relative Velocity.* 

While a sedan car moved slowly amidst traflic at 11m iale of G miles 
per hour, a pistol shot entered tho corner of a window farthest from 
* the. engine behind tho chauffeur at an £?ngle#t.n] _1 r'j with tlio length 
of*the car and struck the diagonally opposite corner of the door on the 
loft of the chauffeur. The horizontal distance between tho "corners in 
question is 9 ft. and the width of the oar is !> ft. Find the velocity of 
the shot and the time it took to go through the car. 

17 
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1944 

1. (a) Enunciate the Laws of Impact of two bodies colliding iu any 
manner. 

(b) A smooth sphero impinges on anothor ono at rest. Show 
that if they are of equal masses and perfectly elastic, their directions 
of motion after impact will be at right angles. 

2. (a) A particlo is projected with a given velocity in the horizontal 
diPKjtion. Show that its path in vacuo is a parabola, with its vertex 
at the point of projection. 

(b) A projectile is fired horizontally from the top of the Madhab 
Rao Dharhara with a vol. of n8 ft. per second. It hits a mark on a 
boat in the Ganges when it is at a horizontal distance of 512 ft. from 
the Dharhara. Find the height of the Dharhara above the level of the 
Ganges, the resistance of the air being neglected. Hence also show 
that the focuB of the trajectory is at the baso of Dharhara on the 
level plane of the Ganges. 

3. (a) Define Horse Power, Limiting friction, Coefficient of friction, 
angle of friction, and cone of friction. 

(b) Find the h. p. of an engine which can travel at the rate of 
25 miles an hour up au incline of 1 in 112, the mass of the engine and 
the load being 10 tons and the resistances due to friction, etc. boing 
10 lbs. weight per ton. 

4. (a) Provo u q «m* + 2/s, for a uniformly accelerated motion. 

(6) Doducc stating carefully th$ law from which it is 

deduced. 

(c) A mass of 10 lbs. falls 100 ft. from rest and is then brought to 
rest by penetrating 10 ft. into some sand ; find the averago thrust of 
the sand on it. 

5. (a) Enunciate and prove the triangle law of vectors, stating its 
converse also. 

(b) To a man walking at the rate of 2 miles an hour the rain 
appears to fall vertically ; when he increases his speed to d miles au 
hour it appears to meet him at au angle of 45°. Find the real direction 
and the speed of the ram. % 

ft 

1945 

1. (a) Explain what is toll relative motion. Show by moans 

of diagrams, how to find the relative velocity of one particle with 
respect to a second. 

(b) A man oan swim directly across a stream of width 100 yds. 
m 4 mins, when there is no • current, and in 5 mins, when there is; 
current. Find the velocity of the current. 

2. (a) Show that the time taken by a body to slide down any 
smooth chord of a vertioal oircle which is drawn from the highest 
point of the circle, iB constant. 



P'.H. UNIVERSITY PAPERS 


259 


(6) Two particles move from the same point A ah mg r l ie same 
’lino Afi, one with uniform \elocity u, and tho other wi*.h r.niform 
acceleration / and no initial velocity. Find when the seoonu overtakes 
the first, and show that the groato&t distance between the particles is 

and at the end of time ^ - • 


3. (a) State and explain Newton's La we of Motion. 

(b) A body, of mass m lb., is placed on a horizontal piano which 

is in motion with a vertical upward acceleration f ; hud the reaction 
between the body and tho plane. " * 1 

(c) A man weighs 11 stone in a spring balance, his truo woight 
being 13 stone. Find tho acceleration of the Bpring balance. 

4. (a) A smooth sphero, of masR M, impinges directly with velocity 
If on another smooth spliorc, of mass m, moving in tho samo direction 
with velocity u. If tho coolficiont of restitution bo e , find tholr 
velocities after impact. 


(b) A hall of coelfinicnt of restitution e drops from a height h on 
a horizontal floor. Find tho whole distance travelled before it finishes 
rebounding. 


5. (a) Find the range on the horizontal plane and the time of flight 
of a body projected with a velocity of '«*’ ft. per hoc. at an angle a to 
the horizontal. 


(b) Two particles are projected simuHaneoufcly, ono with velocity 
v up a smooth inclined plane at an angle of 30° to the horizon, and 

the other with a velocity ^ at an elevation of f>0°. Show that the 

particles will be relatively at rest at the end of ^ sees, from the 
instant of projection. 


1946 

1. (a) The height of the lowest storey of an American skyscraper Is 
50 ft. A stone dropped from the top of the building was obsor\ed to 
cross the lowest storey in a quarter of a second. Find the total height 
of the skyscraper. 

(b) AB is the vortical diameter of a circle, whose piano is 
vertical, and .PQ a diameter inclined at an angle 0 to AB, Find 0 so 
that tho time of sliding down bo twice that of sliding down 

2. Two masses m x and m % are connected by a light inextonslble 
string passing over a fixed smooth pulley. If m l > m,, find the 
xesulting motion and the tension of the string. 

A mass of 3 lbs. descending vertically, drawn up a mass of 2 lbs. b? 
means of a light string passing over a puUey ; at the end of 5 seconds 
the string breaks ; find bow much highor the 24bs. mass will go. 
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3. Define “work” and "energy" and establish the energy equation. 

A labourer has to'supply bricks to a brick layer, vertically above* 

him, at a height of 16 ft. He throws thorn up so that they roach the 
bricklayer with a velocity of 16 ft. per seo. What poriiion of his work 
would be saved if ho threw them so that they may just reach the 
bricklayer ? * 

4. Prove that the path of a projectile in vacuum is a parabola. 

A cricket ball, thrown from a height of 6 ft. at an angle of 30° with 
the horizon with a speed of GO ft. per sec., is caught by another 
^clus-man at a height of 2 ft. from the ground. How far apart were 
4ho two men ? 

5. Two smooth spheres of masses m x and moving in the same 
direction with velocities i* t and impinge directly. If the coefficient 
of restitution be “e", find thoir velocities after impact. Find also the 
impulse ol the blow on either of them. 

A aphoro impinges directly on another sphere at rest and is reduced 
to rest by the impact. If “e" bo the coefficient of restitution, compare 
their masses. 

6. Explain what you understand by "Relative Velocity". 

A railway train is moving at the ratu of 28 miles per hour, when a 
pistol shot strikes it in a direction making an angle sin -1 1 with the 
train. The shot enters one compartment at the corner furthest from 
tho engine and pasbos out nt the diagonally oppobito corner ; tho 
compartment (couple) boing 8 ft. long and 6 ft. wide, nhow that tho 
shot is moving at the rate of 80 miles per hour and tiavorscs tho 
carriage m **ths of a second. * 

1947 

1 . Establish the formula v * «= u x + 2/s. 

A motor-car, moving with uniform acceleration along a straight 
level road, has velocities lOm.p.h. and 15 m.p.h. as it passes two 
successive milestones. What is the acceleration of the oar ? When, 
and with what velocity, will it pass the next milestone ? 

2. State Newton’s Second Law of Motion, and deduoe the 

formula ° P=mf. 

A cyclist of mass 200 lb. with his cvclo, is running at 1 ' the rate 
of 16 ft. per sec. If ho Btops pedalling; find how far he cau go before 
ooming to rest, if the total resistance tr his motion be 10 lb. wt. 

3. Find the range of a pro>-^STe b oji tho horizontal plane through 
its point of projection. 

The greatest height to whioh a certain fieldsman can throw a 
orioket ball is h . What is the greatest distance no which he can 

throw It, and in that oase hew long is it in tho air ? 

• 

4. Give the Laws of Impact, and discuss tho direct impact of 

two spheres. ' 
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A bill of mass m , moving with volooity m, collides ^irctU* with 
another ball of mass M at rest. Provo that the loss of kincnia energy 


" 2(w+M) ' 


where e is tho ooefl. of restitution . 


What hnpponb to the energy lost ? 

5. What is Angular Velocity ? 

Find the angular velocity of a particle which describes a circular 
path ot radius r with uniform speed v. 

A locomotive is moving at tho rate of 30 m.p.b. and tho diameter 
of its driving wheel ir 6 ft. What is tho angular velocity of the wheel 
when tliore is no sliding ? Find also the rolative velocity of the 
highest point of the wheel with respect to tho centre. 

6. (a) Find the linn of quickest descent from a given point to a 
given circle in tho same vortical plane. 

(b) A stone, d topped into a dry well of depth h 9 is heard to 
strike the bottom after t seconds. Provo tliat 

whore v is the velocity of sound supposod to be bo T irge compared 
with h tli it ( * ) may be neglected. 


1948 

1 . Establifch the formula s --- ut + J ft * . 

A body falling from rest under gravity passes a certain point 
with a vel. 120'/ t^e. Where was it 2 secs, previously and where will 
it be 2 secs, later ? 

2 Enunciate Newton’s Laws of Motion. A mass of 3 lb. 
descending vertically draws up a mass of 2 lb. by means of alight 
string parsing over a pulley. At the end of 6 soc. the string breaks. 
Fipd how much higher the 2 lb. mass will go. * 

3. Fintktbc path of a particle projected in air at a givon angle and 

with a known velocity. \ 

An aviator at a height of 2,00t|ft. drops a bomb while travelling 
horizontally at 60 miles/hr. How HCL* iSqst he be horizontally from 
the object he wishes to hit ? | 

4. Show that tho time which a body takes to slide down the 

, whole length of a smooth chord which is drawn from tho highest 
. point of a vertical cirole, is constant. * # 

A heavy particle on a vertical circle slides down a smooth chord 
ending m the lowest point of the circle. Sht>w that the velocity on 
‘reaching the lowest point varies as the length of tho chord. a 
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5. Find the change in the motion of a smooth sphere whose ma^ 
is w and whose coeff, of restitution is e when it impinges obliquely on 
a fixed piano. 

A flphere impingos directly on an oqual sphere at rest : if the coeif. 
of restitution bo e , bhem that their velocity after the impaot are 
as 1— e: 1+e. 


Allahabad (U. P.) Board 
1942 

1. (a) A particle moves in a straight line under a* constant 
acceleration /. If it starts with a velocity u, prove the formula 

U'stt* + 2fS, 

and find the space described in the nth second. 

(ft) Find the height to which a partiolo will rise, if it bo projooted 

vertically upward from the surftnn of the moon with a velocity of 40 ft. 
per second, if the acceleration of a falling body at the moon’s 

surface be -Jj ■ 

Find also the time when it will bo moving up with a velocity of 
1 foot per second. 

2. Two particles of masses m 1 and m 9 aio connected by a light 
inextensible string which passes over a small smooth pulley. If m x 
he >m,, find the resulting motion of the system, and the tension of 
the string. 

A mass of 3 lb., descending vertically, draws up a mass of 2 lb. 
by means of a light string passing over smooth pulley ; at the end of 
6 seconds the string breaks ; find how much higher the 2 lb. mass 
will go. 

3. (a) frove that the sum of the potential and the kinotic 

energies of a mass falling under gravity is constant throughout the 
motion. ■. 

(6) One ship is sailing soutW with a velocity 15 */5 miles per 
hour, and another south-oast at the f rate of 15 miles per hour. Find 
the apparent velocity and dijpettou <Le motion of the second vessel to 
an observer on the first vessel. f 

4 . (a) A particle is projected with a velocity u at an elevation a. 
Find the equation to the path of the projectile. 

(ft) A cannon ball fo shot horizontally from the top of a tower * 
49 ft. high, with a velocity of 2,000 ft. per Bee. Find at what 
distance ffom the foot of? the tower the cannon ball will strike the 
ground; 
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. 5. (a) Two smooth spheres of masses m ami m‘ and moving with 

velocities u and u ' respectively impingo dirootlv. Find Him* v JocHioh 
after tho impact, if e bo tho coefficient of res bit alien. 

(b) A particle falls from a height h upon a fixed horizontal 
plane ; if e be the coefficient of restitutiefti, show that the wholo 
distance described by tho particle before it has finished robounding is # 


1943 


1. (a) Prove tho formulae 

(li) s*=ut+hft a . 

(6) A particle falls from' rest and* in tho last pouuuu ul iw 
fall passes through 221 feet. Find the height from which it foil and 
the time of its fall. 

2. (a) Enunciate Newton's Laws of Motion, and show how the 
method of measuring force is deduced irom the set ond law. 

(b) Two massos, each equal to m, are connected by a hglit 
string passing over a smooth pulley. What mass mui-t be taken from 
ono amLaddod to the other, so that the system may dosunbo 200. Ice t 
m 0 seconds ? 

3. (a) Two trains- each 200 feet long, are moving towards each 
other on parallel Warn with velocities 20 and 30 miles per hour 
respectively. Find the time that elapses from the instant ;Wlion they 
first meet until they have passed each other. 

(b) Find tho work done by gravity on a stone having a mass of 
1 lb. during the teuth second of its fall from vest. 

4. (a) A particle i» projected with a velocity u at an inclination 
a ; find the range on tho horizontal plane and the greatest height 
attained. 

. (b) A projectile is fired horizontally from a height* of 9 feet from 

the grouml and icaches the ground at a horizontal distance of 1,000 ft. 
Find its initial volocity. i 

5. (a) A ball, of mass 8 lb.* and moving with velocity 4 feet per 
second, overtakes a ball, of raajs 49 Xly moving with velocity 2 feet 
per second in the same direction ; ifd<=^, find the velocities of the 
balls after impact. 

(b) A particle falls from a height h upon a fixed horizontal 
^ piano : if e be the coefficient oi restitution, bhow that the time that 
* elapses before it ceases to rebound is • 

1+fl /2h 

1-eV fi 
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1. (a) Prove the formula + 2/s. 

(b) A train is moving with speed of 45 miles per hour, and thot» 
brakes produce a retardation of 4 ft. /sec*. At what distance from a/ 
station should the brakes be applied, so that the train may Htop al 
station ? If the brakes are put on at half this distance, with what 
speed will the train pass the station ? 

2 (a) Tf two masson m, m' are connected by a string whoso mass 
ian be neglected passing over a fixed smooth pulley ; find the tension 
of tho string. 

(b) Two bodies, ot mass 2 lb. and 20 lb. respectively, lie on a 
smooth horizontal table whobc height above tho floor is 27 inches. 
The bodies are connected by an iuextoiibihlo string whose length ih not 
less than 27 inches, and, when the string is taut, the smallor mass is 
dropped through a holu in the tahlo. Find the time that elapses before 
it roaches tho ground. 

3. (a) Provo thaL tlio path ot a projectile in vacuum is a parabola. 

(b) An aviator at a height of 2,000 ft. drops a bomb when 
travelling horizontally at GO miles per hom. How far mu*(. he be 
horizontally from tho objout he wishes to hit ? 

4. (a) Dofine the terms work and energy, and establish the energy 
equation. 

(h) A labourer has to supply bricks to aSuricklayor, vertically 
above him, at a height of 12 ft. He throws them up so that they 
reach the bricklayer with a velocity ot 12 it. per sec. What propor- 
tion of his work could he save if he throw them so that they may just 
reach tho bricklayer ? 

5. (a) A train moving at the rate of 30 miles per hour is 
struck by a stone, moving at right angles to tho train, with a velocity 
of 33 ft. per second. Find tho velocity with which tho stone appears 
to strike the train. 

(b) The masses of 5 balls, equal in size, at rest, form a 
geometrical progression whoso common ru.tio is 2, and theil booflioient 
of restitution is 8 in each case. If tba first ball be started towards 
the second with velocity u , find the r velocity communicated to the 
6th ball. * * 

1945 

1. (a) Prove the formula s=i#i+4/i& a . . 

(6) A body falling from rest under gravity passes a certain 
point with a velocity of 12t) ft. per second. Where was it 2 seconds 
previously, and where will it bo 2 seconds later ? 

t 
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2. (a) Enunciate Newton's Laws of Motion, and explain I.«,w a 
carriage drawn by a horBo moves on a level road. 

j* (b) Two weights aro connected by an inolastic string passing 
'over a smooth pnlloy, and one weight is S times the other. After 
i\ seconds from rest, the descending weight is suddenly stopped, and 
immediately allowed to fall again. Find the time that elapsos before 
the string becomes tight again. 

3. (a) Show that the sum of the kinetic and potential energies 
of a particle falling from rest is constant throughout the motion. 

(6) A railway wagon weighing 10 tons is Btartcd from rest by a 
horse, which oxerts a constant pull of 120 lbs. weight The frictional 
resistances are 0 lb. weight per ton. How far does tlio horse move the 
wagon in one minute, and at what h. p. is the borho working at the 
end of the inmate ? 

4. (a) A particle is projected with a velocity w, inclined at an 
angle a to the horizon. Kind the range on tho horizontal plane and 
the lime ot flight. Also find for what valuo of a this range will be 
maximum 

(A) A stone is thrown with a velocity of 80 ft. per ^tc. at an 
olevation of 4ri°. With wh it velocity must a second stone be projected 
vertically upwards from the same point, so that both may rise to tho 
same height ? 

5. fa) Two smootf spheres of masses m and vi' moving in the 
same direction with velocities u and v! collide. Tf e bo tho cocflicient 
of restitution, find their velocities after impact. 

( b ) Show that an clastic sphere, whose coefficient of restitution 
is , let fall from a height of 16 ft. upon a fixed hoiizotital table, will 
•'ciso Abounding in 8 seconds, after describing G5 ft. 

1946 

" 1. (a) For a particle moving with uniform acceleration show that 
tho averagi * olocity is the moaxuof the initial and final velocities. 

(b) A stone is projected vertically upwards from a tower 300 ft. 
high with a velocity jof 80 ft. per # sqpon^. Find the timo th.it it takeB 
to reach the ground.* J 

2. (a) State oarefully Newton’s Laws of Motion. 

(6) A mass of 3 lbs. descending^ vertically, draws up a mass of 
.if lbs. by means of a light string passing over a pulley. At the end of^ 
5 secs, the string breaks. Find how much higher the 2 lbs. mass 
will go. ■ * * 

3. (a) A pirtide is projected with a velocity u Inclined at an angle 
a to the horizon. Find its position at the end of a time t. 

18 
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( b) A bowman aims at a bird sitting at tho top oi a tree 50 ft; 
high and 200 ft. off. Find tho velocity with which the arrow should 
leave the bow, if the direction of projection makes an angle tan ’ 1 
with tho horizon. 

4 . (a) Explain carefully the terms “Work" and "Horse power 1 

(5) A train of mass 200 tons, including the engine, 1 b drawn 
up an incline of 3 in 500 at the rato of 40 miles per hour by an engine 
of 600 h. p. Find the resistance per ton due to friction eto. 

5. (a) Show that if two equal perfcotly olastio balls impinge 
directly they interchange their velocities. 

(L) Two elastic spheres impinge directly with equal and 
opposite velocities. Find tho ratio of their masses bo that one of 
them may be reduced to rest by impact, tho coefficient of restitution 
being t. 

6. A point moves along a straight line with a constant acceleration. 
If the distances of tho moving point from a fixed point on the line 
be ® a , x a at the instants t lt t 2t f BV prove that the acceleration is 

Q /(*, + (e t -x 1 )f, + (a J -T a )f l l 

2 i f 

7. A particle is projected horizontally from the top of a flight of 
stairs so that it rebounds once only from every Btair. If the depths 

of the steps be a, 3a, 5a, successively, ^yovc that tho time to 

the nth rebound is n 1 times that to the first rebound, the elasticity 
being perfect. 



1947 

1. (a) In the oase of rectilinear motion under uniform accelera- 
tion, derive the formula o* = n* + 2/a. 

(6) A point starts with a velocity of 100 cm. per seoond ax& 
moves with —2 cm-second units of acceleration. How far will it have 
gone when its velooity becomes zero 2 * 

2. (a) State Newton's Seoond law of Motion, and deduce the 

formula, 'P«=ro/\ * ^ «. * 

(5) A body of mass 25 gramnies 1 b acted on by a force of 
200 dynes. How long will it take to move the body from rest 
through 64 cm. ? 

< 3. (a) Find the range of a projectile on a horizontal plane* ** ^ 

(b>*Find the direction and the velocity of projection of a ball 
that*it may just pass over the top of a wall 75 ft. .high and 50 yd off 
from the point of projection. 
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4 . (a) llow is the relative velocity "of a body A with •» jpect to a 
body B determined, when then absolute velocities are known ? 

(b) Two particles A and B are moving in two Btralght lines 
whioh meet at right angles in C \ A approaching towards G anil 
jreceding from it. Prove that if they are always at the samo distance 
apart, A's velocity must bo to B's velooity at each instant as OB 1b to 
CA at that instant. 

6. Show that the change in the kinetic energy of a particle 
moving under gravity, is equal to tho work done in it. 11 

A bullet of mass 4 oz. is fired into a target with a velooity of 
1 ,200 ft. per second and gets embedded in it. The mass of the target is 
20 lb. and it is free to move. Find the loss of tho kinetic energy in 
foot-pounds. 

6. A ball A , moving with a velocity u, impinges directly on an 
equal ball B moving with velocity v in opposite direction. If A bn 
brought to rest by tho impact, show that 

u ^1+s 
w l-« 

whore e is tho coefficient of restitution. 

~ 1948 


1. (a) Find the distance described by a particle in tho 10th second 
of its motion, if its initial velocity be 60 ft. per Bccond and retardation 
be 2 ft. per second per second. 

(b) A particle falls freely from the top of a tower. During the 
last second of its motion, it falls £th of the whole height. What jb 
the height of the tower ? 


2. (a) A shot weighing 31b., when lircd up vertically, rose to a 
height of 400 it. What was its kinetic energy when Its height 
was 200 ft. ? • 


height oi 


i football dropB from a height of 64 ft. and rebounds to a 
16 ft. Find the coelloient of restitution. 


9. (a) A stone is projected so that its horizontal range is a 
maximum and equal to 80 ft. U6w ieng is it in the air, and to what 
height does it rise ? 4 


(6) A masB of 20 lb. is acted on by a constant force, which in 
five seconds produces a velooity of 15Jt. per bocond. Find the force 
4u-lb. wt. if the mass was initially at res?. • 

4 . (a) An engine pumps water from a 'well to tho ground level, 
which is 44 ft. above the mean level of tho water- surface, n C cubic 
ft. of water is raised per second and two-thirds of the work of the 
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.engine Is used in lifting tie wator, what is the power developed by 
the engine ? 

( 1 cubic ft. of water weighs G2 m b lb. ) 

• 

* (6) A projectile is fired horizontally from a hoight of 25 ft. from v 

the ground and roaches tlio ground at a horizontal distance of onej 
thousand ft. Find its initial velocity. ^ 

5. A ball falls rom a height of 48 ft. upon an elastic horizontal 
■ne. If tbo coefficient of elasticity be J, find the total space 
escribed by the sphere before it comes to rest, and the time that 
elapses. 

* 

tf. A man, who swims at 3 miles per hour in still water, wish? 1 
to cross a river, 17G yardH wide, flowing at the rate of 5 miles an hour. 
Kind the direction in which he should swim in order to reach the 
opposite bank as soon as possible. How long will he taHe to cross, 
and how far will ho be earned down the stream * 

7. A ball A , of mass w/, lb., impinge* directly on another ball II, 
of mass m 9 lb,, which is .it rest. After impact, B impiuges direct] v 
on a third hall C, of mass 7 » s lb., which is also at rest. If the 
velooity imparted to C is the same as A had at first, and if all the 
balls aie perfectly elastic show that 

(«i l +w 1 )(wf a +w 3 )-4w l m a . 




